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Preface

This book is intended o cover the NEAB, London, and AEBR A-level syllabuses in
Physics, It will also be found o cover the bulk of all the other syllabuses for A-level
Physics, including those wsed overseas. Students following BTEC National
courses involving Physice should alie fnd the book ugeful, as chould those
university students who are studving Physics as a subsidiary subject. 51 units are
used throughout.

The aim has been to produce a book which is not so long that students are unlikely
to read it. On the other hand, the book is not a set of ‘revision noves” and it has been
my intention to explain every topic thorowghly. It is hoped that the explanatons
are such that all students will understand them; at the same time, the content 15
intended to be such that the book will provide a proper basis for those students who
are going on to study Physics at degree level.

The book has been arranged in seven main sections (A to G). Though there i= no

need 1o read the sections in the order inwhich they are presented, on the whole itis
advizsable to keep to the chapter sequence within any one section,

Pracrical derails are given of those experiments which students are required o
describe at length in examinations. The book contains many worked examples.

Chapters 9, 11 and 55 were extended for the second editon of the book; a chapter
an thermodymamics was added ot the same time, Sectons on pressure, density,
Archimedes’ prnciple, reflection at plane surfaces, defects of vision, magnetic
domains, U-values and impulse were added for the third edition. The treatmenns
of various other topics were also revised and the number of expenmental
investigations was increased.

Since the advent of the GCSE examinanon and double science, students starting
A-level courses tend 1o have less knowledge of Physics than they did previously. In
the light of this, I have needed to make further additions to the book.

The number of worked examples has been greatly increased. Many of these are
gasier than was previously considered necessary, Questions have been added ac
relevant points in the text 5o that students can obtain an immediate test of their
understanding of a wpic. "Consolidation’ sectuons have been added at the ends of
selected Chapters. These are designed to stress key points and, in some cases, 1o
present an overview of a topic in a manner which would not be possible in the main
rext. Definitions and fundamental points are now highlighred = either by the use of
screening or bold owpe.

At the end of cach of the seven sections of the book there are questions, most of
which are taken from past A-level papers. Owver two hundred of these have been
added for the fourth edition of the book.

A mew edition gives me the opportunity to thank all those people who have
suggested ways in which the book might be improved. | am partcularly grateful to
Jeni Davies for undertaking the labonious task of assisting with proof-reading, and
for the mmvaluable suggestons she has made throughout the preparation of this
edition.



Finally, 1 express my grattude to the following examinations boards for
peErmission to use questions from their past examination papers:

Associated Examining Board [AER]

University of Cambridge Local Examinations Svndicate [C), reproduced by
permission of University of Cambridge Local Examinations Syndicate

Cambridge Local Examinations Syndicate, Overseas Examinations [C0O0]

MNorthern Ireland Examinations Board [1]

Morthern Examinations and Assessment Board (formerly the Joint Matnculaton
Board) []]

Oxford and Cambndge Schools Examinanons Board [O & C]

University of Oxford Delegacy of Local Examinations [O]

Southem Universities' Joint Board [5]

University of London Examinations and Assessment Council (formertly the
University of London School Examinations Board) [L]

Welsh Joint Education Committee [W].

Where only part of the original question has been used, this is indicated by an
asterisk in the scknowledgement to the board concerned thus [L*].

B MUNCASTER
Helmshore
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MECHANICS



1
VECTORS

1.1 VECTORS AND SCALARS

Table 1.1

Examples of vectors and

scalars

Yector guantities have both magmitude and direction; scalar quanitities
have magnitude only,

Examples of each type of quantcy are given in Table 1.1.

Scalars Vactors
[ristamce Drisplacement
Speod Welocity
Mass Force (weight)
Energy (wark) Apcslaration
Yoalume Muomenium
Chargs Torgue

Vecwors can be represented by a line drawn in a parvicular direction. The length of
the line represents the magnitude of the vector; the direction of the line represents
the direction of the vector. In print, vector quantities are indicated by using bold
tvpe (e.g. F) or by using an arrow (e.g. F). The same symbol without the use of
either bold oype or an armow (e.g. F) represents the magnitude of the vector,

Two vector quantities are equal only if they have the same magnitude and
direction,

1.2 DISPLACEMENT

The displacement of a body may be defined as being the length and
direction of the imaginary line joiming it 1o some reference point.

Displacement is therefore a vector; the magnitude of the displacement is equal to
the distance from the reference point.

Suppose a body moves from O oY along the path OOXY (Fig. 1.1). When the body
is ar Y its displacement from O is the vector, OY. The magnitude of the

displacement is simply the length of OV, This is quite clearly less than the path
length OXY, illustrating that the magmitude of the displacement of a body 15 not
necessarily equal to the distance the body has actually moved,

g



VECTORS 3

Fig. 1.1

T illustrate the
diffarence betwwean
dizplacement and
distance X

1.3 SOME DEFINITIONS

Velecity is the rate of change of displacement, 1.e. the rate of change of
distance in a given direction.

Speed is the rate of change of distance.
Momentum is the product of mass and velocity.

Acceleration is the rate of change of velociny.

Velocity, momenturn and acceleration are vectors

MNote A body moving aleng a circular path may have constant speed but, because ins
direction 15 changing, it cannot have a constant velocity. It follows that if a body 1s
moving around a circle, even if it has constant speed, 1t 12 being accelerated
because its velocity is changing.

1.4 RELATIONSHIP BETWEEN SPEED AND VELOCITY

If a body moves along a straight line {(without ever reversing its direction of
motion), the distance it moves 1s equal to the magnitude of its displacement from

the starting point. It follows, therefore, that since

Dhistance moved
Time taken

Speed =
and

Magnitade of displacement

Magni of velocity =
s Rl Time taken

then
Speed = Mapmtude of velocity

It should be noted thar this relatonship is not necessanly true if the motion 1s not
along a straight line, for then the magnitude of the displacement is less than the
distance moved. The relatnonship does hold, thowgh, if the tme interval under
copsideration i5 infinitesimally shor, for then the path length will also be
infinitesimally short and therefore can be considered linear, Thus, for all types of
MmAaon

'mm=mﬂmm
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Fig. 1.5
The parallelogram rule

Thus, in Fig, 1.5,

0OA+O0B = OC

Subtraction

This can be achieved by adding a vector of the same magnitude as thar being
subtracted but which acts i the opposite directiion. For example

0OA -0OB = 0A =~ BO
0OA-0OB = BC +BD
ie. OA-0OB = BA

EXAMPLE 1.1

A force of 3 N acts at 90° to a force of 4 N, Find the magnitude and direction of
their resultant, K.

Solution

Fig. 1.6
Magram for Example 1.1

Refer o Fig. 1.6, By Pythagoras

R = 344 = 25 S R = 5N
Also

tan = 3 S8 = tan ! (3] = 37

The resultant is therefore a force of 5N acting at 37 o the 4 N force and at 537 to
the 3 W force.



& SECTION A: MECHANICS
EXAMPLE 1.2

A force of 3 acts at 607 1o a force of 5, Find the magnitude and direction of
their resultant, R,

Solution

Fig. 1.7
Diagram for Example 1.2

Refer vo Fig. 1.7. Applying the cosine rule (Appendix 3.7) to A, ABC gives

]

B =5 +3=253cos 120
= 2540415 = 44 SR =TH

Applying the sine nile CAppendix 3.7) w A ABC gives

R 3
Your calculator will give sin 1207~ sind
you sin' 0.3712 as 21.8
bBut in general ; . 3 sin 120 3 gin 120
sna=sin(80 o) - sing = 2oi20 o 2EREE o 03712
and therefors 1582 is
also a possibility. . # = sin“' 0.3712 = 21.8° or 180° = 21.8° = [58.2

Iris abwious from the diageam that @ must be acute and therefore the required value
i521.8", The resultant is therefore a force of 7 W acting ar 21,87 to the 5 N force and
gt 38.27 to the 3N force.

EXAMPLE 1.3

A particle which is moving due east at 4 m s changes direction and starts to
move due south at 3 m 5", Find the change in velocity.

Solution

The change in velocity is the *new” velocity minus the *old” velocity, just as a change
in remperanire; for example, would be the ‘new’ emperamire minus the “old’
temperature. Thenefore

Change in velocity = 3ms ™' (§) —4ms ' (E)
= 3Ims ' (5 +4ms ' (W)

The change in velocity is therefore the vector R of Fig. 1.5.



VECTORS

Fig. 1.8
Diagram for Example 1.3

R = 34

T
— 3
ant = <

dmg

¥ =

e, Change in velocity = 3m s at 377 5 of W.

Alternatively, we can say that the velocity has increased by 5ms ! in the direction

TS of W.

MNote The parallelogram mile can also be used to obtain the resultant of more than two
vectors. For example, suppose that the resultant of three vectors is required. The
procedure is to use the rule 1o find the resultant of any two of them, and then o use
it again to add this to the remaining vector.

QUESTIONS 1A

1.

Find the magnitude and direction of the
resultant of each of the following pairs of forces.,
(a) TN at®0 w 24N,

(b) 20N at 607 to 30N,

{c) 40N at 1107 1o 50N,

(d) 60N at 150" to 20N,

Find the resultant of a displacement of 30 m due
east followed by a displacement of T0m due
sovuth.

3. Find: (a) the increase in speed, (b) the increase

in velocity when a body mowving south ar
20m s ' changes direction and moves north at
30ms .

Find the magniude and direction of the
increase in velocity when a body which has
been moving due 5 at 6.0ms ' changes
direction and moves MW ar 8.0ms"",

1.6 COMPONENTS OF VECTORS

Fig. 1.9
Components of a vactor

It follows from the parallelogram rule thar any vector can be treated as if it iz the
sum of a paie of vecrors. Thete i% an infinite pumber of these pairs and three are
showmn 1n Fig. 1.9, A perpendicular pair such as Pand Q0 15 the most useful.

R-Pe@
A« PO,
R- P
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Consider a vector, F, resolved into two perpendicalar vectors of magnitudes AB
and A (Fig. 1.10). From simple trigonometry, AB = F cos fand AD = F sin 8,
and therefore F can be resolved into two perpendicular vectors (called the
perpendicular components of F) of magnitudes Fsin fand Feos @ (Fig. 1.11).

Fig. 1.10

Resolving a vector into
two perpendicular
COMPOonEnts

Fig- 1.11 Fala# F
The perpandicular
components of 8 vector

o Fean b

EXAMPLE 1.4 S AR R T N S

Calculate the horizontal and vertical components of a force of 530 N which is acting
at 40° to the horzontal.

Solution
Fig. 1.12 + 50 sin 40°
Diagram for Example 1.4 | S0 M
i
|
|
|
| A
—————_'l m::‘mﬂ
Refer to Fig. 1.12,

Horizontal component = 50 cos 40" = 38N
Vertical component = 50 sin 407 = 32N

EXAMPLE 1.5

A body of weight 100 M rests on a plane which is inclined at 307 to the horzontal.
Calculate the components of the weight parallel and perpendicular to the plane.



VECTONAS

Fig. 1.13

Diagram for Example 1.5

Solution

Refer o Fig. 1.13.

Component pacallel to plane = 100 sin 307 = 500N
Component perpendicular to plane = 100 cos 307 = Bo.6 N

EXAMPLE 1.6

Fig. 1.14
Diagram for Example 1.6

Fig. 1.15
Diagram for Example 1.6

Find the resultant of the system of forces shown in Fig. 1.14.

A 200N
80.0N
™"
I — h
w BOOM
0N

Solution
Total upward force = 40,0+ 60.0 cos 70" — 50.05in 30" = 35.52
Total force to right = 80.0 — 60.0 sin 70" — 50.0 cos 30" = —19.68 N

The minus sign implies that the honzontal force 16 to the left. The resultant, 1B, 15 as
shown in Fig. 1.15.

A 0562 W

19.68N



R* = 35527 4+ 10,687

an é — 35.52
T 19.68

SECTHIN A MECHANICS

R 0.6 M

= 6l.0°

The resultant is therefore a force of 40.6 M acting at 61.0° to the horzontal.

QUESTIONS 1B

1.

Find the horizontal and vertical components of:
(a) a force of 30.0M acting at 307 to the
hiofizontal, (b)) a velocity of S0.0mse"" at 60°

to the horzontal,

2. A parucle ar weight 200N rests on a plane
inclimed at 50" to the horizongal. What are the
components of the weight: (a) parallel,
(b} perpendicular to the plane?

CONSOLIDATION

Find the resultant of the system of forces shown
bl

G0.0M

4
o 30.0N

20.0M

Vectors have both magnitude and direction; scalars have magninide only,
Displacement and velocity are vectors; distance and speed are scalars,

Distance from reference point = magnitude of displacement.

Instantancous speed = magnitude of instantaneous velocity
Vecors can be added and subtracied by using the parallelogram rale,

Components of Vectors

&

Faim#

>

F oo & Pl EOMEBIan
adjacent to @



2

MOTION

2.1 NEWTON'S LAWS OF MOTION

In 1687 Sir Ismac Newton published his Phoosopfnge Namralis Principia
Markemarica (The Marhemarical Prnciples of Narwral Sceence), in which he stared
the three laws on which the science of mechanics is based.

Newton’'s First Law

Every body continues i its state of rest or of uniform (unaccelerated)
motion in a straight line unless acted on by some external force.

This law expresses the concept ol imertia, The inertia of a body can be deseribed az

being its reluctance to start moving, or to stop moving once 1t has started.

Events often scem to contradict the first law, for it is our natural expericnce that
there are many familiar examples of moton in which moving objects come to rest
when (apparenty) left 1w their own devices, Closer examination of the
circumsmances, however, reveals that in every case there is some soft of retarding
force acting. Such forces are often due to foction between solid surfaces or to air
resistance,

A body of large mass requires a large force to change its speed or its direction by a
notceable amount, i.e. the body has a large inertia, Thus, the mass of a bodyis a
measure of its inertia,

MNewton's Second Law

The rate of change of momentum of a body 1s directly proportional to the
external force acting on the body and takes place in the directon of the force.

In mathematical terms the second lew may be written as

Fx a@ s
where F = the applied force. and

X [mv) = the rate of change of momenoum

Introducing a constant of proportionality, &, this becomes

d .
F = km[mtl
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The 51 unit of force (the newron) is defined in such a way that & = | provided that
the rate of change of momentum is also expressed in the relevant SIunit (kg m s %),
in which case

d
F=— [2.1]
a ™)
If the mass 1s constane, equation [2.1] becomes
de
..F = J'I'IE
i.e. F = ma [2.2]

whiere a = the acceleration that results from the application of the force.

Equations [2.1] and [2.2] are the forms in which Mewton®s second law i1s normally
used, but it should be remembered thar they are valid only if a consistent set of
units is used, and that equation [2.2] applies only in the case of a constant mass,

Equaton [2.2] is used to define the newton. Thus:

The newton (N} is that force which produces an acceleration of I1ms ?
when it acts on a mass of 1 kg.

The expenmental investugation of F = ma is dealt with in section 2,15,

Newton‘'s Third Law

If a body A exerts a force on a body B, then B exerts an equal and oppositely
directed force on A.

This law is often misinterpreted as meaning that the two forces cancel each other
out because they are of equal strength and act in opposite directions. There is, in
fact, no possibility of this, because the two forces each act on different bodies.

Thus, if a man pushes on a large stationary crate, the crate pushes back on the man
with a force of exactly the same size. Whether or not the crate starts to move, has
nothing to do with the force thar it exerts on the man. In accordance with Newton’s
second law, the crate will start to move if the force exerted by the man is greater
than any forces which are acting on the crate in such & way as o resist its motion
(e.g. friction between the crate and the ground).

The third law implies that forces always occur in pairs - some examples are given
below,

1)  The Earth exerts a gravatatonal force of anraction on the Moo the Moon
exerts a force of the same size on the Earth.

(ii) A rocket moves forward as a result of the push exerted on it by the exhaust
gases which the rocket has pushed out.

{iii) When a man jumps off the ground it is because he has pushed down on the
Earth and the Earth, in accordance with Newton's third law, has pushed up
on him. It should not be overlooked that the other result of this is that the

Earth moves down.



MOTHIN i3

() Ifacaris accelerating forward, it 1s because its fyres are pushing baclkward on
the road and the road is pushing forward on the tvres, BMote thar il the car i
moving forward and slowing down, the tyres push forward and the road
pushes backward.

2.2 MASS AND WEIGHT

The weight of a body is the force acting on its mass due to the gravitadonal
attraction of the Earth.*

In accordance with Mewton’s second law, a body acguires an acceleration
whenever there is a net force acting on it. The acceleration that results from the
effect of gravaty (1.e. that results from its weight) 15 known as the acceleration due to
gravity, £. By equaton [2.2], the weight of a body of mass m s given by

Weight = mg [2.3]

The force exerted by gravity is such that, at any given point in a gravitatonal field
(and therefore at any given point on the Earth's surface), the acceleration due to
gravity is the same for all bodies, no marter what their masses (see Chapter 8).

It follows that two bodies dropped from the same point above the surface of the
Earth reach the ground ar the same tdme even if their masses are different. (Mote
thar this statement ignores the effect of air resistance; when the viscous drag of the
air 1s significant, for example f one of the bodies is a feather or is falling by
parachute, it 15 not even approximately true. ) The acceleraton due to gravity vanes
slightly from place o place on the Earth’s surface, burt it is normally sufficiently
accurate to use a value of 9.8 ms~* everywhere. Thus, from equation [2.3] the
weight {in newrons) of a body which has a mass m {in kg 1s given by

Weight = mx 0.8

Another unit, the kilogram force (kgfl, iz often used as a measure of weight. Itis
defined such that a mass of 1 kg has a weight of 1 kgf. This is not an 51 unit and
must not be used in any equation where it is not possible to use it on both sides of

the equation. If in doubt, it is best to convert kilograms force to newtons by making
use of

lkgf = 98N

Summary of Differences between Mass and Weight

(i Themassofabody is a measure of its resistance to acceleration (i.e. it i

a measure of the inertda of the body). The weight of a body is the force
exerted on its mass by gravity.

(ii) Im SI units mass is measured in kilograms, weight is measured in
NEWTons.

(i) The mass ofabodyisthe same everywhere. The weight of a body on the
surface of the Earth has a slight dependence on where it is, and would
have considerably different values ar other places in the Universe.

*The weight of o body on the Moon is the force exerted on irs mass by the gravitanonal anracton of the
Maoon.
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EXAMPLE 2.1

A body of mass 7.0 kg rests on the floor of a lift. Calculate the force, K, exerted on
the body by the floor when the lift: (a) has an upward acceleration of 2.0ms ¥,
{b) has a downward acceleration of 3.0ms~?, (c) is moving down with a constant
velocity. (Assume g = 10ms 2.)

Solution

Fig. 2.1 AF A Af

Diagram for Example 2.1

Blom o e

¥ Y Y
TOM TN TOM
da) =] il

(a} Refer vo Fig. 2.1{a) (When using F = ma the direction of F must be the
same as that of a. The body has an upward acceleranon and therefore we
require the resultant upward force. )

By Mewton's second law (eguation [2.2])

—T0 = T.0=20
£_70 e

apraatd force upward aoetloration

R-70 = 14 Le. R = B4N

b1 Refer vo Fig, 2.1(b) (The acceleration is downward and therefore we
require the resultant downward force,)

By equadon [2.2].

M-k = TO0x30
o
darmniward feeie drariward aooelerarnog

TN-—R = 21 e, B = 49N

(c1 Refer to Fig. 2.1{c). There is no acceleration and therefore, by equation
[2.2]); no resulant force, in which case

R = T0HN

Motes (1) By Mewton's thied law, B is equal and opposite to the force exerted by the
body on the floor of the lift. Tr follows thar if the body were resting on 4
bathroom scale rather than directly on the floor of the lift, the scale would
regster s weight as B4 M, 408 and TON in situations (&), (b) and (&)
respectively, Thus the body appears heavier than it acrually is when it has an
upward acceleration and lighter when ithas a downward acceleration. In case
(¢}, where it has no acceleration, it appears neither heavy nor light.

(1) These results do not depend on the direction in which the Lift s moving, For
example in (a) the lift has an upward directed acceleration and therefore may
be moving up with increasing speed or moving down with decreasing speed.
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EXAMPLE 2.2

Fig. 2.2
Diagram for Example 2.2

A body of mass 5.0 kg is pulled up a smooth plane inclined at 30 to the horizontal
by a force of 40N acting parallel wo the plane. Calculate the acceleration of the
body and the force exerted on it by the plane, (Assume g = 10ms *.)

Solution

The diagram shows the
neoalaratnn of the body and
all the forces sctang am i

5k ~ 50N

Refer to Fig. 2.2, The plane is smooth and therefore the only force it exerts on the
body is the normal reaction R, Let the acceleration of the body be a.

Consider the motion parallel 1o the plane. The weight has a component of
5005in 30" acting parallel to the plane (downwards) and therefore by Newton's
second law (equation [2.2])

40 — 50 sn 30 5.0%a

S, _ 1
rewisliant fiace e acveleratisn
Ehe plinic L il plamse

40 -25 = 50a e a I0ms *

Mote that the resulant force and the acceleration are in the same direction — up the
plane.

Consider the motion perpendicular to the plane. The weight has a component of
500 cos 307 perpendicilar to the plane and in the opposite ditection 1o K. There is
no acceleration perpendicular to the plane and therefore no resultant force, in
which case

R = 50 cos 30 e B = 438

EXAMPLE 2.3

A train is moving along a straighe horizontal track. A pendulum suspended from
the roof of one of the carriages of the wain iz inclined at 4 ' w the vertcal, Caloulare
the acceleration of the rain. (Assume g = 10ms )

Solution

Suppose that the mass of the pendulum bob s m. The forces actng on the bob are

ity weight, mg, which acts verucally downwards and the wension, 7, in the siring,
(Fig. 2.3.)
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Fig. 2.3
Diagram for Exampls 2.3
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Fendulem bob af

mAgs i Desng
4 asccolerated to tha
right
a
=l
mg

Consider the horizontal motion. The pendulum bob is at rest with respect to the
train and therefore it too has a hornizontal acceleration, a (to the right). The
horizontal component of the tension is Tsin4” and therefore by equaton [2.2]

Tsind” = ma [2.4]

Consider the vertical moton. There is no vertical component of acceleradon and

therefore
Teoosd™ = mg [2.5]
Dividing equation [2.4] by equation [2.5] gives

tan 4" = ag

a = ptan 4 le, a = 070ms?

EXAMPLE 2.4

Fig. 2.4
The horizontal forcedsk:
ial on the whole system

(b on A, (el on B

Two blocks, A of mass »r and B of mass 3m, are side by side and in contact with
each other. They are pushed along a smooth floor under the action of a constant
force Fapplied to A. Find: (a) the acceleration of the blocks, (b)) the force exerted
on B by A.

Solution
] a
—— —-
P
F
E B E P —p B
ml i I-il-l (=] a

(a) Ler the acceleration of the blocks be a. Consider the motion of the whole
system (Fig. 2.4(a)). By Mewton's second law (equadon [2.2])
F

am

() Le the force on B due o A be P, By Mewton's third law there will be an
equal and opposite force on A (Fig. 2.4(b) and (c)). Applving Newton's
second law to the motion of B gives

F o= (m+3m)a e a =
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P =3m=<a
F
P—me*m

i

3F

P=

The reader should confirm that considering the motion of A gives the same result,

though a little less easily,

QUESTIONS 2A

1.

2.

The resultant force on a body of mass 4.0 kg is
20N, What is the acceleration of the body?

A body of mass 6.0kg moves under the
influence of vwo oppositely directed forces
whose magnitudes are 60N and 18M. Find
the magnimde and direction of the acceleration
of the body.

Two forces, of magnitudes 30N and 40N and
which are perpendicular to each other, act on a
body of mass 25 kg, Find the magninede and
direction of the acceleration of the body.

Is the moton of the rain in Example 2.3 (A) 10
the right, (B) o the lef, or () is it impossible
1o tell?

A body of mass 3.0 kg slides down a plane which
is inclined at 30" o the horizontal, Find the
geceleration of the body: (a) if the plane is
srcoth, (b) if there is a frictional resistance of
00N,

{g=10ms™.)

A railway truck of mass 6.0 tonnes moves with
an acceleration of 0.050ms? down a track
which is inclined to the horizontal at an angle o
where sinx = 1/120. Find the resistance to
motion, assuming that it is consgant.

(g = 10ms~?, | tonne = 1.0 = 10*kg.)

A body hangs from a spring-balance which is
suspended from the ceiling of a lift. What 15 the
mass of the body if the balance registers a

10.

1.

reading of TOM when the lift has an upward
acceleration of 4.0ms %7
(g =10ms2)

What is the apparent weight during ake-off of
an astronaut whose actual weight is 730N if
the resuliant upward acceleration is g7

A body of mass 5.0 kg is pulled along smooth
horipontal ground by means of a force of 40 W
acting at 60° above the horizonwal. Find:
(a) the acceleration of the body, (b)) the force
the body exerts on the ground.
{g=10ms*)

A radlway engine of mass 100 tonnes is
attached to a line of trucks of total mass 80
rofines. Assuming there i3 no resistance 1o
motion, find the tension in the coupling
between the engine and the leading truck
when the wain: (a) has an acceleration of
0.020ms~?, (b) is moving at constant velo-
ciry.

(1 tonne = 1.0 = 10 kg.)

A car of mass 1000 kg rows a caravan of mass
600 kg up a road which rises 1 m vertcally for
every 20m of its length. There are constant
fricional resistances of 200N and 100N to
the modon of the car and to the moton of the
caravan respectively. The combinaton has an
acceleration of 1.2ms™* with the engine
exerting & constant drving force. Find:
(&) the driving force, (b) the rension in the
tow-bar.

(g =10ms2)

Examples 2.1 vo 2.4 are concermed with Newton's second law in the form *F = ma’

(equation [2.2]). The examples that follow use the law in the form, ‘Force = Rate
of change of momentum” (equation [2.1]).



g

SECTION A MECHANICS

EXAMPLE 2.5

Mote

Water emerges at 2ms ™' from a hose pipe and hits a wall at right angles. The pipe
has a cross-sectional area of 0.03 m*. Calculate the force on the wall assuming that
the water does not rebound. (Density of water = 1000kgm )

In solving problems of this type we determine the mass of substance that has i
momentum changed inone second. We then find the change in momentum of this
mass and so obtain the change m momentom per second, 1.6 the rate of change of
MAOTEA .

Solution

In one second the volume of water that hits the wall 1s that which has left the pipe in
one second, 1.e. that which was contained in a cylinder of length 2 m and cross-
sectional area 0.03 m?, namely 2 = 0.03 = 0.06 m". The mass of water hitting the
wall in one second is therefore 0.06 x 1000 = 60 kg, When the water hits the wall
its speed changes from 2ms ! to zero, and therefore the rate of change of

msmientum is 80 = 2 = 120M,

By Mewton's second law, force = rate of change of momentum, and therefore the
force exerted by the wall = 120N, Therefore, by Newron®s thicd law, the force
exerted by the water = 120N,

EXAMPLE 2.6

A helicopter of mass 1.0 x 107 kg hovers by imparting a downward velocity v o the
gir displaced by i rotting blades. The area swept out by the blades 13 80 m*.
Calculate the value of v, (Density of air = 1.3kgm ", g = 10ms )

Solution

The volume of air displaced in one second = B0 v, and therefore the mass of air
displaced mn one second = 1.3 = 80¢ = 104 ¢, It follows that in one second the
momentum of the air increases by 104 v*, By Mewton's second law, rate of change
of momentum = force, and therefore the force exerted on the air by the
blades = 104 v°. By Newton’s third law, the upward force on the helicoprer is
also 104 ¢°. Since the helicopter is hovering, the upward force is equal to the
weight of the helicopter, and therefore

1Me? = 1.0 10°g

i.e. ¢ = 3 Ems!

EXAMPLE 2.7

Sand falls onto a conveyor belt at a constant rate of 2kgs ', The belt is moving
horizontally at 3msY. Calculate: (a) the extra force required to maintain the
speed of the belt, (b) the rate ar which this force is doing work, (¢} the rate atwhich
the kinetic energy of the sand increases,

Account for the fact that the answers to (b) and (¢} are different.
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Solution

]

{a) Every second 2kg of sand acquire a horizontal velocity of 3ms™°, and
therefore the rate of increase of honzontal momentum = 2 = 3 = 6N, By
NWewton's second law, force = rate of change of momentm, and therefore
the extra force required to maintain the speed of the belt = 6 N,

(b} In one second the force moves 3m, and therefore (by equanon [3.1] or

[3.7]) the rave at which the force is working = 6 = 3 = [§W,
i

(e)  Kinetic energy !:rm;'l (see section 5.3), and l]'u.'n:fm:-r the rate at which
the kinetic energy of the sand is increasing —{; w3 ow 3= O8N,

A finite time elapses before the sand acquires the speed of the belt. During this
period the belr is slipping past the sand and therefore work has to be done to
overcome friction between the sand and the belt, The rate at which work is done by
the force is equal to the rate at which it 1s doing work against friction plus the rate at
which it is doing work to increase the kinetc energy of the sand — hence the
difference between (b) and (c). [Mote. The rate at which work 15 done against
frction is equal to the rate ar which work is done to increase the kinetic energy of
the sand no marter what the speed of the belr and no maner whar the rare ar which

sand 1s falling onto the bele.)

QUESTIONS 2B

1.

Warer is squirting hortzonrally ar4.0ms ' from
a burst pipe at a rate of 3.0kgs'. The water
strikes 8 vertical wall st nght angles and runs
down it without rebounding. Calculate the
force the water exerts on the wall.

A machime gun fires 300 bullets per minute
horizontally with a velocity of 00 m s ", Find the
force needed to prevent the gun moving back-
wards if the mass of each bullet 1z B.0 = 10" kg,

Coal 15 falling onto a conveyor belt at a rate of
530 tomne: every howur. The belr is moving
horzomally at 2.0ms ', Find the extra force
required to maintain the speed of the belt.

{1 tonne = 1000 kg.)

The rotating blades of a hovering helicopter
sweep out an area of radius 4.0m imparting a
downward velocity of 12ms™" 1o the air dis-

placed, Find the mass of the helicoprer.
(g=10ms *, density of air = 1.3kgm '.)

Find the force exerted on each square metre of a
wall which is ar righr angles to a wind blowing ot
20ms . Assume that the air does not rebound.
{Density of air — 1.3kgm ')

Hailstones with an average mass of 4.0g fall
vertically and serike a flar roofar 12ms ' Ina
period of 5.0 minutes s1x thousand hailstones
fall on each square metre of roof and rebound
verticallvar 3.0m s ' Calowlate the force on the
roof if it has an area of 30m”,

The speed of rotation of the blades of the
helicopter in question 4 s increased so that
the air now has a downward velocity of 13mes ',
Find the (upward) acceleratiom of the helicopter,

2.3 THE EQUATIONS OF MOTION FOR UNIFORM

ACCELERATION

Equanons [2.6]-[2.9] describe the monon of bodies which are moving with

constant {uniform) acceleration.
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v = u+ar [2.6]
v = w4 2as [2.7]
o= ut+%at: [2.8]
5 = tlutop [2.9]

where w = the velocity when f = 0,
¢ = the velocity at time f,
a = the constant acceleration,

5 = the distance from the starting point at time f, {this 15 not necessanly
the distance moved).

When using these equations it is necessary to bear in miand that &, v, a and s are
vectors. If, say, the positive direction is taken 1o be up, then:

(i)  the velocity of a body which is moving down 15 negative,

(ii) points below the starting point have negative values of 5,

i)  dewnward directed accelerations are negative,

(il  An acceleration produces retardation whenever it acts in the opposite
direction to the velocity, irmespective of whether the acceleration selfl 1=

being taken to be positive or negative.

(i) Theequations of motion can be deduced ffom the definitions of velocity and
acceleration and therefore do not introduce any new ideas; equation [2.8],
however, highlights the important result that when a body moves from rest

3 ol

(iii) For a body moving at constant velocity a = 0 and equations [2.6] and [2.7]
reduce to v = i Substtuting for » In eguation [2.8] (with a = 0} or in
equation [2.9] gives

= ar constant velocity

Derivation of the Equations of Motion for Uniform
Acceleration

Suppose that a body is mowing with constant acceleration ¢ and that in a time
interval r its velocity increases from s to v and its displacement increases from 0 to

5. Then, since

Acceleradon = Rate of change of velocity
v—nu
'

a =

ie. v = u+al [2.6]
The average velocity is 5 (v + v} and therefore, since

Displacement = Awerage velocity = time

s = L+ o [2.9]
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Eliminating § between equations [2.6] and [2.9] leads to eguation [2.7], and
eliminating « between any two of the three egquations that have now been denved
leads to equation [2.8].

EXAMPLE 2.8

A ball is thrown vertically upwards with a velocity of 20m s ', Caleulate:
(a} the maximuwm height reached,

(b)Y  the total time for which the ball 15 in the air.
{Assume g = 10ms~%.)

Solution

fa)l  We shall take the vpward direction 1o be positive, In the notation of this
section:

u = 20ms? {the velocity with which the ball leaves the

thrower's hand)
v =0 rar the maximurm height)
a = —10ms™? (the minus sign is necessary because 'up’ has
been taken to be positve)
5 = & {where & 15 the maximum height)
From equation [2.7]
0% = 207+ 20— 100k
iLe. h = 20m
(b) u = 20ms"!
a = =10ms?
P o= i (where ¢ 15 the tme the ball 15 in the air)
5 = 0 (since the ball is back on the ground)

From equation [2.8]
1] 20t+4(—10)¢
i.e. =0 or =4s%

The required solution is 1 = 4s. The other solution, ¢ = 0, refers to the
fact that the height of the ball was also zero when it was first projected.

QUESTIONS 2C |

Take g = 10ms™? where necessary.

1. A particle is moving in & straight line with a 2. A particle which is moving in a straight line with
constant acceleration of 8.0 m s, As it passes a a velocity of 13ms™" accelerates uniformly for
point, A, its speed is 20m s™', What is its speed 3.0 8, increasing s velocity to 45ms~'. What
1{1 5 after passing A? distance does it travel whilst acceleraring?
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3. A car starts to accelerate at a constant rate of B. A stone is fired vertically upwards from a
0.80ms % It covers 400 m whilst accelerating catapult and lands 5.0 5 later. What was the
in the next 20 s, What was the speed of the car tnitial velocity of the stone? For how long was
when it started o accelerate? the stone at a height of 20 m or mope?
4, A body of mass 3.0kg, initally at rest, moves , .
along a smooth horizonral surface under the 9. ‘."‘hr.'t_'.mrh_:‘ﬂ]“;?i” wab;ur:thfgmﬁgd and
effect of a horzontal force of 12 N, {a) Find the ::; nhmﬁ f:t . n'-I'_; ]w "-'nd 4 san ]:Ed_jm
geceleraton of the body, (b) Find the speed of ;:EEL . v L:IELIth aw ‘mﬁh wes b take the
mthﬂﬂ}’iﬁﬂr 5.0s. 5 ag 10 reac C gEroundr
5. Acarmovingat30ms 'isbrought to rest with a 10. A stone is thrown vertically upwards at
constant retardation of 3.6 ms~*. How far does 10ms ' from a bridge which is 15 m above g
it travel whilst coming 1o rest? river. (a) What 15 the speed of the stone as 1t
. e hits the river? (b) With whar speed would it hit
6. ."Lilum:_ is dropped from the Ifu]:tclfa-;.]:ﬁ'?.-hu:h is the river if it were thrown downwards at
B0m high. How long does it take oo reach the i3
e Idms""s
bottom of the cliff?
7. A partncle 15 projecied vertcally upwards at 11. A buller of mass 800 x 10" kg moving at

3dms . Calculare: {a) how longit takes to reach
its maximum height, (b)) the two times at which
it 1% 40 m above the poine of projection, (e) the
two rimes at which it is moving at I5ms ',

320ms " penetrates a target to a depth of
16.0mm before coming to rest. Find the
resistance offered by the target, assurming it
to be uniform.,

2.4 MOTION UNDER GRAVITY

Fig. 2.5
To show the motion of

two bodies projected
horizontally undar gravity

A body that is projected aran angle vo the vertical moves along a curved (parabaolic)
path. In order 1o solve problems involving motion of this tvpe, we consider the
horizontal and vertical components of the moton separatcly. This s justified
because the honzontal motion has no effect on the vertical moton and vice versa,
T appreciate this, congider two bodies, A and B, projected horizonmlly off the
edge of a table, and suppose that the velocity with which A is projected is greater
than that of B (Fig. 2.5). Both A and B reach the ground at the same time even

though their velocities of projectuon were different. This 1= because, mutally,
neither body had any wertical component of velocity (they were projecred
horizontally). The downward motons of both A and B are due o the effect of
gravity, and this accelerates each at the same rate (9.8 ms™%). Since they both start
from rest (in terms of the vertical motion) and travel the same vertical distance,
they reach the ground at the same tme. In the absence of air resistance, each body
retainsg 118 origingl horizonoml component of velocity for the whole of its motion.
The homzontal distance travelled by A is therefore preater than that travelled by B.
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EXAMPLE 2.9

Fig. 2.6
Diagrams for Example 2.9

A body is projected with a velocity of 200ms ' at an angle of 307 above the
horizontal, Calculate:

(a} the time taken to reach the maximum height,
by s velocity after 16s.

(Assume g = 10ms ? and ignore air resistance.)

1]
S0 ciovs 30
b 173.2ms
B0 s '
Solution

(a) Consider _ll_'l.E 1-'|:rli£;1! mu_tm_n In the notaton of the last section:

w = 200sn 30 10 ms !

v =0 [at the maximum height)

a = —l0ms* [minus sign becavse *up’ has been taken to be
PosIve )

t o= 1 (where ¢ is the time taken to reach the

maximum heighit)
From equation [2.6)
0 = 100+ (100

i, r = 10s
(b} Considering the vertical component of the motion:
i o= 100ms!
vo= 1,
a = —10ms*
r las

From equation [2.6]
v, = 100+ (—=10)16
Le. v, = —60ms!
{ The minus sign indicates that the body is moving downwards.)

The horizontal component of the velooity will sall be 200 cos 30
(=173.2ms ') since, in the absence of air resistance, there is no horizontal
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component of acceleration. The actual velecity, o, , is therefore as shown
in Fig. 2.6(b}, from which

v =60°+173.2° ie v,=183ms’
Also,

tan = 60/173.2 e, =191

25 PARABOLIC MOTION

A body projected with a velocity © at an angle 2 above the horizontal has a vertical
component of velocity of v sin a. [ts vertical displacement; y, after time ¢ is given
by equation [2.8] as

y = [psin :ﬂ!’—%m’l [2.10]

At the same time, 115 honzontal displacement, x, due to its constant horizontal
component of velocity of ©cosa, 15 given by 1 = or as

x = (vcosx)e [2.11])
Eliminating ¢ between equations [2.10] and [2.11] leads to
i
seC 1:1' 2
2ard

This 15 the equation of a parabola and w follows, therefore, that a body moving

under the influence of gravity travels along a parabolic path. The path of a charged
particle in a uniform electric field i1s also a parabola (see section 30.17.

¥y = xtanE —

Points to Bear in Mind when Attempting
Questions 2D

Te Find Time of Flight
Use s = ut+ far for the vertical motion with s = 0.

To Find Time to Maximum Height
Use v = u+ ar for the vertical motion with » = 0.

To Find Maximum Haight

Use ©® = u° + 2as for the vertical motion with = = 0.

To Find Range
Find the vme of flight, 1, then substitute forrin ¢ = v for the horzontal mogon,

To Find Direction of Motion

Use tan # = w,/v, where 0 is the angle the direction of motion makes with the
horizontal, and ©, and v, are the vertical and horizonml components of velocity
respectively.
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QUESTIONS 2D

1.

A particle is projected with a speed of 25 m s ™' at
307 above the hornzontal, Find: (a) the tme
taken to reach the highest point of the rajectony,
{(b) the magnirude and direction of the velocity
after 2.0s.

A particle is projected with a velocity of 30m s
at an angle of 407 above a horizonral plane.
Find: (@) the ume for which the particle is in the
airy (b) the horzontal distance it travels.

A pebble is thrown from the top of a cliff at a
speed of 10ms™' and at 30° above the
horizontal. It hits the sea below the cliff 6.0s
lager. Find: {a) the height of the cliilf, (b) the
distance from the base of the <liff at which the
pebble falls into the sea.

A pencil is accidentally knocked off the edge of a
(horizontal) desk wop. The height of the desk is

25

648 cm and the pencil higs the floor a horisoneal
distance of 32.4cm from the edge of the desk.
What was the speed of the pencil as it left the
desk?

A particle is projected from level ground in such
a way that its horzontal and vertical compao-
nents of velocity are Z20ms " and 10ms*
respectively. Find: (a) the maximum height of
the particle, (b) its hornzontal distance from the
point of projecrion when 1t retums t© the
ground, () the magnitude and direction of s
velocity on landing.

An acroplane moving honzontally at 150ms
releases a bomb ara height of 500 m, The bomb
hits the infended target. What was the horizontal
distance of the acroplane from the target when
the bomb was released?

2.6 GRAPHICAL REPRESENTATION OF MOTION IN A

STRAIGHT LINE

Graphs can be used to represent the motion of a body which is moving in a straight
lime. {The moton must be in a soraight line because there is no means of
representing more than two directions, e.g. forwards and backwards, on a graph.)
The method is particulacly useiul when the body under consideration has a non-
uniform acceleration, for the equations of moton (section 2.3) do not apply in
such cases and even calculus methods are of no use if the acceleration varies with
time in swch a way thar it cannot be expressed mathemartically.

Displacement—Time Graphs

By definition, velocity is rate of change of displacement and therefore the slope of
a graph of displacement against time represents velocity. Suppose than the
displacement-time graph shown in Fig. 2.7 refers to the motion of a shunting

engine. Bearing in mind that the slope of the graph represents velocity, we can
make the following analysis of the motion of the engine:

Hﬂ. 27 Ei!plumun‘t
A displacement-timea Velocity = 0
graph #]
Displacement = s,
C
B
)
a *
Tirma
Displacement = — 8 —— Wedocity = 0
Slope = 0
. Velochy = i



Fig. 2.8

Tao show that the area
indaf 8 welocity-tima
graph represants
distance
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AL A Stanonary

A-B  Acceleratng (slope increasingl

B-C Moving with constant velocity (slope constant)

C-D»  Decelerating (slope decreasing)

D-E Suadonary

E-F Accelerating and moving back towards the starting poing

F-G  Moving with constant velocity

ArG Momentarily ar the starting point

-H Moving away from the starting point with constant welocity in the opposite
direction to the ongimal direction

H-1 Decelerating

Atl  Momentarily stationary

I-J Accelerating and moving back wowards the starting point

K Deceleranng

At K Swmoonary at the starting point.

At the end of the period under consideration the engine is back at its starting point
and therefore has zero displacement; the distance it has ravelled, however, is

2-\5| 1] 25?.

Velocity-=Time Graphs

By definition, acceletation is rate of change of velocity and therefore the slope of a
graph of velocity against time represents acceleration. The area under
such a graph represents distance. We shall dllustrate this by referring to the
velocity-ume graph in Fig, 2.8,

-.l: I Tirma

For a body which is moving with constant velocity, distance moved = velocity x
time. It follows that if the velocity had the constant value of o during the ome
interval dr, the distance moved would be © Ar. This 15 the area of the shaded strip,
afid therefore il the velocity vatied with time according 1o the stepped line, the toval
distance moved in the interval from ¢, 1o 1: would be the sum of the areas of the
strips. By considering narrower and narrower strips we can make the stepped line
follow the actual curve more and more closely, In the limit of infinivesimally
narrow strips the sum of the areas of the strips 15 exactlv equal to the area under the
curve between £ and £, L.e. the area under the curve between ¢ and §;
represents the distance moved in the interval from ¢ 00 £,

Suppose that a body moves in the manner represented by the velocity—time graph
in 2.9, Bearing in mind that the slope of the graph represents acceleration, we can
mike the following analveis of the motion of the boady:
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Fig. 2.9
A velocity=time graph

Note

2

Welocity
[ 3

il

A, Time

A-B  Moves from rest with a constant acceleration

B-C Velooty sull increasing, acceleration decreasing

C-Ir Moving with constant velocity

D-E Decelerating at a constant rate. Comes to rest

E-F Swtonary

F-G  Moving in the opposite direction o the original direction, Acceleration
constant

3-H Constant velocity

H=1 Decelerating at a constant rate, Comes o rest,

Total distance moved = A; + A:. Met distance moved {iLe. magmitude of
displacement = A; — As.

2.7 THE CONSERVATION OF LINEAR MOMENTUM

Fig. 2.10
Collision of two bodies

Suppose that two bodics, A and B, are invelved in a collision (Fig. 2. 10) and thar
there are no external forces acung. The force on A due o B, F, , 15, by Mewton's
third law, equal (in magnitude) o the force on B due o A, Fi. Therefore, by
Newton's second law, each body experiences the same rare of change of
momentum. Each force obviously acts for the same length of ttme as the other
ii.e. for the duration of the collizion), and therefore since the only forces that are
geting are the internal forces F, and Fy, the magmitudes of the changes of

F.F.

momentum of the two bodies will be the same. The changes in momentum,
however, are oppositely directed and thercfore the 1otal change in momentum is
zero. The result can be extended to any number of bodies in any situanon where
the bodies interact only with themselves, i.e. where there are no external forces. It
i5 known as the principle of conservation of linear momentum and can be
srated as:

The toral linéar momentam of a system of interacting {e.g. colliding) bodies,
on which no external forces are acting, remains constant.

The experimental investigation of the conservation of linear momentum is dealt
with in section 2.14.
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EXAMPLE 2.10 : i . 5

A body, A, of mass 4 kg moves with a velodity of 2m s ! and collides head-on with
another body, B, of mass 3 kg moving in the opposite direction at Sm s ™', After the
collision the bodies move off together with velocity ©. Calculate v.

Fig. 211 2ms”’ Sme "
Diagram for Example

2,10 g oy
' = O

Mags = dkg Bass = 3kg

W

—

Atter
collizion

Mass = {4+ 31 = Thg

Solution

Referring to Fig. 2.11 and aking momentm directed to the right to be positive,
we fimd thart

Momenmum of A before the collision = 4x2 = 8 kgm s~
Momenmm of B before the collision = 3% (-5 = -15kgms'
‘The total momentum before the collision = —Tkgm 5!
Momentum of (A 4+ B) after the collision = T

Bv the principle of conservation of momentum
-7 = T

LE. v = =1ms™!

The minus sign indicates that the bodies move w the left (i.e. in the orginal
direction of B) after the collision.

EXANMPLE 2.11 S Sisisns e e sl ai I e e

A bullet of mass 6.0 x 107" kg is fired from a gun of mass 0.50 kg. If the muzzle
velocity of the bullet is 300m s ', calculate the recoil velocity of the gun.

Solution

Initially, both the bullet and the gun are at rest and their total momentum is zero.
After firing, the momentum of the bullet = 6.0 x 107 x 300 = 1. 8kgms™". By
the principle of conservation of linear momentum, the total momentum after firing
15 equal to that before firing, and therefore the gun must have a momentum of
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1.8kgms~! in the opposite direction to that of the buller. If the recoil velocity of

the gun is #, then
0.50v = 1.8

i.e. e 1hms !

QUESTIONS 2E

1.

A body of mass 6 kg moving at Bm s collides
with a stationary body of mass 10 ke and stoicks
to it Find the speed of the composite body
immediately after the impact.

A bullet of mass s is fired horizontally from a
gun of mass M. Find the recoil velocity of the

gun if the velogity of the buller is o,

A flar truck of mass 4 kg is moving [reely
glong a horzontal rack at 3.0ms™'. & man
moving at right angles to the rack jumps on to
the truck causing itz speed w decreasze by
0.50m s ", What is the mass of the man?

2.8 ELASTIC COLLISIONS

A kimen of mass 060 kg leaps at 307 o the
honzontal out of a toy truck of mass 1.2kg
causing it to move over honzontal ground at

4.0ms ', Arwhar speed did the kitnen leap?

A particle of mass 3 s moving with speed ©
explodes and splits into two pieces with masses
of 2 and 3m, The lighter pisce continues 1o
move in the onginal dircetion with speed 5o
relative to the heavier piece. What is the actual
speed of the Bghter plece?

Whenever two bodies collide, their total momentum is conserved unless there are
external forces acting on them. The total kinenc enengy (see section 5.3, however,
usually decreases, since the impact converts some of it to heat andfor sound andfor
permancntly distorts the bodies leaving them with an increased amount of
potential energy.

A collision in which some kinetic energy 15 lost 1s known as an inelastic collision.
A completely inelastic collision i2 one in which the bodies snck wgether on
mmpact. A collision 15 elastie if there 15 no loss of kinetic energy.

2.9 NEWTON'S EXPERIMENTAL LAW OF IMPACT

The relative velocity with which two bodies separate from each other, after a
collision, 1s related to their relative velocity of approach and a constant known as
the coefficient of restitution, ¢, of the two bodies. The relationship is known as
Mewron's experimental law of impact and can be expressed as

Speed of separation = ¢ = Speed of approach [£.12]

The coefficient of restitution of the two bodies is defined by equation [2.12)] and
depends on their elastic properties and the natures of their surfaces. These same
properties determine whether a collision is elastic, inelastic or completely inelastic
and therefore it is possible o classify a collision according to the value of ¢ that 15
associated with it (Table 2.1).
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Table 2.1 —
Classification of collisions Type of collision 8
Elastic
lﬂ.Eh.ﬂ.i: <1
Camplely inclastic
EXANMPLE 2.12 NIRRT L i e s il S nenhie

Fig. 2.12

Diggram for Example
212

A body, A, of mass 6 kg and moving at 9 m s ! collides head-on with another body,
B, of mass 3 kg and moving in the same direction as A at 4 ms™ ', Ifthe velocites of
A and B after the collision are respectively v, and vy and the coefficient of

restitution of the bodies is 0.8, calculate v, and vy, Assume that no exzernal forces
act on the system.

i‘l‘ﬂl-".

®

mlllalnn

o . .

Solution

Refer to Fig. 2,12, There are no external foroes acting on the system, in which case
momentum is conserved and we may put

(6=9)+ (3 x4) = By + Iy
L2, 22 = v, + 1ty [2.13]
Using Newton's experimental law of impact (equation [2.12]) we have

ty — 2y = 0.B(0-4)
e, th—ta = 4 [2.14]

Solving equations [2.13] and [2.14] simultaneously gives

= 6ms' and vy = 10ms™’

QUESTIONS 2F " e

1. A sphere, A, of mass 3.0 kg moving at 8.0ms '

colhides directly with another sphere, B, of mass
5.0 kg moving in the opposite direction o A at
4.0ms"". Find the velocities of the spheres
immediately after the impact if ¢ = 0.30.

. A sphere of mass m moving with velocity u is

involved in an elastic collision with a sphere of

mass 2w moving along the same line with
velocity —w. Find the velocites of the spheres
immediately after the impacr.

A ball is dropped onto horzontal grownd from a
height of 9.0m. Find the height to which the
ball rises: (@) on the first bounce, (b) on the
sccond bounce, (e = 0.70.)
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2.10 IMPULSE

The impulse of a constant force, F, acting for a time, A, is defined by

Impulse = F Ar [2.15]

Impulse is a vector gquantity; its direction 15 the same as that of the force. It

follows from equation [2,15] thar the anit of impulse is the newron second (N 5],
Notethat INs = lkgms'.

Suppose that a force, F, causes the momentum of a bedy to change by A{my) in a

ume Ar, By Newton's second law, forge = rae of change of momentum, and
therefore

Y
ar

e, FAr = Alm)

Therefore by equation [2.15]

Impulse = Change in momentam [2.16]

It can be shown that equation [2. 16] applies to variable forces oo,

The definition of impul se imposes no limit on the length of time for which the force
may act, Mevertheless, the concept of impulse 15 normally used only in simanons
where a large variable force is acting for only a short time, for example a golf-club
striking a ball or the blow of 3 hammer on a nail. Forces such as these are known as
impulsive forces.

When a batsman strikes a cricket ball he *follows through® in order to keep the bat
in contact withl the ball for az long a ome as possable, It ollows from eguation
[2.15] that this increases the impulse and therefore, by equarion [2. 16], produces a
larger change in momentum and so mncreases the speed at which the ball leaves the
bat.

Suppose now that the ball is caughr by a fielder. In carching it the fielder has to
reduce the momentum of the ball to zero. [t follows from equation [2.16] that the
impulse on his hand will be the same no marter how he carches the ball. However,
by equation [2.15], he can reduce the force he feels by drawing his hands
backwards to increase the time taken o effect the carch. Not only is this less
painful, but it also reduces the likelihood of the ball bouncing out of his hands.

The impulse of a variable force, F, acting for a tme, 1, 1= defined by
Impulse = J\ F dr [2.17]
0

Measuring the change in momentum that a varable force produces is usually
much easier than measuring the way in which it varies with time. In pracrice,
therefore, an impulse is more likely to be evaluated on the basis of equation [2.16)
than equation [2.17].
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2.11 FORCE-TIME GRAPHS

Fig. 2.13

Force-time graphs

It follows from equation [2,17] that the area under a graph of force against
time represents impulse ( Fig. 2.13). It follows from equation [2. 16] that it also
represents change in momentum.

Faorca
lﬂ
i : ___.Aml = [rapuilse Belwaen Iy aid 1
I ey = Changs in mamanium
1 i between f and i
| |
| |
i} = b Timio
41 L
Farca
F 3
__—«fraa = (Totsll smpulse of the Torce
= (Totall changa in momanium
produced by the fonos
L] = Time

EXAMPLE 2.13 KRS N S S e F o IR SR A 8T

Fa. 2.14
Diagram for Example
213

A body of mass 4 kg is moving at Sms ! when it is given an impulse of 8 N s in the
direction of its motion. (a) What is the velocity of the body immediately after the
impulsed (b1 If the impulse acts for 0.02 5, what 15 the average value of the force
exerted on the body?

Solution
Ems ! BN [
.m_h —u-*
dkg 4kp
Before impuise Impulss &ftar impaulse

(a) Referwo Fig. 2.14. Let v = velocity of body immediately after the impulse.
Impulse = Change in momentum
8 =4v—-4x3
8=4v-20 e v= Tms"'
) Lax F = average force
Impulse = F Ar
8 = Fx0.02 ie. F=4xI10°N
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QUESTIONS 2G

. ;
£ e

1. A particle of mass 6.0kg moving at 8.0ms™! (b) The ball is estimated o be in conmct with
due N is subjected to an impulse of 30 N s, Find the wall for 3.0 = 107%s, what is the average
the magnitude and direction of the velocity force on the ball?
of the partcle immediately afterwards o the
direction of the impulse s (@) dus N, 3, A body of mass 2.0kg and which is ar rest is
(b due 5. subjected to a foree of 200N for 0.20 s followed

by a force of 400N for 0,30 s acting in the same
direcuon. Find: (a) the oml impulse on the

Z. Aball of mass 6.0« 1077 br moving at 15ms™ body, (b) the final speed of the body,
hits @ weall at right angles and bounces off along
the same line at 10m s ', (a) Whar is the magni- &4, Find the final speed of the body in question 3 by

tude of the impulse of the wall on the ball?

using F = ma and v = w+ ar.

2.12 FRICTION

Fig. 216
Investigation of frictional
farces

Static Friction

When the surface of a body mowes or tend s o move over that of another, each body
experiences a motonal force. The ficoonal forces act along the common surface,
and cach 15 in such a direction as to oppose the relatve moton of the surfaces,

Fig. 2.15 illuscrates an arrangement which can be used o investigate fmctional
forces. Small masses are added, one at a time, to the scale-pan in order to increase
P At first P 15 small and the block does not move, but as more masses are added,
eventually a point is reached at which the block stares to slide. This is interpreted by
supposing that for small values of P the frictional force F is equal 1o P but that
there is @ maximum fmctonal force which can be brought ingo play, This is called
the limiting frictional force and its value is equal to the value of P at which the
block starts to move. The way in which the frictional force depends on the normal
reaction & can be investigated by placing weights on the block, The effect of the
areca of contact can be studied by repeating the experiment with different faces of
the block in contact with the mable.

Wooden block
rEElERG Qn &

harizontal R {che mgr | reBcimn|
1ahlsa \

Falisry

la-puain

Sliding Friction

The frictional force which exists berween two adjacent surfaces which are in
relative motion is usually slightly less than the hmiting frictional force between the
surfaces and is called the sliding (or dynamidc or kinetic) frictional force, This
can be demonstrated by using the apparatus of Fig, 2,13 and giving the block a
slight push each time a mass is added o the scale-pan. The value of Par which the



Fig. 2.16
Determination of the
coefficient of limiting
friction
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block condnues to move with constant velocity after being pushed is the value of
the shiding frictonal force and 15 less than the force required to produce modon
when the block is not pushed.

The Laws of Friction

The results of experiments of the type described in Static Friction and Sliding
Friction above are summanzed in the laws of friction.

(1}  The fmictional foroe between two surfaces opposes their relative motion
or anempted moton.

(i) Fricoonal forces are independent of the area of contact of the surfaces.

(iii) For rwo surfaces which have no relative motion the limitng frictional
force s directly proportional to the normal reaction,

For two surfaces which have relative motion the sliding frictional force
is directly proportional o the normal reaction and is approximarely
independent of the relative velocity of the surfaces.

The Coefficients of Friction

The coefficient of limiting friction u and the coefficient of sliding friction " are
defined by

F . F
= — amd = —
R A -

where Fand F are the imidng and shding fncoonal forces respectvely and K is the
normal reaction. Both g and u" depend on the nature and the condition of the
surfaces which are in contact but are independent of the area of contact. For sieel
on sreel po== 08 for Teflon on Teflom p== 0.04. (The walues given are
approsimate because even a mono-molecular laver of some surface impurity
affects the experimental results.) If two surfaces are assumed to be perfectly
smiooth, there 15 no frcional force and p = o' = 0.

Blgck on the point

af eiding down
/ the plank

— Pank

¥  mgcosé
mg

The coefficient of limiting fricion can be determined by carrying out an
experiment of the type descrnbed in Stde Fricnon above and measuring & and
the minimum value of P that produces motion. The arrangement shown in Fig.
2.16 provides an alternative method. One end of the plank is raised gradually and
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Fig. 2.17

Magnified cross-saction
through two surfaces in
oomtact

d5

the value of (? (the angle of friction) at which the block1s on the poant of shipping 1s
measured. When the block is about 1o slip p = F/ R, and therefore since

mgsinl = F and mgcositl = R

mig sin i
| = ——
! weg cos 1
L. o= tan il

An Explanation of the Laws of Friction

On a microscopic level, even a highly polished surface has bumps and hollows. It
follows that when two surfaces are put ogether the actual arca of contact 15 less
than the apparent area of contact (Fig. 2.17).

A e e

For example, it has been estimated that for steel on steel, the actual contact area
can be as little as one ten-thousandth of the apparent area. The pressures at the
contact poines are very high, and it 15 thoughe thar the molecules are puzhed into
such close proximity that the atractive forces between them weld the surfaces
together at these points. These welds have to be broken before one surface can
move over the other. Clearly, therefore, no martter in which direcnion the motion
occurs there is a force which opposes it This explains law ().

If the apparent area of contact of a body is decreased by turning the body so that it
rests on one of its smaller faces, the number of contact points is reduced. Since the
welght of the body has not altered, there 1s increased pressure at the contact points
and this flarens the bumps so that the ol contact area and the pressure return o
their original values. Thus, although the apparent area of contact has been
changed, the actual area of contact has not. Thas explains law (11).

The extent to which the bumps are flatiened depends on the weight of the body,
Therefore the greater the weight, the greater the actoal area of contact. This
explaing law (1), because the weight 15 equal to the normal reacrion.

2.13 DETERMINATION OF THE ACCELERATION DUE
TO GRAVITY (g) BY FREE FALL

The apparatus is shown in Fig. 2.15. The principle of the methed is to measure the
time, i, for a ball-bearing to fall from rest through a measured distance, .

The circuitry is such that switching on the electronic timer automarically curs off
the current to the elecrromagnet and releases the ball-bearing. The bearing falls
freely wnril it strikes the hinged metal plate. The impact causes the plate o swing
downwards, breaking the electrical connection at X and stopping the timer. The
timer therefore automancally registers the tme of fall,

COnce & has been measured (with an extending rule, sav) the acceleration due 1o
gravity, £, can be calculated. It follows from 5 = we + ; at” (equation [2.8]) with
s=h, u=0, a=yg and t = t, that g = 2h/t°, hence g.
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Fig. 2.18

Apparatus o determine g

by free fall

MNotes

(i)

0y
(i)

()
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The tmer should be capable of registering ¢ with an uncertainy of +0.01 s
of less,

& 15 measured from the bottom of the ball-beanng.

There may be a delay in releasing the ball-bearing due to residual magnetism
in the electromagnet, The likelihood of this can be reduced by arranging that
the beanng 1s held only weakly by the electromagnet to start with. This can
be done by reducing the magnetizing current to the mindmum that will hold
the beanng, or by placing a piece of paper or thin card berween the bearing
and the eleciromagnet.

The experiment should be repeated a number of times and the average value
of g found. Alternatively, the times of fall may be measured for a numbser
of different values of k. Since g = 2k/r%, vk = (4/g/2)t and therefore the
gradient of a graph of 'h against ¢ is /¢/2, allowing g to be found
graphically. This has the advantage that the effect of any constant error in ¢
{e.g. that due o the bearing not being released immediately the timer is
started) i3 eliminated. (If there 13 an error of this tvpe, the graph will not pass
through the orgin but the gradient will be unaffected.)

2.14 EXPERIMENTAL INVESTIGATION OF THE
PRINCIPLE OF CONSERVATION OF LINEAR
MOMENTUM

The principle of conservation oflinear momentum can be investigated by means of
two plastic vehicles riding on the cushion of air above a linear air-track (Fig. 2.19),

The track is a hollow tbe of triangular cross-section through which air is blown;
the air emerges through holes in each side of the track. It has adjustable feet
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Fig. 2.19
(&) Vehicle on an air-

track, (bl timing arrange:
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Fig. 2.20
Imitial arrangerment Tos
inelastic colliskon
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allowing it to be made accurately horizontal so that the vehicles have no wendency
to drift along it in either direction. A number of small (e.g. 50 g) masses may be
attached o the vehicles. Each vehicle can carry an opague card of known length
(e.g. 10 em) which iz arranged o interrupt a beam of light [alling on a photodiede,
The circustry is such that each of the millisecond timers 15 inoperanve whilst light 15
falling on the photodiode to which it is connected. When a light beam is broken by
the leading edge of a card the assoctated timer switches on and remains operative
for as long as the card 15 in the beam. The omer therefore records the tme for the

vehicle to travel a distance equal to the length of the card and so allows the speed 10
be found.

Completely Inelastic Collision

Refer to Fig. 2.20. A 15 pushed towards B, which 15 stationary and has no card
attached. A interrupts beam X and therefore its speed () before impact can be
found. A pin on the frone of A socks in a small piece of plasticine on the back of B,
and the vehicles then move together. The card on A& interrupis beam Y allowing the
(common) speed (2.} of A and B to be found.

T——Light beams -
ko ki
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Fig. 2.1
Initial arrangement Tor
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Suppose the masses of A and B are my, and my respectvely, Momentum s
conserved iff my uy = (my + my) vy, The experiment should be repeated for a
number of different values of m,, mg and u,.

Elastic Collision

Befermo Fig. 2.21. A and B {each carmving a card) are pushed towards each other so
thar they collide in the region between the beams, Since A will have passed through
beam X and B will have passed through beam Y, their speeds before the collision
can be found. Each vehicle has a strerched rubber band attached o its front end,
and these act as buffers so that the collision is almost (perfectly) elastic (see section
2.8). It can be arranged that each wehicle reverses its direction of motion on
impact. Since A then passes back through beam X and B passes through beam Y,
their speeds after the collision can be found, The experiment reguires two people -
one to observe cach tmer,

Suppose the masses of A and B are m, and myg respectively, and their speeds are u,
and iy before collision, and o, and vy after collision. Taking left to right as posiove,
the initial momentum s m, 8y, = Mg iy and the momentum after impact 1s
Mg Uy — Mg Uy, Momentum is conserved if, within expenmental error,
Mg Uy — Mg Uy = Mg vy — My v, The experiment should be repeated for a
number of different values of w,, mg, g and ey,

2.15 EXPERIMENTAL INVESTIGATION OF F= ma

Fig. 2.22
Apparatus for
investigating F = ma

Mewron’s second law in the form = #ia can be investigaeed using the apparanis
shown in Fig. 2.22. To compensate for friction, the slope of the runway is adjusted
%o that the trolley, when given a slight push, nons down it at constant speed (dots
equally spaced on ticker-tape). The accelerating force is provided by means of an
elastic thread attached to the rear of the trolley. The expenmenter pulls on the

Elastic thread
strabched by &
r:*p;r_rt-“.p-. “m :nlﬂlnt_lrnaur'd
' Runway - tifted
— 1o compensate

far friction

thread and walks along keeping the length of the thread constant (egual to the
length of the wolley, say). The effects of friction have been compensated for by
tilting the track and therefore the net force on the trolley 15 that provided by the
stretched thread, Since the thread is soretched by a conseant amoumnt, the trolley is
being accelerated by a constant force. The acceleration of the trolley 15 found by
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analysing the spacings of the dots on the ticker-tape. (The dots are produced at
intervals of .j—lUE, from which the velocity, and hence the scceleraton, can be
calculaved.)

The effect of doubling (or tripling) the accelerating force is investigated by using
two (or three) identical threads in parallel with each other and stretched by the
same AMOount as in the fiest experiment. The effect of doubling {or tipling) the
mass 15 mvestgated by stacking two {or three) identical trolleys on top of each
other.

The accelerating force is proportional o the number of threads and the mass s
proportional o the number of trolleys. A graph of acceleration against {number of
threads'number of trolleys) can therefore be expected o be a soraigh line through
the origin (Le. a o F/m).

Note ‘Thewheels of the trolleys are made from a low-density matenial so that very little of
the accelerating force is “wasted’ in providing the angular acceleration of the
wheels.

CONSOLIDATION

Newton's first law Every body continues in a swate of rest or of uniform
(unaccelerared) motion in a straight line undeas acted on by some external force,

Newiton's second law  The rate of change of momentum of a body is directly
proportional to the external force acting on the body and rakes place in the
direction of the force.

d
— | mRe)

F di

becomes
F = ma for constant mass

The newton (N is defined as that force which produces an accelerationof L ms
whien it acts on a mass of 1 kg,

Newton's third law If A exerts a force on B, then B exerts an equal and
oppositely directed force on A

£ o= o for constant velocity
L H = -+l
v = w4+ 2as
! for constant aceeleration
5 w4 :,alf
g o= Liu4 o)t
.? I, -

Displacement-Time Graphs
Crradient = velocity
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Velocity-Time Graphs
Gradient = acceleration

Area under graph = distance

The principle of conservaition of linear momentum The total hinear
momentum of a system of interacting {e.g. colliding) bodies, on which no
external forces are acting, remains comnstant.

Amn elastic collision 15 one in which there 15 no loss of kinete energy.

Law of Impact
Speed of separation = ¢ = Speed of approach

Impulse
Impulse of constant force = F Ar

Impulse of vanable force = J F e
0

Impulse = Change in momentum (for both constant and varable forces)
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TORQUE

3.1 DEFINITION OF TORQUE

Consider a force acting on a rigid body (Fig. 3.1} so as to cause it to turn about an
axis which is perpendicular 1o the paper and passes through O, The effect of the
force is determined by its furning moment, a quantity which depends not only on
the size and direction of the force but also on where it acts. The turning moment
{or torgue) is defined by

T =Fd [3.1]

T = torque (or turning moment) (& m)
F = the magnitude of the force (M)

d = the perpendicular distance of the line of action of the force from
the axis (m).

Fig. 3.1

Figed hody
Deefinition of torgque

EXAMPLE 3.1

Find the moment of the 10N force about the axis through O and perpendicular to
the paper in each of the three simmations shown in Fig, 3.2,

Fig. 3.2 E]] ik icl
Diagram for Example 3.1

b )
40m  dbm 8.6m ‘ ‘V 40m  40m
10M

A0M
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Solution
(a) MomentaboutO=10x40=40Nm (ant-clockwise)
b} Momentabour O =10=x 3.0 =80 N m (clockwse)

(c)  Refer o Fig. 3.3(a). Perpendicular distance of line of action of 10N force
from O = OB = OAsin 30" = 2.0m

Moment about O = 10 x 20 = 20 N m (anti-clockwise)

Fig. 3.3 tal ]
Criagram for solution of
Example 3.1(c) ':.g
P 10 cos 30° A o
e Y ——— :
WA a0m O 40m o | 4om 20m
i
10N
Ll 10 sin 307

Alternative Mathod

The 10N force has components of 10sin 30° and 10cos 30° perpendicular and
paralle]l to AD respectively (Fig. 3.3(k)).

Moment aboutr O of perpendicular component = 10 sin 30° x 4.0
=20Nm

(anti-clockwise)
Moment about O of parallel component = 0

Toral moment about O = 20N m  (and-clockwise)

QUESTIONS 3A

1. Find the moment of the 20 N force about axes 2. By resolving the 40N force into two suitable

perpendicular to the paper and through: (a) A, components, or otherwise, find i1s moment
by B, (&) C, () D, (&) O where O is the about an axis perpendicular vo the paper and
centre of the rectangle through: (a) A, (b) B, (&) C.
A 8.0m B A 6.0m B
zo0m
20N . 4om L
e, C
o c 40N

3.2 COUPLES

Two forces which are equal in magnitude and which are anti-parallel
constitute a couple (Fig. 3.4).

Motes (1) Thereis no direction in which a couple can give rise to a resultant force, and
thefefore a eouple can produce a turning efMect only - it cannot produce
translational motion.
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TOROLE
(i) Since a single force is bound to produce translation, it follows that a couple
cannot be represented by a single force.
Fig. 3.4

Definition of a couple

3.3 TORQUE DUE TO A COUPLE

In Fig. 3.4,
Towal orgue about O = F = OA+ F <« OR
= F{OA + OB)
= Fd
Thus, the torque about O does not depend on the positon of O and therefore it

follows that:
The torgue due to a couple is the same about any axis and is given by

Torque due to a couple = One force x Separation of forces  [3.2]
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EQUILIBRIUM, CENTRE OF
MASS, CENTRE OF GRAVITY

4.1 THE CONDITIONS FOR EQUILIBRIUM

A body i3 in equilibrivm if?
(a) the acceleraton of its centre of mass is zero in all directions, and

(b} itz angular acceleration is zero,

Meither of these conditions requires that the body is at rest — a body may move with
constant velocity and rotate with constant angular velocity and sull be n
equilibrium!

It follows from (a) and (&) thag

A body s m eqguilibrium i
(i} the resultant force on its centre of mass is zero, and

() the total torgque aboue all axes 15 zero.

Statements {1) and (i) are often referred 10 as the conditions for equilibrium
and are more useful in problem solving than (a) or (b). It can be shown that for a
body subject ct to _coplanar forces only, condition (i) will have been fulfilled if the
resultant force in an ¥ oW o-directions in the plane of the forces is zero. Condition (ii)
will have been fulfilled if the total torque about any one axis which is perpendicular
to the plane of the forces is zero. Therefore i

‘T'o prove that a system of coplanar forces is in equilibriam it is sufficient to

shiow that:
1 the resultant force in any two directions in the plane of the forces is zero,
and

Bl

the total torque about any one axis which is perpendicular to the plane of
the forces is zero.

Nei[her one of these conditions i.a suﬂ"u:i:m on its own o s.haw that a body 15 in

may make use of | or 2 or both 1 and 2. It also follows that

4t



EQLTLISRILA, CENTRE OF MASS, CENTRE OF GRALTTY 45

Motes

If a body is in equilibrium:

1
11

(ii)

{1}

{iv)

(v)

the resultant force is zero in all directions, and

the toral torgue 15 2ero about any axis.

Conditions 1 and 2 are known as sufficient conditions because together they
form the minimum set of condinons which s sufficent o ensure
equilibrium under the action of coplanar forces*. Conditions 1 and IT are
known as necessary conditions, in the sense that each is necessanly true,
rather than that it is necessary 1o show them 1o be true.

Stavement I is sometimes called the principle of moments, and can also
be exprossed a8

If a bodyis in'equilibaum, the toral clockwise moment about any axis iz
equal to the total ant-clockwise moment about the same axs,

Seaternent I and statement 11 (in both its forms) also apply when the
equilibrium is due o non-coplanar forces,

To prove that a body acted on by non=coplanar forces is in equilibrium i is
sufficient to show that:

the resultant force in any three mutually perpendicular directions 1s zero,
and

the total rorque about each of any three mumally perpendicular axes is zero,

When solving problems in which a system of coplanar forces is known to be
in cquilibrium we may choose two directions and apply conditon 1 in cach
direction, and we may choose one axis and apply condition 2. Thus we
resclve twice and take momentz once. Thiz gives three independent
equations and allows us to find the values of three unknowns. There are
two altermatives — we may resolve once and take moments twice, or we may
take moments about three axes which are ot in line with each other, It is not
possible o obrain more than three independent equarions and therefore
there is no point in, for example, resolving twice and taling moments twice.

Concurrent Forces

Concurrent forces are forces whose lines of action intersect at a single point. A little
thought should convince the reader that it 1s impossible for such a system of forces
o produce a torgque about any axis if their resulant is zero, It follows that

Concurrent forces are in equilibrinm if their resultant i sero.

To prove that concurrent coplanar forces are in equilibrium it is sufficient vo show
that 1 s true. IF we know that a svstem of concurrent coplanar forces 15 n
equilibrium, we use | alone when solving problems — there is no point using 2.

(i)

If a body is in equilibrium under the action of three non-parallel coplanar
forces, the forces must be concurrent. (See section 4.2.)

*This is not the: ondy sev of minimum conditons, but it is the one most commonly wsed,
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EXAMPLE 4.1

Fig. 4.1
Diagram for Example 4.1

Note

EXAMPLE 4.2

EECTHON A RMAECHANITS

(i} A particle is an object which has mass but which is small enough to be

regarded as a point. It follows that a set of forces acting on a parricle must be
concurrent forces.

The svatem of forces in Fig. 4.1 i3 in equilibrium. Find P and (2.

P

Fai il

Solution
We make use of condition | in the honzontal and vertical directions. Hefermo Fig. 4.1

Resolving horizontally:

P cos 607 =  cos H) [4.1]
Resolving vertically:
P gin 60° 4+ @ sin 40" = 20.0 [4.2]
By equation [4.1]
, o Qoosd0 L b 15120 [4.3]
cos 60

Substituting for P in equaton [4.2] gives
1.532 QO sin 607 + Qsin 407 = 20.0
1970 Q = 2000 e = 102N
Substtuting for { In equation [4.3] gives
P 156N

W have resolved horzontally and vertically, It would have been quite reasonable
to resolve perpendicular to Pand perpendicular o Q. The advantage of this is thar
it gives an equation for (2 which does not involve P and an equanon for * which
does not invalve (. The main disadvantage is that it 1 necessary to work out the
angles that the forces make with these directons and although this is mrivial, it leads
o a rather messy diaggram. Itis by far the best method, though, when the unknown
forces are at 90° o each other.

A uniform plank AB which is 6 m long and has a weight of 300N is suppored
horzontally by two wvertical ropes at A and B, A weight of 150 W rests on the plank
at Cwhere AL = 2m. Find the wension in each rope.
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Fig. 4.2
Disgram for Example 4.2

Motes

Solution

The plank is uniform and therefore its weight acts at its mid-point, G, say, Let the
tensions in the ropes at A and B be T, and Ty respectivelv. Refer 1o Fig. 4.2,

T. Ta
c G
A 2m lm am .
VEO R
00N

The plank 1s in equihibrium and therefore the clockwise moment about any point is
equal 1o the anti-clockwise moment about the same point, (Condidon 2.)

Taking moments about A gives

Tex6 = 150 = 2+ 300 =3

6T = 1200 e, Ty = 200N
Resolving vertcally gives

To+Te = 1530+ 300

Ta+ 200 = 450 e, Ty = 250N

iy Asanalternative to resolving vertically, we could have taken moments about
B 1o find T,.

iy Irvis wsually good policy 1o take moments about poine where unknown forces
are acting because this reduces the number of unknowns in cach of the
resulting equations.

EXAMPLE 4.3

A uniform ladder which is 5 m long and has a mass of 20 kg leans with itz upper end
against a smooth vertical wall and ies lower end on rough ground. The bottom of
the ladder is 3 m from the wall. Calculare the fricdonal force berween the ladder
and the ground. (g = 10ms =.)

Solution

Referwo Fig. 4.3, The ladder is uniform and therefore its weight, 20 = 10 = 200 N,
gcts at its mid-point G, a distance of 1.5 m from the wall. The wall 15 smooth and
therefore the only force acting at the top of the ladder is the normal reaction K. By
Pythagoras the point & at which the lad der makes contact with the wall 1s 4 m above
the ground. The forces acting at the borom of the ladder are the normal reaction §
and the frictional force F. If the ladder were to slip, its bottom end would move to
the right; it follows that Facts 1o the left ag shown.
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Fig. 4.3
Diagram for Example 4,3

MNote

SECTION A; MECHANICE

MO R R RN R RN R S

The ladder is in equilibrium and therefore there can be no resultant force in any

direction. In particular there 15 no resultant vertical force, in which case

§ = 200N [4.4]

Because the ladder 1= in equilibrium the total torgue abowt any point is 2eron. In
partcular, the total {net) wegue abour A is zero and therefore

(F=d4)+(200=13) = §=3
Le. 4F 4+ 300 = 38

Therefore by equation [4.4]

4F + 300 = 600
Le. F=T5N

The reason that we have chosen to consider the torgque about A, rather than some
other point, is that this suromatically excludes R — a force in which we have no
ingerest, The reader is advised 1o comvince himself that considering the torgue
about G andfor B and making use of the fact thar F = K also gives F = T3 N,

Points to Bear in Mind when Attempting Questions 44
{a) Draw a clear diagram showing all the forces acung on the parucle {or
body) whose equilibrium 15 being considered.

) Draw diagrams in which the angles look something like the angles they
represent. There is no need to use a protractor, but an angle of 30°, say,

should look more like 307 than 457 or 60",

(c) A smooth surface can exert a force only at right angles to iself - the
normal reaction.

{d) The tension 15 the same in each section of a light string which passes over a
smooth pulley or a smooth peg, or which passes through a smooth hole or
a smooth ring.

(g1 There is no point in resolving in more than two directions.,
() Itis often an advantage 1o resolve perpendicular o an unknown force,

(g) It is often an advanrage to take moments about points where unknown
forces are acting.
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QUESTIONS 4A

1.

Solve the problem in Example 4.1 by resolving
perpendicular to Pand for Q.

Two forces, P and Q. act NW and NE
respectively. They are in equilibrum with a
force of 50.0N actng due 5 and a force of
20.0 N acting due E. Find Pand Q.

A particle whose weight is 30.0 N is suspended
by a light smring which is at 357 1o the vertical
under the action of a horizontal force F. Find:
(a) the tension in the string, (b) F.

A particle of weight ¥ rests on a smooth plane
which 15 inclined ar 40° to the horizontal. The
particle is prevented from slipping by a force of
50.0 M acting parallel to the plane and up a line
of greatest slope. Calculare: (a) W, (b} the
reaction due to the plane.

Two light strings are perpendicular to cach
other and support a particle of weight 100N,
The tension in one of the strings is 400N,
Calculate the angle this string makes with the
vertical and the tension in the other string.

A uniform pole AB of weight 5W and length Ba
15 suspended honzontally by two vertical strings
atzached vo ivar C and D where AC = DB = a.

A body of weight 9 hangs from the pole at B
where ED = 2a, Calculate the tension tn each
SINE.

AB 15 a umform rod of length 1.4 m. It s pavoted
at C, where AC = 0.5 m, and rests in horizontal
equilibrium when weights of 16 N and 8 N are
applicd at A and B respectively. Calculate:
{a) the weight of the rod, (b) the magmiiude
of the reaction at the pivot.

. A uniform rod AB of length 4a and weight Wis

smoothly hinged at its upper end, A. The rod is
held ar 30° to the horzontal by a string which is
ar 907 1o the rod and awached 1o it ar C where
AC = 3a. Find: (a) the tension in the string,
() the vertical component of the reaction ar
A, (c) the horizontal component of the reaction
at A.

A sphere of weight 40 N and radius 30 cm resis
ggrainst 8 smooth vertical wall, The sphere is
supported in this position by a siring of length
20 cm attached to a point on the sphere and to a
point on the wall. Find: {(a) the tension in the
string, {b) the reacton due o the wall. (If you
require a hing, wrn o the answer.)

4.2 THE TRIANGLE OF FORCES

and R must be concurrent.
Fig. 4.4 Rigia body
Body acted on by threse
forcas
L

Suppose that a body is in equilibrium under the action of three non-parallel
coplanar forces, P, @, and R (Fig. 4.4). In order to satesfy condioon (1) (p. 44),
each force must be equal and opposite w the resulvant of the other two. The system
therefore reduces to one in which there are only two equal and opposite forces, (R
and R, say, where R’ is the resultant of Pand Q. Furthermore, these two forces
(R and R") must be in line with cach other, otherwise there would be a couple
acting on the system and condition (1) would not be satisfied. It follows that P, Q

- *ﬂ"

f#*
-—

=
P

Bearing in mind that B’ is the resultant of Pand Q and that R = -R’, leads wo
Figs. 4.5(a), (b) and (c). It follows from Fig. 4.5 thar:
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Fig. 45
The triangle of farces

If a body is in equilibrium under the action of three coplanar forces, then the
forces can be represented in magnitude and direcrion by the sides of a
triangie taken in order. This is known as the triangle of forces.

QUESTIONS 4B

1. Solve the problem in example 4.1 by using
a riangle of forces,

4.3 THE POLYGON OF FORCES
The trangle of forces can casily be extended to any number of forces, in which case:

If a body 15 in equilibrum under the action of any number of forces, then the
forces can be represented in magnitude and direction by the sides of a
polygon taken in order

4.4 TYPES OF EQUILIBRIUM

There are three types of equilibrium and these are illuscrated by the cone shown in

Fig. 4.6.

1 Stable equilibrium A body 15 in stable equlibrnium if it retums to s
equilibrium position after it has been displaced shighdy (Fig. 4.6(a)).

(i)  Unstable equilibrivm A body is in unstable equilibrium if it does nom
return to its equilibrium position and does not remain in the displaced

position after it has been displaced slightly (Fig. 4.6(b)).
(i1} MNeutral equilibriumm A body 15 1n neutral equilibroum if it stays in the
dizplaced position after it has been displaced slightly (Fig. 4.6(c)).

Fig. 4.6
Types of eqguilibrium

lail Stabia b} Unstable ich Mautral
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Fig. 4.7
Effects of forcas at cenftra
of mass of a hammar

Fig. 4.8
Effect of forces st centra
of mass of a hammaar

The envire mass of 4 body can be considered vo act at a single point, known as the
centre of mass of the body. If a body is symmetrical and of uniform composition,
the centre of mass is at the geometric centre of the body.

If a single force acts on a body and the line of action of the force passes through the
centre of mass, the body will have a linear acceleranon but no angular acceleration.
Thus, a body which is accelerated from rest by such a force will move in a straight
line without any rotation. As an example of this, imagine a stationary hammer
resting on a frictionless surface. If forces such as P and @ are applied 1o the
hammer (Figs 4.7(a) and (b)), it will mowve without rotarion as shown,

Camlia ol mivass

— p“"'_ --

L

However, if o foree such as K is applied wo the hammer, its subseguent motion
involves rotation because K does not act through the centre of mass (Fig. 4.8).
MNote that even when the body is rotating, the centre of mass moves along & straight
line, i.e. the rotation takes place about the centre of mass. Thus, in the absence of
an actual pivot (e.g. an axle) abody behaves as ifit is pivoted atits centre of
mass and only at its centre of mass,

prpi \
Q== 1
LS

——e i

The motion of the centre of mass of a body cannot be affected by internal
forces. Suppose that a space-ship, which is initally moving wicth uniform speed
along a straight line, breaks into a number of pieces as a result of an explosion on
board. Mo external force has acted on the mass of the space-ship and therefore the
mass as a whole cannot (by Mewton's second law) acquire an acceleration, Since
the mass can be taken to be at the centre of mass, thers can be no acceleration of the
centre of mass. The picces therefore move apart in such a way that the centre of
mass continues w move with the onginal speed in the original direction.
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SECTION A: MECHANICS

4.6 CENTRE OF GRAVITY

Fig. 4.9

Determination of centre
of gravity

The centre of gravity of a body is the single point at which the entire weight
of the body can be considered to act. In uniform gravitational fields (such as
that of the Earth on a small body) the centre of gravity coincides with the centre of
mass.

Since the weight of a body acts at its centre of gravity, a freely suspended body
hangs in such a way that its centre of gravity is vertically below the pivot.
This is the basis of the usual experimental determination of the position of the
centre of gravity of a body (Fig. 4.9).

Centres of gravity (and therefore centres of mass) can also be located by
calculation (Examples 4.4 10 4.7).

First vertical

First
pivot

Centre of gravity
&l iMersection

EXAMPLE 4.4 0

Fig. 4.10
Diagram for Example 4.4

Calculate the position of the centre of gravity of a body which comprises two small
spheres whose centres are connected by a straight rod of length L. The masses of
the spheres are m, and m;. The mass of the rod is very small and may be ignored.

Solution

By symmetry, the centre of gravity of the system is at a point on the line joining the
centres of gravity of two spheres. Since the centre of gravity of each sphere is atits
centre, the centre of gravity of the whole system is at a point such as G (Fig. 4.10).

j— N i L~ X el
: : -
i 1 :
- ,]; -
G
Sphere of Sphere of
mass m, Mass m;

The centre of gravity of a body is the point at which its weight acts, and therefore if
the body were 1o be pivoted at its centre of gravity, there would be no gravitational
torque about that point. Therefore,
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Fig. 412 i & om ] M W
Diagram for Example 4.6
2em
Fem P F
f ® O
B 2 ;{————-—+——T—'1'
tm . em G, O 1
o a
Lap il

which are at their centres Gy and G, respectively. The centre of gravity of the whaole
lamina must lie berween Gy and (5. Let it be at G, a distance x from MT. Let
w = the weight per unit area of the lamina.

Section | Waight Distance of cenire of
gravity from MT
MNMNST | 2 i
OPOR der 5
MMPORST e ¥
Moment of whole about MT = Sum of momenes of parts alsour MT

2B = 2o = 2+ dey = 5
28w = 68aw

68 .
x T e, X 2.4 €em

The centre of gravity is therefore 3 cm from MM and 2.4 cm from MT.

EXAMPLE 4.7

MMNOPQRST is a uniform lamina whose dimensions are as shiown in Fig. 4.13(a).
Find the distance of its centre of gravity from MN and from MT.

Fig. 4.13 ¥ 12&m b Pl N

hagram for Example 4.7 . Pem i
p_dcm | | " o

|

dom ¥
-
-
12cm ] R
a L H,.."'if..
! Gom

T g T 5

] ol
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Solution

We regard the lamina as a square MNST from which a smaller square OPQR has
been removed. The centres of graviey at these squares are at their centres Cry and
G (Fig. 4.13(b)). Let the centre of gravity of the lamina be at (5, a distance x from
MT and a distance v from MN, Let w = the weight per unit area of the lamina.

Saction Weigrhr Distance of cantra of Digtance of centra of
grawvity from MT gravity from AN
MMNST I 4y fi i
OPOR 16es 10 4
MMNOPOQRST |28 | x v
Moment of whole about MT = Sum of moments of parts about MT

lddey = & = 1w = 10+ | 28eex
Bhder = 160w + 128eox
T = 128Bux

Tedey o
= — Le. x s
| 28

Moment of whaole about MM = Sum of moments of parts aboat MM

55 cm

Id44e0 = 6 = 1o = 4 4+ 128y
Bodw = Bdar 4 12Hune

B 128ny
AlMer .
v o= 125 Le. v = 6.25cm

The centre of gravity is therefore 5.5 cm from MT and 6.25 cm from MK,

QUESTIONS 4C

1. A light square frame ABCD of side 104 has

3. MNOPQR is a uwniform lamina. Find the

particles of mass m, 2m, 3w and dw ot A&, B, C
and D respectively. Find the distance of the
centre of gravity: (a) from AR, (b) from AD.

A non-uniform rod AB of weight 40N and
lemgrh 20 cm is supported by a pivor at O where
AC=14com. The rod rests in horizonual
equilibrium when a weight of 30N 5 attached
to it ar B. Find the distance of the centre of
gravity of the rod from A.

distance of 1ts centre of gravity: (a) from ME,
() from MN,

A e

2om

diem O ]
Gem

2om

A circular plate of uniform thickness and radius
12 cm has a circular hole of radius 4 cm cur out
of it. The centre of the hole 15 2cm from the
centre, O, of the plate, Find the distance of the
centre of gravity from O,
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CONSOLIDATION

If three coplanar forces are in cquilibrium, the forces are bound to be concurrent,

Ifa particle is in equilibrium, the resultant force on it s zero in which case it must
be ar rest or moving in a straight line at constant speed.

[fa body is in equilibrium, the resultant force on it is zero and the resultant torque
15 zero in which case if must be at rest or moving in a straight hne at constant speed
and if it is rotating, it must be doing o with a constant angular velocity,

To solve problems in which concurrent coplanar forces are known to be in
equilibrium resolve in (up w) two directuons and make use of the fact that the
resultant force in each direction is zero,

To solve problems in which non-concurrent coplanar forces are known t
be in equilibrivm resolve twice and take moments once. or resolve once and take
moments twice, or take moments three tdmes.

The centre of gravity of a body is the point at which its weight can be taken to act.
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WORK, ENERGY, POWER

5.1 WORK

Fig. 5.1

Force at angle to motion

If a body moves as a result of a force being applhied 1o, the force 15 said e be doing
work on the body. The work done 1s given by

W = Fs [5.1]

where
W = the work done (joules, J)

F = the constant applied force (W)

8 the distance moved in the direction of the force (m).

It follows from eguation [5.1] thar a force is doing no work if it is mercly
preventing a body moving, because in such a circumstance 5 = (. Thus, if a man
lifts some obxject, he is doing work whilst acually lifting i but he does no work in
holding it above his head, say, once he has lifted it into that position. The man
wiould, of course, begcome tred if he were to hold a heavy object for a long time but
this is because hie is having 1o keep his muscles under tension; itis not because he is
doing work on the object.

Suppose that a constant force, F, acts on a body so as to move it in a direction other
than its own (Fig. 5.1). The component of F in the direcoon of modonis F cosf,
in which case the work done, W, is given by

W = Fcof

g Direction

oif mictenn

This situation can occur only if there 15 some other force preventing motion taking
place in the direcrion of F, For example, consider a man pulling a garden roller in
the manner shown in Fig. 5.2. For convenience, the man is holding the handle ar
an angle # to the horizontal and exens a force F in the directon shown. The other
force that acts on the roller is its weight, mg, and this of course, acts vertically
downwards. The upward directed component of F will be less than the weight,
Therefore there is no vertical motion and no work is done by the upward directed
component of F,
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Fig. 5.2
Force diagram for a man
pulling a roller

5.2 ENERGY

SECTION A: MECHANICE

A body which is capable of doing work is said to possess energy. The amount of
energy that a body has i1s eqgual io the amount of work that it can do (or what
amounts to the same thing, the amount of work that must have been done on it o
give it that energy).

Although it is often convenient to classify energy as being chemical energy or
nuclear energy or heat energy, etc., there are basically only two types of energy -
kinetic energy (KE) and potential energy (PE).

5.3 KINETIC ENERGY

The energy which a body possesses solely because 1t 158 moving 15 called
Eineric energy.

The kinetic energy of a body can be defined as the amount of work it can do
in coming to rest, or what amounts o the same thing, the amount of work that
must have been done on it to increase its velocity from zero to the welocity ithas. On
this bazis, if a body of mass m is moving with velocaty v, then

Kinetic energy = L me?
Kinetic energy is a positive, scalar quanticy

To Show that Kinetic Energy — } mv? (Variable
Force)

Suppose thar a body of mass » moves a small distance &5 under the action of a force
F. Suppose also that, though the force may be varving, d:is so small thar the force
can be considered constant over the distance ds. The work done 80 is given by
equation [5.1] a8

oW = Fds
If the force increases the velocity of the body from zero to o, the total work done 1F
is piven by

W = J' F ds
i
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Using Mewton's second law (equation [2.2]) we can write F as

where do'dr 15 the acceleration of the body. Therefore

f=F d
W - J o ds
pon df

Beanng in mund that v = ds/dr, we can wnite

W = frm; dw
¥
and therefore
W= [
i.e. W = mu”

By definition, the work done is the kinetc energy of the body, and therefore

Kinetic energy = }wnr-
The kinetic energy of a body depends only on its mass and its velocity and as such,
the kinetic energy is independent of the way in which the body acquired this
velocity. In view of this, the result that has just been derived could have been
obtained more simply by spectfving that the body was sceelerated by a constant
force. This will now be done.

To Show that Kinetic Energy = ] mv? (Constant
Force)

If a body of mass m moves a distance 5 under the action of a constant force F, the
work done W by the force is given by equation [5.1] as

W = Fs

If the {constant ) acceleraton is a, then from MNewton's second law F = ma and
therefore

W = mas [5.2]

[f the body has been accelerated from rest to some velocity ¢, then from equation
[2.7]

v = 07 + 2as

: v’

1L.E. as = ?

Therefore from equation [5.2)
W = Llmo?

anid therefore by defimtion

Kinetic energy = 1mo’
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&l

through a distance b the increase in potential energy 15 mgh. It follows that if the
potential energy of the body is 1aken 1o be zero when it is on the ground, then its
potental energy at a height & 1s mgh, 1.c.

Gravitational potential energy = mph

5.6 CONSERVATION OF MECHANICAL ENERGY

Fig. 5.3
Conversion of potential
anergy to kinetic energy

The principle of conservation of mechanical energy can be stated as:

In a system in which the only forces acting are associated with potental
energy (e.g. gravitational and’ elastic forces) the sum of the kinetic and
potential cnergies 1s constant

Le. KE + PE = a constant [5.3]

MNote that, in particular, equation [5,3] does not apply when there are frictional
forces present.

As an example of the applicatton of equation [3.3], we shall use 1t to obtan an
expression for the velecioy acquired by a body of mass min falling freely from restat
a height & in a vacuum (Fig. 5.3). As the body falls it loses gravitational potential
energy and gains kinetic energy. It follows from equation [5.3] that

EE gained = PE lost

O €5
[ —
KEE = O

h
P PE = D
AT O EE - gme
FFIITITIIT
and therefore if the velocity of the body after it has fallen a distance f is v, then

Tmet = mgh
I v v Sl

The body comes to rest (at least momentarily) very soon after making contact with
the grownd, It does so because the Earth has exerted a force on it The foree is due
to the solidity of the Earth, rather than to its gravitational properiics. At the same
time, the body exens a force on the Earth, and both the body and the Earth become
deformed. It is the kinetic energy which the body had immediately before the
impact that has been used to produce these deformations. If they are permanent,
the energy which creared them is dissipated as hear and sound, and the body
remains at rest on the ground. On the other hand, if the body and the Earth regain
their original shapes, then they lose the elastic porential energy which they
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EXAMPLE 5.1

SECTION A MECHANICS

scquired at the impact and the body bounces. Some energy is bound 1o be
dissipated as heat, and therefore the body has less than irs original amount of
kinetic energy and therefore does not reach its original height,

When friction is involved, and when work is done by external forces (1.e. foroes
other than those associated with potential energy) we miake wse of the work=
energy principle:

( Work done by ) _ (Im:n:as-r: :in) N ( Work done ) [5.4()]

external force KE + PE against friction

If work is done against external forces, equation [5.4(a)] becomes

Decrease in Work done Work done
( KE + PE ) - ( ALNASL ) N (ag;inn Eri::liun) [54(®)]
exteriual forces

In problems where there are sudden changes in velocity, €.g. where two bodies
collide or where there is a sudden increase in the tension in a string (i.e. a jerk)
some mechanical energy 15 converted to heat andfor sound®. In such
circumsiances, using the principle of conservation of mechanical energy or the
work-energy principle {equations 5.4(a) and (b)) allowsus to do no more than find
oul just how much energy has been converted in this way. For example if we know
the height to which a bouncing ball rebounds, we can calculare the amount of
mechanical energy converted to heat, etc., as a result of the impact, but energy
considerations alone do not allow us to calculate the height to which the ball
rebounds in the first place.

A car of mass 800 kg and moving at 30 m s " along a horizontal road is brought to
rest by a constant retarding force of 3000 M. Calculate the distance the car moves
whilst comang to rest.

Solution

i the car travels a distance sin coming vo rest, then by equation [5.1] the work done
by the car against the retarding force

= 500

The kinetic energy (3 me”) lost by the car in coming to rest
= § % 800 = 30°
~ 360000]

The work done against the retarding foree is equal to the kinetic energy lost by the
car, and therefore

5000: = 360000

i P = T2m

Alternatively, the solution could have heen obtained by using Mewton's second
law (equation [2.2]) to caleuilate the value of the retardation which could then be
used in equation [2.7] to find 5,

*This is mot true in the special case of an elastic collision - sex section 2.8,
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EXAMPLE 5.2

Asmall block (Fig. 5.4) is released from rest at A and slides down a smooth curved
track. Calculate the velocity of the Block when it reaches B, a vertical distance 4
below A,

Fig. 5.4
Diagram for Example 5.2

Solution

Suppose thar the mass of the block is m, The gravitational potential energy lost by
the block in moving from A to B is mgh. If the velocity of the block on reaching B 1s
v, then the kinetic energy gained by the block is 4 me®.

The track 15 smooth and therefore no work s done against fricdon, in which case
KE gained = PE lost

Lme? = mgh

&, o= 1_-'1;!'5

The problem has been solved by making use of the prninciple of conservaton of
mechanical energy. Unlike Example 5.1, it could not have been solved by using
F = ma and v* = u” + 2as because the acceleration is not constant and therefore

¥ i) ] 1 L L

v = m° 4+ 2as does not apply. A solunon based on F = ma is possible
provided the equation of the curve is known, but it involves uwsing calculus and is
much more difficult than the solution given here.

MNote that the speed at B does not depend on the particular shape of the curve.
However the tme to reach B does, and cannot be found by using energy
considerations.

EXAMPLE 5.3

"o 20m s ! whilst

A car of mass 1.0 = 10% kg increases its speed from 10m s
moving 500 m up a road inclined at an angle = to the horizontal where sin x = L.
There is a constant resistance to motion of 300 N, Find the driving force exerted by

the engine, assuming that it is constant. (Assume g = 10ms %)

&

Solution

The work done by the engine 15 used to increase both the KE and PE of the car and
to overcome the resistive force.,
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In moving 500 m along the road the car gains a vertical heightof 500 sin 2 = 25m.

Therefore
PE gained
KE gained = 1

® 10 =

By the work—energy principle,

Work done by engine

Work done by engine

1.0= 10 % 10 % 25 = 2.5 x 10°]

10% % 20% — 4 100 107 = 107

1.5 = 107 ]

Work done against resistance =

D0 o« 300 = 1.5 = 109 ]

[ncrease in PE + Increase in KE
+ %Work against resistance

25% 10° +1.5 =107+ 1.5 = 10°
5.5 = 10°]

If the driving force of the engine is F, then (by W = Fi)

5.5 = 10°

& o= 500

F L1 = 10° N

i.e,

Alternatively, as with Example 5.1, the solution could have been obtained by using

F = ma and ©°

QUESTIONS 5A

Questions 1 w 9 ghould be solved by using
energy considerations (Assume g — 10ms *
where fnecessary.)

A car of mass 1.2 = 10" kg moves 300 m up a
road which is inclined o the honzontal at an
angle o where sin = LI"i‘ By how much does the

gravitational PE of the car increaser

A particle is projected with speed ¢ atan angle
1o the horizontal. Find the speed of the particle
when it is at a height k.

A car of mass B0 kg moving at 20ms™ ' is
brought te rest by the application of the brakes
in a distance of 100 m. Calculate the work done
by the brakes and the force they exert assuming
that it 15 constant and that there 15 no other
resispance o motion.

The speed of a dog-sleigh of mass 80 kg and
moving along horizontal ground is increased
from 3.0ms ! o 9.0ms ' over a distance of
30 m. Find: {a) the increase i the KE of the
sleigh, (b) the force exerted on the sleigh by the
dogs, assuming that it is constant and thar there
15 [0 Fesstancs to motion,

A simple pendulum consisting of a small heavy
bob artached ro a light sring of length 40 cm is

= u? 4 2as,

relensed froam rest with the giring ar 607 1o the
downward vertical. Find the speed of the
pendulum bob as it passes through its lowest
povirug.

A car of mass 000 kg accelerates from rest o a
speed of 20 m s ! whilst moving 80m along a
horzonral road. Find the rractive force (i.e. the
doving force) exerted by the engine, assuming
that it is constant and thar there is a constant
resistance o motion of 250 M,

A child of mass 20 kg starts from rest at the wp
of a playground slide and reaches the bottom
withaspeed of 5.0m s . Theslideis 5.0 m long
and there is a difference in height of 1.6m
berween the top and the bottom. Find: {a) the
work done against friction, (b) the average
frictional force.

Two particles of masses 6.0 kr amd 2.0kg are
connectad by a light inextensible string passing
over a smooth pulley. The system 15 released
from rest with the stnng taut. Find the speed of
the particles when the heavier one has des-
cended 2.0 m,

A ball of mass 50 grams falls from a height of
2.0m and rebounds to a height of 1.2 m. How
much kinetic energy is lost on impact?



WORK, ENERGY, POWER

5.7 POWER

ob

The power of a machine is the rare at which it does work (alternanvely, it is
the rate at which it supplies® energy). The unit of power is the wart (W).

Thus
d
o= — [5.5]
where

P = the instantaneous power (W)

aw

e the rate of working (Js7'). Thus 1W = 1]s°!

If a machine is working at a steady rate,

Work done
Fome = e tken 13:8)

When the rate of working is not steady, equation [3.6] gives the average power.

Another useful expression for power can be obtatned by combining equations
[5.1] and [5.5]. Thiis from equation [5.5]

diy
B

Therefore, from equaton [5.1]

d
P = T (F3)
If the force is constant
ds
P=F i
L, i ] ; o
e b

where [P is the power output of a machine which is doing work by exerting a
force F and moving the point of application of the force with velocity ©. Equation
[5.7] is useful in, say, calculating the force exerted by a car engine when the car
is moving at a known velocity and the power being produced by the engine is also

knowm.

*The machine has not, of course, actually produced the energy, it has merely converted it from
anather form,
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EXAMPLE 5.4 17 0D s
A pump raises water through a height of 3.0 m ara rate of 300 kilograms per minute

and delivers it with a velocity of 8.0 m s~ . Calculate the power output of the pump.
(Assume g = 10ms2.)

Solution
The work done by the pump iz used 1o increase both the PE and the KE of the

water. In one second the pump delivers 300/60 = 5.0 kg of water, Therefore

Increase in PE each second = 5.0 = 10=30 = 150]
Increase in KE each second = %xﬁ.ﬂxﬂ.l}z = 160]

Therefore

Work done each second = 150+ 160 = 310]
Since work done per second is power, the power ourput of the pump is 310W,

QUESTIONS 5B " e

Assume g = 10 m s’ where necessary.

1.

A man of mass T5kg climbs 300m in 30
minures, Ar what rate is he working?

4, What is the maximum speed at which a car can

travel along a level road when its engine is
developing 24 kW and there is a resistance to
motion of S00 N

2. A pump with a power output of 600 W raises . A crane lifts an iron girder of mass 400 kg at a
water from a lake through a height of 3.0 m and steady speed of 2.0ms |, Ar whart rate is the
delivers it with a velocity of 6.0ms~'. What crane working?
mass of water is removed from the lake in one
minure? . A man of mass 70 kg rides a bicycle of mass

15kg at a steady speed of 4.0ms ' up a road

3. Wharis the power ourput of a cyclist moving at a which rises 1.0m for every 20m of itz length.

stcady speed of 5.0ms~! along a level road
against a resastance of 20 M.

What power is the cyclist developing if there is a
constant resistance o moton of 2007
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CIRCULAR MOTION AND
ROTATION

6.1 ANGULAR VELOCITY

Suppose that a particle (Fig. 6.1) moves from A to P along the arc AXP at a
constant speed* in a ume interval 7. The angular velocity, o, of the parucle is
given by

0
@ = —

t [6.1]

where

Il

the angle turned through in radians. (The radian (rad) is the STunit
of angle and is the angle subtended at the centre of a circle by an arc
of the circumference equal in length to the radius of the circle.)

w = the angular velocity of the particle about O (rads ')
t = the time taken (s).

The period, T, of the rotational motion is the time taken for the particle to
complete one revolution (i.e. to turn through 2x radians) and is given by equation

[6.1] as
2%
@ = '?_-'
2x
ie T = — [6.2]
w
Fig. 6.1
Definition of angular P

velocity ‘ X
A A

*Note the use of the word ‘speed’ and not ‘velocity'. The parucle cannot have a constant velocty
because its direction of motion is changing

67
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MNote If the angular velocity is nol constant, equation [6.1] is replaced by

dg
dr

i =

where w is the instantaneous angular velocicy,

Beferning again to Fig. 6.1, we can see that in dme { the distance moved by the
partcle is the arc length AP and therefore its linear speed © is given by

_ Arc length AP
B t
ril

i.e. v = —
r

Therefore, from equation [6.1]

v = wr [6.3]

6.2 CENTRIPETAL FORCE

If a body 15 moving along a circular path, there must be a force acung on i, for if
there were not, it would move in a straight line in accordance with Newton's first
law. Furthermore; if the body is moving at a constant speed, this foroc cannot (at
any stage) have a component which is in the direction of motion of the body, for if
it did it would be bound to either increase or decrease the speed of the body, The
force that acts on the body must, therefore, be perpendicular to the direction of
motion of the body and must therefore be directed towards the centre of the
circular path. The force is known as a centripetal force.

If a brick is being whirled in a circle on one end of a picce of string, the centripetal
force is provided by the tension in the stning. If the string were to break, there
wionld be no centripetal force and the brick would fly off at a rangenr.

The centripetal force on an orbiting planet is gravitational; that on an electron
moving round a nucleus 1s electrostatic.

6.3 CENTRIPETAL ACCELERATION

Because there is a resultant force on a body which is describing a circular path, the
body must (by Newton's second law) have an acceleration. This acceleraton must
be in the same direction as the force, i.e. toward the centre of the circle. It is known
as 1 centripetal acceleration. For a body which is moving with constant angular
velocity, m, along a circular path of radius, r, the magnirude of the centripetal
acceleration can be shown o be given by

@ = wr [6.4]

where
a = the centripetal acceleratdon (ms ?).
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Fig. 6.2

To calculate the
centripetal acceleration of
a particle moving in a
circle

=L
If the linear speed of the particle is v, then by equation [6.3]
a = — (6.5]
r

2
To Show that the Centripetal Acceleration — —

wiEin & ¥

Consider a particle moving with constant speed v along an arc NOP (Fg. 6.2).
The x-component of velocity of the particle has the same value at I' as at N and
therefore its x-component of acceleration, a,, is zero, i.c.

a, = 0
As the particle moves from N to P its y—component of velocity changes by 2o sin i,
If this takes place in a ime interval, I, its y-component of acceleration, a,, is given

by
2o sn if
t
The speed of the particle along the arc is v, and therefore
— Arc length NOP
'_I

dy = [6.6]

2ir
o

Therefore from equation [6.6]

e [ =

" 2v sin
" 20r/v

v sin f

T [}

!I.l:. ﬂ_.._ —
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EXAMPLE 6.1

Fig. 6.3
Diagram for Exampla 6.1

SECTION A MECHAMCS

If M and P are now taken to be comncident at O, then # = 0 and sin @/ has itz
himating value of 1%, in which case

Thus at O, a, =0 and a,=¢"/r and therefore the acceleration is directed
{emtirely) along OZ, i.e. towards the centre of the circle. This resalt does not
depend on the position of O and therefore in general:

The acceleration of & particle moving with constant speed © along a circular
path of radius ris v* /r and is directed towards the centre of the circle.

This result is not approximate, it does not depend on the approximate relationship
sim == &, but on the limiting value of sin /x as x tends to zero, and this 15 exactly
equal to umty,

A particle of mass 3.0 kg is attached to a point O on a smooth horizontal table by
means of a light inextensible sting of length 0.50m. The string is fully extended
and the particle moves on the table in a circular path about O with a constant
angular velocity of 8.0 radians per second. Calculate the tension in the siring,

Solution

TE-.D rads

.-.‘—‘.JH.IF'-.-'

Refer to Fig. 6.3, By Newton's second law

Force = mass = acceleration

The “acceleration’ is the centripetal acceleration, «°r. The “force’ is the centripetal
force and 15 provided by the tension, T, in the string. Therefore

T = 3.0x8.0° x0.50
i T'=9%N

*It is & peneral resalt that for a small angle =

gin @ 5= @  measured in radians
sim
=

Le. =]

In the limit as ¥ vends 10 ZeTo (sin a)fa = |

b, NG PENEY g
h z—0 4 2 -
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EXAMPLE 6.2

Fig. 6.4
Diagram for example 6.2

A small bead of mass m s threaded on a smooth cerenlar wire of radios rand centre

O, and which is fixed in a vertical plane. The bead is projected with speed u from
the haghest point, A, of the wire. Find the reaction on the bead due 1o the wire when

the bead is at P, in terms of m, g, r, w and § where i = AQP,
Solution
=% L
R

Refer vo Fig, 6.4. Ler the speed of the bead ar P = v let the reaction = K.
Consider the motion from A to P. Since the wine is smoorh, no work is done against
friction and therefore

Increase in KE Decrease in PE

tomg® = Lmu® = mg (r - rcos )

v = w4 2pr (1 — cos 0)

Applving Wewton's second law 1o the motion along PO gives

2

t-l
mgcos ll - B = m—
r

mgcosll — R = n u? + 2gr (1 — cos i
F

R = myg(3cosil— 2] - e

r

QUESTIONS B8A

A particle moves along a circular path of radius
3.0m with an angular velocity of 20rads".
Calculare: (@) the linear speed of the paricle,
(b} the angular velocity in revolutions per
second, (¢} the ume for one revolution,
(d) the centmpetal acceleration,

A particle of mass 0,2 kg moves in a circular path
with an angular velocity of Srad s ! under the
action of a centripetal force of 4 N, Whon iz the
radius of the path?

What force s required to cause a body of mass
Jgromove inacircle of radms 2 m ana consiant
rate of 4 revolutions per second?

An astronaut, as part of her training, s spunin a
horizontal circle of radius 5m. If she can
withstand a maximum acceleration of Bg, what
is the maximum angular velocity at which she
Can remain Conscious?
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A particle of mass 80 g rests at 16 cm from the
centre of a turntable. IF the maximnum frictional
force between the particle and the wrntable is
.72 M, what is the maximum angular velocity
at which the wurntable could rotate withour the

The gravitanonal force on a satellite of mass s at
a distance r from the centre of the Earth is
4.0 = 10" m/r*. Assuming that the Earth is a
sphere of radius 6.4 = 10" km, find the period of
revolution (in hours) of a sarellite moving in a
circular orbit at a height of 3.6 = 10% km above

5.

particle slipping?
B.

the Earth's surface.
7.

A small bead 15 threaded on a smooth ciecular
wire of radius r which is fixed in a vertical plane,

SECTION A MECHANICS

the bead 15 projected from the lowest point of
the wire with speed +/ 6 gr. Find the speed of the
bead when it has wrned through: (a) 607,
(b) 90°, (€) 1807, (d) 300"

An aeroplane loops the loop in avertical circle of
radius 200 m, with a speed of 40 m s~ at the top
of the loop. The pilot has a mass of 80 kg What
15 the tension in the strap holding hum o his
seat when he is at the top of the loop?

A bucket of water 15 swung in a veriical circle of
radius rin such a way that the bucket 15 upside
down when itis at the wop of the circle, What is
the minimum speed that the bucker may have at
this point if the water i to remain in ¥

6.4 VEHICLES GOING ROUND BENDS

Fig. 6.5
Car going round a bend
on a banked cormer

The centripetal force required 1o cause a car o go round a bend on a level surface
has to be provided by the frictional force exerted on the tyres by the road. The need
to rely on fricton is removed if the road is suitably ‘banked” (Fig. 6.3). The normal
reaction, K, of the road on the car acquires o horzontal component (R sin () as a
result of the banking. If the mass of the car is m and it is moving with constant specd
v around a bend of radius r, the centnpetal force needs to provide an acceleration
of ©°/r, and therefore by Newton’s second law (equation [2.2])

Rsinf = 2 [6.7]

Heas# Roar view
"' ol car
|
|
1

Also, since there is no vertcal acceleration,
Reosll = my [6.8]
Dividing equation [6,7] by equation [6,.8] leads o

2
anf = % [6.9]

If a railway train rounds a bend on a level track, the centripetal force is provided by
the push of the outer rail on the anges of the wheels. Thiz causes a certain amount
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Fig. 6.6
Airgraft banking

of wear which could be avoided by banking the mack. Equation [6.9] obviously

applies o this situation too.

Equation [6.9] also gives the angle at which an aircrafi should be banked in order to
rn (Fig. 6.6].

L Lify
mg mg = Wsight

6.5 THE CONICAL PENDULUM

Fig. 6.7
Action of a coreal

peendulum

If a pendulum bob is displaced sideways and then given the appropriate velocity in
adirection ar right angles vo its displacement, it will move in a horizonal circle and
the string will sweep owt a cone, Such an arrangement is shown in Fig, 6.7, There
arc two forces acting on the pendulum bob. These are:

(1) s weight (g, and
(1) the tension in the string (F).

Path of mation

The honzontal component of the tension (F sin ) provides the necessary

centripetal force, If the radius of the circular path 15 rand the speed of the bob s o,
then from MNewton's second law

N i
Fsintl = — [6.10]
There is oo vertical acceleration, amnd therefore

Foosll = mg [a.11]
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Dividing equation [6.10] by equation [6.11] leads to

2
tan # = ‘I—
o
MNote thar this is the same expression (equation [6.9]) that governs the angle at
which a turning vehicle must lean. This is not surprising - the forces acting in Fig.
6.7 have the same relatdonship with each other as those in Fig. 6.5,

Bearing in mind that v = wr (equation [6.3]), we obrain

22
an# = =
s'l'
i.e. tan i} = ﬂ
E3
Referring vo Fig. 6.7, r = L sin 0, and therefore
e L osin (1
tan ) = ——
¥
, sin (F w* L sin
e =
cos (I e

. [
Le. o = LEEI!-H

Therefore, from equation [6.2], the peniod, T, is given by

T o an, leost 6.12]
2
EXAMPLE 6.3 . .- s o ool s Tl e -l g sod it s ah S

A pendulum bob of mass 2.0 kg is antached 1o one end of a siring of length 1.2m.

The bob moves in a horizontal circle in such a way that the string 15 inclimed at 307
i the vertical, Caloalate:

{a) the tension in the stmng,
(b1 the penod of the motion.
{Assume g = 10ms2.)

Solution

The forces acting on the bob are shown in Fig. 6.8; mis the mass of the bob and Fis
the tension o the string. Since there 15 no vertical acceleration,

Fooos 30° = mg

, g

e Fe s

. _20x 10 _

1, F = GREeD 231

e, Tenzsion = 23 M
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Fig. 6.8
Diagram for Example 6.3

Appling MNewron’s second law to the horizontal motion gives

F sin 30

= o’y

where o 15 the angular velocity of the bob and ris the radius of the circular park.
Moting that r = 1.2 sin 307 leads to

Fsin 30" = me” = 1.2 sin 30

‘i.-l':. F = 1,2 J'il'!u.lR

Therefore, since m = 2.0kg and F = 23.1 N,

(231
Vizx2

(V]

ie. w o= 3103 rad s

From equation [6.2], period = 2n/w, and therefore

Period = 2=/3.103 = 2.03

i.e, Period = 2.0 5%

The same result could have been obmined (though less zanshiangly) by
substituting the relevant values into eguation [6. 12].

QUESTIONS 6B

1.

A particle of mass 0.20 kg is attached 1o one end
of a light inextensible string of length 50 cm.
The particle moves in a horizontal circle with an
angular velocity of 5.0rads™' with the string
inelined at @ to the vertical. Find the value of (7.

A particle is amached by means of a light,
inextensible string to a point 0.40m above a
smooth, honzonal table, The particle moves on
the table in a circle of radius 0,30 m with angular
velocity on Find the reacoon on the particle in
terms of w. Hence find the maximum angular
velocity for which the particle can remain on the
table.

3.

A partcle of mass 0.25 kg is attached to one end
of a light inextensible string of length 3.0m.
The particle moves in a horizontal circle and the
siring sweeps out the surface of 2 cone. The
maximum tension that the string can sustain is
12N, Find the maximum angular velocity of
the particle.

A particle of mass 0.30kg moves with an
angular velocity of 10rads ™' in a horizongal
circle of radius 20 cm inside a smooth hemi-
spherical bowl. Find the reaction of the bow] on
the particle and the radius of the bowl,
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6.8 ANGULAR MOMENTUM

Consider a rigid body rowmting with angular velocity « abour an axis which is
perpendicular to the paper and which passes through O (Fig. 6.9). Consider a
particle of the body which is at P and which has mass m; and is at a perpendicular
distance ry from the axis, The body is ngid and therefore all of its paricles have the
same angular velocity, . Therefore, by equation [6.3] the linear velocity of P is wr,
and its linear momentum is mgor.

The angular momentum of a particle about an axis 15 the product of its
linear momentum and the perpendicular distance of the particle from the axis.

Therefore the angular momentum abour O of the particle ar P is

myer®

Ifthe rest of the body is made up of particles of masses #a, M, . . ., whose distances
from the axis are ry, 1, . . ., respectively, the total angular momentum of the body
about O 15 given by

Angular momentum = mryory” + maer + .
= wimn® +mrt 4+ )

Therefore (from equation [6.13])

Angular momenmum = [w [6.15]

The Principle of Conservation of Angular
Momentum

The linear momenmum of a body moving along a steaight line stays constant as long
as no resultant external force acts on it (section 2.7). On the other hand, if a body is
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rotating, it is its angular momentum that is conserved. This is known as the
principle of conservation of angular momentum and it can be staved as:

The total angular momentum of a system is constant unless an external
IDrQuUEe 3cts on i,

The principle is readily demonstrated by a spinning skater. Ifshe brings her arms in
close to her body, her moment of inertia decreases (because some of her mass is
now closer to her axis of rotation than it was previously) and her angular velocity
increases to such an extent that her angular momenmm (fi) is unchanged. [tisleft
as an exercise for the reader to show that this results in the skaver’s rotational
kanetic energy increasing in the same ratio as her angular velocity, The reader
might also like o give some thought toowhat has provided this increase in energy.

6.9 THE ROTATIONAL FORM OF NEWTON’'S SECOND
LAW

If a vorque is applied to a rigid body which is at rest, the body will start to rotate and
will rotate with an ever increasing angular velocity, 1.e. the application of the torque
causes the body to have an angular acceleration. Angular acceleration, x, is
defined as rate of change of angular velocity, 1.e.

 daw
T
where
x = angular acceleration (rad s ¥).

Thus, whereas in linear moton a foree produces an acceleration which is related o
the force through Newton's second law, in rotational motion a torgue gives rise o
an angular acceleration. The reader will not be surpnised to learn therefore, that
there iz a rotational form of Mewton s second law which relates torque and angular
acceleration. It may be wrirten as

T=1"Ia [6.16]
where

T = the applied torque (N m)

[ = the moment of inertia of the body that is rotating (kgm®)

x = the angular acceleration of the body {rad s *).

In a more general situation in which the moment of inertia 1= not constant this
becomes

d
T = = (lw) [6.17]

where % (fes) is the rate of change of angular momentum,

Equations [6.16] and [6.17] are the rotational forms of equations [2.2] and [2.1]
respectively, Note thar when there is no exernal torgue (¢, when T = 0) equatdon
[6.17] reduces to fiv = a constant, Thus the principle of conservation of
angular momentum. is merely a special case of the rotational form of
Mewton's second Law.
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6.10 THE EQUATIONS OF ROTATIONAL MOTION

Equations [6.18]-[6.21)] describe the motion of bodies which are moving with

constant (uniform) angular acceleration.

W= g+ & [6.18]
w® = my + 2aff [6.19]
B = wgt+tar® [6.20]
B = 1(on+ o) [6.21]

where
iy = the angular velocity when ¢ = 0
¢ = the angular velocity at time ¢
x = the constant angular acceleration

! = the angle turned through in time ¢, (Mote that if the direchon of
motion reverses, f1 is the net angle turned through. )

These equations are analogous to those which govern uniformly accelerated linear
motion (equations [2.6]-[2.9]1) with &, v, a and 5 replaced by cope o, 2 and
respectively.

EXAMPLE 6.4

Fig. .12
Diiagram for Example 6.4

A flywheel is mounted on @ horizontal axle which has a radius of 0,06 m. A constant
force of 50M is applied tangentially to the axle. If the moment of inertia of the
system (flywheel + axle) is 4 kg m®, calculare:

(a) the angular acceleraton of the fMywheel,

(k) the number of revolutions that the flywhee]l makes in 16§ assuming that it
starts from rest.

Solution
The arrangement 15 shown in Fig. 6.12.

L L
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(a) The torque, T, 15 given by
T = 30 = 0,06 (eguation [3.1])
ie. T =3Nm

If Ii= 4kg|'|1=]l is the moment of inertia of the system and « 15 the angular
acceleration, then

T = Jla {equanton [6.16])
1 = d4a
ie. & = 0.75rads™?

{b) If #is the angle turned through in time r(= 165) and wy(= 0) is the inital
angular velocity, then

0 = ont +21 ar {equation [6.20])
0 = 0+4x075x=16
e, # = %6rad
I revolutoon = 2nrad
Number of revolutions = 96/2n = 15

QUESTIONS &6C

1. A wheel of moment of inertia 0.30kgm® 2. A flywheel with a moment of inertia of 5.0 kg m*®
mounted on a Gxed axle acceleraves uniformly moves from rest under the action of a torgque of
from rest to an angular velocity of 60 rads ! in 3.0Nm. Find: (a) the angular acceleration,
12 & Find: (a) the angular sceeleration, (b) the (b) the angular velociey after 10 revolutions.

torque causing the wheel to accelerate, (c) the
number of revolutions in this 12 s period.

6.11 WORK DONE BY A TORQUE

Consider a rigid body rurning through an angle # as a result of a force F being
applied wo it (Fig. 6.13). Suppose that the axis of rotation passes through O and is

Fig. 6.13
Calculation of work done
by a torgue
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perpendicular 1o the paper. Suppose also, that the perpendicular distance of the
line of action of the force from the axis is constant and is equal to r, The force
therefore gives rise to a constant torgue, T, given by equation [3.1] as

T = Fr

Az the body turns, the point of applicaton of the force moves from Po P along the
arc PXF, and so moves a distance rif, The work done, W, is given by equation

[5.1] as

W = Fri
ie. W =Td [6.22]
where

W = the work done (]}

T = the constant torque (< m)
i = the angle urned through (rad).
Motes (1) Thework done can have increased the rotational kinetic energy of the body,

and/or have been used 1o overcome any resistive forces (e.g. rction) thar are
present.

{(ii) If the torque is not constant, equation [6.22] is replaced by

W:JTdﬂ

QUESTIONS 6D

1. A constant force of 30 M iz applied tangendally £. A discand a hoop roll down a slope. They have

to the rim of a wheel mounted on a fixed axle

and which is mitally at rest. The wheel has a

moment of inertia of 0.20 Irq;:mz and a radius of

15cm.

(a) What is the torque acting on the wheel?

(b) Find the work done on the wheel in 10
revalutions.

() Aszuming that no work iz done against
fnction, use energy considerations to find
the angular velocity of the wheel after 10
revolutions,

the same mass and the same radius,

{a) Which has the greater moment of inertia?
(b) Does one loose more PE than the other?
{c) Which acquires the greater speed?

6.12 COMPARISON OF ROTATIONAL AND
TRANSLATIONAL MOTION

Each of the guantities that is wsed in the treatment of rotational modon is
analogous o one that features in the description of translatdonal motion. The
various “pairs” are listed in Table 6.1
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w = the angular velocity of the flywheel when the mass reaches the

floor,

m = the number of revolutions of the flywheel whilst the mass is falling,
and

f = the work done against friction during each revolution, then

mph = '}Hﬂ-‘: +thfw= + #iy f [ﬁ.23|

If the fivwheel makes a further n; revolutions before coming to rest, the work done
against friction is np f. This is done at the expense of the kinetic energy of the
Aywheel, and therefore

Jz-!'r.u:l2 = naf
Substituting for f in equation [6.23] gives
mgh = Lme? + Le@ + 20 (4 J) [6.24]
"z

The velocaty with which the mass hits the floor @s twice s average velocity, and
therefore
v = E and o = E
r I
where r is the time the mass takes to reach the ground and ris the radius of the axle.
Substituting for © and o in equation [6.24) and rearcanging gives

- (50) )

The mass m is found by using a balance; r and /& are measured with vernier calipers
and & metre mile respectively; ¢ is measured with a stoprwatchs g 35 known; and g
and s are counted = hence 1,
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SIMPLE HARMONIC MOTION

7.1 DEFINITION, EQUATIONS, EXPLANATIONS

Motes

There are many types of vibration but perhaps the most common 1s that which 1s
known as simple harmonic moton (SHM). Itis important not only because there
are many examples of it but also because all other vibrations can be treated as if
they are composed of simple harmonic vibragons. It 15 the way in which the
acceleration of a body depends on its positon that determines the partcular type
of vibration a body is undergoing.

If & beody mowves in such a way thar its acceleration is directed vowards a fixed
point in its path and is directly proportional to its distance from that point, the
body is moving with simple harmonic motion.

It follows that the “Axed point® 15 the equiliboum position, 1.e. the position at which
the body would come to rest if it were o lose all of its energy.

If a body is vibrating with simple harmonic motion, its motion can be described by
an equation of the form

d*x
where
dJ
d_; = the acceleration of the body (m s %)
x = the displacement of the body from its equilibium posidon, 1.e.
from the ‘fixed point’ in its path (m)
@® = a positive constant (5 2)

(1)  The minus sign in equation [7.1] ensures that the acceleration is always
directed vowards the equiliboum position, as required by the definition.

(i) The constant of proportionality is written as «+° (rather than w) because ofthe
connection with circular motion — se¢ secton 7,2,

Integrating equarion [7.1] leads to
v o= 4w a? = x? I?.Z]

a5
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and
x = acoswr [7.3]

where

v = the velocity of the body at time r (m s~ ')

a = theamplitude of the motion, .2, the maximum displacement from
the equilibrium position (m).

Equation [7.3) requires that x = a when 1 = 0. An alternative expression for x is
x = @sindef; this requires that x = 0 when [ = 0, 1e. that the motion is taken to
start from the equilibrium positon rather than the point of maximum positive
displacement.

Timing may commence when the body is at any peint of its oscillation. To take
account of this the expression

x = asin(wi+&)

is used, in which &, the initial phase angle or epoch, i5s a constant expressed in
rachans and given by sine = x; /0, where v, is the value of x at ¢ = 0. The reader
should confirm that this reduces to x = a sin (wr + 1/2) = a cos wt when x = a
at ¢ =0, and reduces to x = @ 8in (wr + 0) = g sim of when x =0 at r=0.

The period T of the motion (i.e. the ume for one complete oscillation) is given by
T = 2nfw [7.4]

Note that for any particular system the period is independent of the
amplitude. For example, if the amplutde of oscillation of a simple pendulum is
increased, its average speed increases and there is no change in the time it takes 1o
complete an oscillation.”

Fig. 7.1 illustrates the positonal dependence of some of the parameters which are
azsociated with the motion of a body whose oscillations are simple harmonic, The
positive direction of x is, as usual, toward the nght and therefore whenever the
body 15 moving to the left its velocity 15 negative. Also, the acceleration is negatve
whien it is direcred rowards the left. (Note that a negartive acceleration must not be
confused with retardation; the body slows down onlv when its acceleration 15 in the
opposite direction to its velociry. )

As the body moves from A towards itz equilibrum position, O, its speed increases
and reaches a maximum at O, During this time its acceleration decreases to zero.
Although there is no force acting on the body when it is at O, its inertia carmies it
through to B, From O to B there iz a retarding force; the speed of the body
decreases and 15 momentanly zero at B, As the body moves back to O its speed
increases, and then decreases again from O 1o A

Bearing in mind that the acceleration of a body of constant mass is propoctional to
the force actng on it, we se@ that a body which iz moving with simple harmonic
motion does so because there is a force acting on it which is proportional to the
displacement of the body from its equiliboum position and 1% directed vowards that

*The moton of a simple pendulum is not exactly simple harmonic and therefore this scatement is only
approsmately inse.
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Fig. 7.1
Characteristice of SHM

EXAMPLE 7.1
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position. Such is the case, for example, of 3 body cscillating on the end of a spring
which obeys Hooke's law (secuon 11.1). If the body is pulled down below its
equilibrium position and then released, & net upward force acts on it because the
tension in the spring is greater than the weight of the body. The greater the
downward displacement, the greater the tension and therefore the greater the

upward directed force, When the body is above its equilibrium position its weight
is greater than the ension and so the resultant force is downwards.

A particle is moving with SHM of period 8.0s and amplitude 5.0 m. Find: {a) the
speed of the particle when it is 3.0m from the centre of its motion, (b) the
maximum speed, (c) the maximum scceeleration.

Solution

The equations for speed and acceleration involve w; our first step therefore is to
find .

T = 2rn/w
S = 2x/T = 2%/8.0 = 0.785 5!
(a} v = +ava - a2
v = 0785508 - 307 = +£3.14ms!
i.e. Speed 3.0m from centre = 3.1ms"'

(b} It follows from equation [7.2] with x = 0 thar the maximum speed v,,,, 15
given by

Tagy =
Vpay = 0783 x50 = 393ms’

ie. Maximum speed = 39ms!
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(¢} It follows from equation [7.1] that the magnitude of the acceleration is
greatest when x = + a and is given by

maximum acceleration = w’a
= (0.785)" < 5.0 = 3.08ms"?
Le. Meavimum acceleration = 3.1m s~

EXAMPLE 7.2 7

Fig. 7.2
Diagram for Example 7.2

{Mote the use of radians,
maf degrees.)

(x iz the displacement
from O, it is not the
distance from D to B.)

A partcle s moving with SHM of period 24 s between two points, A and B (Fig.
7.2). Find the dme taken for the partcle o wavel from: (a) A B, (b) O mw B,
) 0w, (d DwB, (e CtoE.

4.0m | 40m
A ‘J‘ ':Tr o i B
' 7.0m
3.0m
A5m

Solution

Let 1,5 = time from A w0 B, tpe = time from B w C, et
fa) tap = tme for half an oscllatbon = 125

(b}  tom = ume for quarter of an oscillation = 63

(¢) Amplitude(a) = OA = OB = 40m. w = 2n/T = 2n/24 = 026257,
Therefore by

X o= @ Sin o

OC = 4.0 sin (0.262 tne)
20 = 4.0smn (0262 i)
sin (0.2621;) = 0.5

0.262 = sin~' (0.5) = E = 0,324 rad

fpg: = 203
(d) s = fyp. Therefore by
X = a Ccos
0D = 4.0 cos (0.262ng)
3.0 = 4.0 cos (0.262 ipp)
cos (0,262 = 0.75
0.262 1y = cos~' (0.75) = 0.723 rad
Iy = 281
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e

() teg = fom — loc. Since toc has already been found, it remains to find top.

By
¥ = asinl

OE = 4.0 sin (0.262 tog)
3.5 = 4.0sin (0.262 1)
sin (0.262 1) = 0.875
0.262t0p = sin”! (0.875) = 1.065 rad

g = 4.15

feg = Fopp — foao

QUESTIONS 7A 0

= 4.1-20 = 213

A particle s moving with SHM of peniod 165
and amplitade 10m. Find the speed of the
particle when it is 6.0m from its equilibrium
position.

How far is the particle in question 1 from its
equilibrium posidoen 1.5 s after passing through
it What is s speed at this dme?

A tuning fork has a frequency of 256 Hz. What is
the maximum speed of the tips of the prongs if
they each oscillate with SHM of amplitude
040 mm. (Assume that the tips of the prongs
move it straight lines.)

4. A particle moves with SHM of period 4.0s and
amplitude 4.0m. [z displacement from the
equilibrium position is x. Find the time taken
forit o travel: {a) romx = 4.0mtox = 3.0m,
(b) from x= —4.0m to x= 3.0m, () from
x=0 to x=30m, (d)from x=1.0m to
x=3.0m.

A paricle moving with SHM has a speed of
8.0ms~' and an acceleration of 12 m s~ when
it is 3.0m from s equilibrium positon. Find:
(a) the ampliude of the moton, (b) the
maximum velacity, (e} the maximum accelera-
tion.

7.2 RELATIONSHIP BETWEEN SHM AND CIRCULAR

MOTION

Consider a particle P moving with constant angular velocity @ around the
circumference of a circle of radius a (Fig. 7.3). Consider, in particular, the motion
of I, the point at which the perpendicular from P meets the diameter AOB.

The acceleration of P is e’ a (see section 6.3) and is directed towards O, It follows
that the r=component of the acceleration of P is

- g cos 0

(The acceleration is directed towards the left, i.e. itis in the negative direction of x,
hence the inclusion of the minus sign.) Since M is always vertically below P, its
acceleration d°x/dr” is equal 1o the x-component of the acceleration of P and

thierefore is given by
e
ds

= — e a cos il

[7.5]
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Fig. 7.3
To illustrate the
relationship batween
SHM and circular motion
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But cos f = ON/a, and ON is equal 1o x, the displacement of W, and therefore
cos f = x/a. Substmtng for cos ff in equation [7.5] gives

d’x 2
F = —ux

Since this is the equation of motion of a particle which is moving with simple
harmonic motion, the motion of N 15 simple harmonic. W completes one cycle in
the time it takes P to complete one revolution, and therefore

Period of Period of in

rontion of P~ oscllationof N~ @

7.3 THE SIMPLE PENDULUM

Fig. 7.4
To determine the pariod

of asclllation of 8 simple
pandulum

Consider a pendulum bob, P, of mass m amached 1o a light, inextenzible string of
length L. Suppose that the pendulum is suspended from a fixed point, O, and that
when the string is at an angle # to the vertcal the velocity of the bob is o (Fig. 7.4).

The forces acting on the bob are its weight, me, and the ension, F, in the siring,
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Consider the motion perpendicular to PO, By MNewton's second law

dv

dr

The velocity, v, can be written in terms of the angular velocity dilfidr as
il

= =f —

dr

(The minus sign 15 necessary because s measured from the vertical and therefore
vis in the direction of f decreasing.) Substinuting for v gives

mig sin if = m

) a4
mg sin il = — miL 1
) d*i P .

If the amplitude of oscillation is small, § is small and therefore sin # = , in which
case, to a reasonable approximation

d*6 E
ar - ! 1781

Since both g and L are positive constants, so also is g/L and therefore equation
[7.8] 15 of the same form as equation [7.1]. It follows that, to a reasonable

approximadon, the moton of a simple pendulum is simple harmonic, Further, the
POSIEYE COnStant w® of equation [7.1] is equal to g/L and therefore, by equation
[7.4], the peried T of a simple pendulum s given by

L
T2 -_ 1.9
"1|'|£ [7.7]

Maotag (1) Equation [7.7] doesnotinvalve mand therefore the period of oscillation of

a simple pendulum is independent of its mass. This can be shown to be
true no matter what the amplitude of oscillation.

(i) Even for amplitudes of oscillation of as much as 15" the period calculated on
the basis of equation [7.7] is accurate to within %%

7.4 DETERMINATION OF g USING A SIMPLE
PENDULUM

A reasonably accurate determination of the accelerarion due 1o geavity £ can be
made by measuring the period of oscillation and the length of a simple pendulum.

The pendulum, in the form of a small lead sphere artached to a suitable length
(about 1 m) of sewing thread, should be suspended in the manner shown in Fig.
7.5. The wooden blocks should have well-defined right-angled edges at X so that

there is no possibility of the pendulum swinging about more than one point.

Onee the apparatus has been assembled the procedure outlined below should be
followed.

(1)  Measure the length L. (Note that the measurement is made to the centre of
the bob.) Take care not to strerch the thread.
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Fig. 7.5
Apparatus for tha
determination of g
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E‘L%- Wooen biocks

x

/ Sl bsad bob

{ii) Displace the pendulum through about 5° and then release it so thar it
executes oscllations of small ampliude.

(i) Determine the period T by using a stop-watch to time 30 oscillatons. By
using 50 oscilladons, rather than one, the error that anses through being
unable o start and stop the warch when the pendulum is exactly in the
intended position is greatly reduced. The error which remains is minimized
by making the tmings to the mid=point of the moton because that 1s where
the speed of the pendulum is greatest.

{iv) Repear (i), (i} and (ii1) for about five more values of L.
From the theory of the simple pendulum

T = 2x 1#,'"%

i
=y
£
It follows that the gradient of a graph of T2 against L is 47/, in which case g can be
determined by plottiing such a graph and measuring irs gradient.

(i} A graph of T against 'L has a gradient of 2n/ /i and therefore such a graph
could have been used to determine g. The reason for choosing to plot T
against L is that the graph is linear and its gradient is 47°/¢ even if there is an
error in the measurement of [, providing it is a constant error,

(i) The approximation made in deriving equation [7.7)] leads to an error of less
than 0.05% il the amplitude of oscillaton does not exceed 5°. This is
insignificant compared with the errors thar are likely 1o be involved in the
measurements of L and T

7.5 A BODY ON A SPRING

The extension of a spring which obeys Hooke's law (section 11.1) is proportional
to the tension which has produced it. Therefore

Tension = & x extension [7.8]
where

k = a constant of proportionality which is known as the spring

comstant. It i egual to the tension required to produce unit
extension (Nm™'),
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Fig. 7.6
Dscillation of a body on a
spring

a3

Suppose that a suspended spring which obey: Hooke™s law has a body of mass m
attached to is lower end. In Fig. 7.6(a) the body is at rest in its equlibrum
positiors. There can be no resultant force acting on the body and therefore the
rension Fyis given by

Fy = mg

Pl NN

Natural
lemgth
ol apring

i

It follows from equation [7.8] that since the extension 1s ¢

Suppose now that the body 15 displaced downwards through a distance x (Fig.
T.6(0)). The body is no longer in eguilibrium and feels a net upward force of
[(F — mig}, where F is the instantancous value of the ension in the BPTING.
Therefore by Mewton's second law

"

- § '

F-—mg = —mo 710

(The minus sign is present because the resultant force on the body 15 directed

upwards and therefore acts g0 as to decrease x.) By equation [7.5], since the ol
extension is now (¢ + x)

F = Bkle+x)
Therefore fom equation [7.10]
kletx) —mg = —mif
dr?

Bur, from equation [7.9], mg = ke, and therefore

dx

i'ﬂ.' = —lﬂ‘F
, d*x & . .
1., F = — ;.'I:' lTlI-]

Since both & and m are positive constants, so also is k/m and therefore equation
[7.11] may be written as

€ _ ot
dr? '
where w” is a positive constant equal o &/m. This equation represents simple

harmonic moton and therefore the moton of the body is simple harmonic. Since
o = k/m, equation[7.4] gives the period of the motion as
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Period = 2n v‘% [7.12)

Except in the idealized case of a spring of zero mass, it is necessary to take account
of the facy that the spring itself oscillaves, It can be shown that m needs 1o be
replaced by {m + m,), where m, is a constant known as the effective mass of the
spring. (Note that m; is less than the actual mass of the spring because it is the
lowest coil which oscillares with the full amplitude of the suspended body.) With
this modification then, equation [7.12] becomes

Period = 2n "':’"‘ [7.13]

7.6 DETERMINATION OF g BY USING A MASS ON AN
OSCILLATING SPRING

Fig. 7.7
T against @ for a body

oscillating on a spring

From equation [7.9], m = ke/g, Substituting for w in equation [7.13] and
squaring leads to

T8 = 4 (M)
k

where T is the period of oscillation. Removing the brackets gives

] 2
g _ A am,
F K

[7.14]

Thus a graph of T° against ¢ is linear (Fig. 7.7) and has a gradient of 4= /g,
and therefore enables ¢ to be determined. Such a graph can be obtained by
adding a number of dilferent massés to the spring and measurng the state

extension ¢ which each produces, together with the corresponding penod of
oscillation T,

JFF
T Gradient = dn¥g
hercn g
F
deim, -
P oy —
T e —r _
(i o

When ¢ = 0, T? = 45 m,/k, and therefore m, can be found providing & is known.

Thee value of & is found by ploming m against ¢ since, by equation [7.9], the gradient
of such a graph is &/g.
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7.7 THE WORK DONE IN STRETCHING A SPRING

The tension, F, in a spring whose extension is x and which obeys Hooke’s law is
given by

F = kx
where & is the spring constant. If the extension is increased by dx where dx is so

small that Fcan be considered constant, then (by equation [5.1]) the work done,
A1 18 given by

o = Féx
e, S = Ekxix

The toral work done in increasing the extension from 0 to x, Le. the elastic
potential energy stored in the spring when its extension is x, is given by W, where

W"’=Jh|ﬂx

L]
ie. W = Lkd

Substituting for & from F = kx gives W =
W = F?/(2k), ie.

1+ Fx; substituting for x gives

F!
ke = AFx =

L 1 =%

CONSOLIDATION !

A body is moving with SHM if its acceleration is directed towards a fixed point in
its path and 15 directly proportional to 1ts distance from that point.

The amplitude of the moton (@) is the maximum displacement from the

equilibrivm positon,
If a body is moving with SHM, its motion can be described by an equation of the
form
d*x 5 I
E.I'_z = =X 17.1]

The converse is also true, and therefore if we are required to show that a body is
moving with SHM, it is sufficient to show that its moton 15 described by an
equation of the same form as equation [7.1].

v = twvael —x 7.2
X = g cosit (if x = a when t = 0)
X = a & o (if x = 0 when t = 0)

T=2nw [ =1/T
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Magnitude of maximum acceleradon = w'a jatx = 4+ a)
Mapnitude of maximum velocity = wa [atx = 0)

To obtain v in terms of ¢ substiture for x in equation [7.2).

The period (1) is independent of the amplitude (a).

The first s1ep in solving many SHM problems is to find .

(L
T = gglu.; (Simple pendulum)

{1+ #ed,

T = ZJI1|II.| &

W= lhe? = 1Fx = Lo
2 z e

(Mass on a spring)



GRAVITATION AND
GRAVITY

8.1 KEPLER'S LAWS

“Throughout the last few decades of the sixteenth century, Tycho Brahe made
precise measurements of the posidons of the planets and various other bodies in
the Solar System. Johannes Kepler made a detailed analysis of the measurements,
and by 1619 had announced three laws which describe planetary motion.

1 The orbit of each planet is an ellipse which has the Sun at one of its foci.

2 Each planet mowes in such a way that the (imaginary) line joining it to
the Sun sweeps out equal arcas in equal times

3 The squares of the penods of revolution of the planets about the Sun
are proportaonal o the cubes of their mean distances from it

Fig. 8.1 illustrates law 2 but gives an exaggerated idea of the eccentncity of most
planetary orbits, With the exceprions of Mercury and Pluto, the planers follow very

nearly circular paths.
Fig. 8.1 C
. , [ The average speed of the
Nlustration of Keplar's planet betwean & and B
second law B is greater than betwesn
C and D and in gwech &
wany that
Aran ABS = Ares CDS
A
Sun at one
focus of ellipss

8.2 NEWTON’'S LAW OF UNIVERSAL GRAVITATION

Abour fifty years after Kepler's laws had been announced, Isaac Newton showed
that any body which moves about the Sun in accordance with Kepler's second law
must be acted on by a force which is directed towards the Sun. He was able to show

87
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that if thus force 15 iInversely proportional to the square of the distance of the body
from the Sun, then the boedy must move along a path which 1s a conic section {1.e,
elliptical, circular, parabolic or hyperbolic). Newton then showed that when the
path is elliptical or circular the period of revolution is given by Kepler’s third law,
Thus, a centrally directed inverse square law of attraction is consistent with all
three of Kepler's laws, Newton proposed that the planets are held in their orbits by
just such a force, He further proposed than it is the same type of force which
maintains the Moon in its orbit about the Earth, and which the Earth exerts on a
body when it causes it to fall to the ground. Extending these ideas, Newton
proposed that every body in the Universe attracts every other with a force which 1s
inversely proportional to the square of their separation. His next step was to turm
hiz atention o the masses of the bodies involved.

According 1o Newton's third law, if the Earth exerts a force on a body, then that
same body must exert a force of equal magnitude on the Earth. Newton knew thart
the force exerted on a body by the Earth is proportional to the mass of the body. He
saw no reason why the body should behave any differently from the Earth, in which
case the force exerted on the Earth by the body must be proportional to the mass of
the Earth. Since the two forces are equal, a change in one must be accompamed by
an equal change in the other. It follows that each force must be proportional to the
product of the Earth's mass and the mass of the body.

The ideas of the last two paragraphs are summarised in Newton's law of
universal gravitation.

Every particle in the Universe atiracts every other with a force which is
proportional to the product of their masses and inversely proportional to the
square of their separation.

Thus
L e [8.1]
|y
where
F = the gravitadonal force of attraction between two particles whose

masses are my and mrs, and which are a distance rapact

¢ = a constant of proportionality known as the aniversal gravitas-
tional constant (= 6.67 = 107" Nm” kg ?).

Equation [8.1] i concerned with partcles (i.e. point masses) but, in the
circumstances listed below, it can also be used for bodies of masses »r; and m,
whose centres are a distance r apart.

() It 15 valid for tovo bodies of any size provided that they each have spherical
symmetry. (The Sun and the Earth is a good approcimation.)

(bl It is a good approximadon when one body has spherical symmery and the
other is small compared with the separation of their cemtres (e.g. the Earth
and a brck).

(€1 Itis a good approximation when neither body has spherical symmetry, but
where both are small compared with the separation of their centres (e.g,
two bricks a few metres apart).
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8.3 TO SHOW THAT KEPLER'S THIRD LAW IS

CONSISTENT WITH F — G %

Consider a planet of mass m moving about the Sun 1n a circular® orbat of radms r.
Suppose that the mass of the San is m, and that the angular velocity of the planer is
e (Fig. 8.2).

Fig. 8.2 Planet of
Foree on planet in circular Taga /m
mation arcund the Sun

.
:'S:-n LmERS g

The force F which provides the centripetal acceleration o’ r (section 6.3) is given
by Mewton's second law as

2] i N
F = mor B.2]

By Mewton's law of universal gravitation (equation [8.1])
F &

Therefore, from equation [8.2]

L]
L o= mustr

s

r

But w = 2=/T, where T is the period of revolution of the planert, and therefore

2
i 2‘ = MW ——F
r T

4

- - T 2 e 3

L& Gm, r

Since (7, my and m have the same values no matter which planet 1s being considered,
T xr?

This is Kepler's third law; it has been derved on the basis of Newton's law of
universal gravitanon and therefore the two laws are consistent.

*The mathematics required oo trest the general case of an elliprcal orhic 5 bevond the scope of this
bk baid lEadds bo the safie sesull.
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8.4 NEWTON'S TEST OF THE INVERSE SQUARE LAW

The last two sections make it clear thar Newton's law of universal gravitation is
consistent with Kepler™s laws of planetary motion. However, the forces which hold
the planets in their orbits are due, in every case, to the Sun. In order to show that
gravitational atiraction is universal, Mewton needed to test i In circomstances
which did not invalve the Sun. The obvious testwas to apply his ideas to the Earth-
Moon system.

If a body of mass s is at the surface of the Earth, the force acting on thie body 1s 1ts
wizight my. This same force is given by the law of universal gravitation as

P i
G —

TE'
where mg ang r are respecrively the mass and radius of the Earth. Therefore

(7 mrl:, = g
Fg~
ar r]
e. G o= ==F [8.3]
ml:
The baw of universal gravitation gives the force exerted by the Earth on the Moon in
its orbit as
~ PRl PRI
i’

whiere mwry, 15 the mass of the Moon and ry is the radies of its orbir It is this force
which provides the Moon's centripetal acceleration o ry,, and therefore

o Mgy Rip

2
F——— = My w1y,
Fuy
g
. I ]
i, G — = & ry
Fay

Bun o, the angular velocity of the Moon, is equal to 2z/ T where T is its period of
revolution about the Earth, and therefore

Substiruting for 7 from equation [8.3] leads to
an? r,?
T
The value of ry which was available to Mewton was poor by present-day standards.
Even so, cquation [8.4] gave a value for g that was sufficiently close to the accepred

value for Newton to conclude that the Earth exerted the same type of force on the
Moon as the Sun did on the planets.

QUESTIONS 8A

1. Find the gravitational force of attracton 2. The average orbital radii about the Sun of the
berween two 10 kg particles which are 5.0cm Earth and Mars are 1.5x10'"m and
apart. 2.3 % 10" m respectivelv. How many (Earth)
(G=67=10 "Nm kg ) vears does it take Mars to complete its orbir?
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3. Calculate the mass of the Earth by considering (Radius of Earth = 6.4 x 10" km,
the force it exerts on a particle of mass m at its £2=98ms 3 G=67Tx10"Nm?kg %)
surface.

8.5 THE MASS OF THE EARTH

In 1798, a hundred and twenty one years after Newton had proposed the law of
universal gravitation, Henry Cavendish made the first laboratory determinauon of
the value of G.* Once this had been done, it was possible to obtain a value for the
mass of the Earth on the basis of equation [8.3]. (Newton had worked the
calculation in the opposite direction. He estimated G by using a value for mg which
was based on a guess at the density of the Earth.)

8.6 DEPENDENCE OF THE ACCELERATION DUE TO
GRAVITY ON DISTANCE FROM THE CENTRE OF
THE EARTH

The density of the Earth varies with depth but is largely independent of direction,
It follows that the Earth can be treated as being made up of a large number of
spherical shells of uniform density. This is useful, for it can be shown thau:

(1) the acceleration due to gravity outside a spherical shell of uniform
density is the same as it would be if the entire mass of the shell were
concentrated at its centre, and

(n) the acceleration due to gravity at all points inside a sphenical shell of
uniform density is zero.

These results will now be used 1o obtain expressions for the acceleration due to
gravity both above and below the surface of the Earth.

Outside the Earth (i.e. r>rg)

The acceleration due to gravity, g, at the surface of the Earth is given by rearranging
equation [8.3] as

_ oM 1

where my and r, are respectively the mass and the radius of the Earth.

It follows from (i) that the acceleration due to gravity at a point outside the Earth
has the value it would have if the entire mass of the Earth were at its centre.
Therefore, by analogy with equation [8.5], the acceleration due to gravity g’ at a
distance r from the centre of the Earth when r > rg is given by

g™
£ =0

*Cavendish had two lead spheres attached (one) to each end of a honzonmal beam suspended by a
silvered copper wire, When two larger spheres were brought up to the smaller ones, they deflected
under the action of the gravitational force and twisted the suspension. The ware had been calibrated
previously so thar the strength of the force could be determined by measuning the angle through
which the wire was twisted. An improved version of the expeniment was performed by Boys in 1895,

861
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Dividing equation [8.6] by equanon [8.5] leads to

2
2 Fg -
=3 [8.7]

Inside the Earth (i.e. r < rg)

Consider a point P (Fig. 8.3) which is inside the Earth and ar a distance r from its
centre. From (i) the acceleration due to gravity ¢ at P is due only to the sphere of
radiusg r. I the mass of this sphere is m, then by analogy with equation [5.5]

; ,m
= lf.r’_! [8.8]

Sarface af

" the Earth

If the Earth 15 assumed to have uniform density®, g, then
m=3dnr'p and my = dartp
and therefore
m r

g re’
Substtuting for min equation [8.8] gives

Mgr

=G 3
Replacing Gmp /rg” by ¢ (equation [B.5]) gives

F o N
= — 8.9
3 ™ & 7]

The variation of g’ as a functon of ron the basis of equation [8,7] and equation
[8.9] is shown in Fig. 8.4, Mote that each of these equations reduces to g’ = ¢
when r = .

ASEUTIES g=

unifonm
T \\\.,

[
i
1

Inside i
thas Earth I tha Earth

¥

=l

*As has been stated at the beginning of this section, the density of the Barth & not uniform. 1t 65,
however, normal prachce, at this level, 1o assame that 1118 i.l'l.l:l.l.T:.l'iﬂ'Ix ok thr caleulabion.
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8.7 ESCAPE VELOCITY

MNotes

If 2 ball is thrown upwards from the surface of the Earth, its speed decreases from
the moment it is projected due to the retarding effect of the Earth's gravitational
field. The height which the ball ulumately attains depends on the speed with which
it is projected — the greater the speed, the greater the height, If the ball were
to be required to escape from the Earth, it would have to be projected with a
velocity which is at least grear enough for the hall o reach infinity before
coming to rest. The minimum velocity that achieves this is known as the escape
velocity.

Consider a body of mass m being projected upwards with velocity v from the
Earth's surface, When the body is at a distance r from the centre of the Earth it will
feel o gravitational force of attraction, F, due to the Earth and given by equation
[8.1] as

T

F=G—
=

whiere mip is the mass of the Earth, In moving a small distance dr against this force,
the work done &W at the expense of the kinetic energy of the body is given by
equation [5.1] as

PR

aW = @ - dr

1‘3
Therefors the votal work done, B in moving from the Earth's surface (where
r = rg) to infinity (where r = o) is given by

W = _r~ G 2L dr

]
" =

e [_lJ
r .,

le. W= g IE
T

1LE. W

If the body is to be able to do this amount of work (and so escape), it needs vo have
at least this amount of kinetic energy at the moment it s projected. The escape
velocity v is therefore given by

Lmg? = Gt
2 .
im . 1 2my
o= 'l||' " [8.010)

Substituting known values into equation [8,10] leads 1o o= 11 kms ",

{i) This calaculation applies only to bodies which are not being driven, i.e. to
projectiles, A body which is in powered Might does not have to rely on its
initial kinetic energy to overcome the Earth's gravitational atraction, and
therefore need never reach the escape velocity.

{ii) The escape velocity does not depend on the direction of projection. This
is because the kinetic epergy a body loses in reaching any particular
height depends only on the height concermed and not on the path taken
to reach it
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8.8 SATELLITE ORBITS

Consider a satellite of mass m orbiting the Earth with speed v along a circular path
of radius r. The centripetal force, mo” /r, is provided by the gravitational attraction
of the Earth, and is given by Newton's law of universal gravitation as Goemg /v,
where miy 5 the mass of the Earth. Therefore

met e

_— = 7
r

fam
|

[&.11]

Le. v =

F
The orbital period, T, is given by T = 2rr/v, and therefore by equation [8.11]

—
{ r¥

| G,
Since both 7 and mg are constants, it follows from equations [8.11] and [8.12] that

both the speed and the orbital period of an Earth satellite depend only on
the radius of its orbit. Two situations are of particular interest.

' =2rx

[8.12]

An Orbit Close to the Earth's Surface

Toa good approximation, {or a satellive which is less than about 200 km above the
Earth we may put r = rg, where rg is the radius of the Earth, Substituting for rin
equations [8.11] and [8.12] gives

—
| (FmE I rl
P = —— and T = 2z I
1i'll Fg 1|'| G

Taking G = 6.7 = 107" Nm’ kg™, mg=6.0x 10" kg and rg = 6.4 x 10°m,
we find

v = T0kms"' and T = BSminutes

Geostationary (synchronous) Orbit

A satellite with an orbital period of 24 hours will always be at the same point above
the Earth's surface (providing, of course, it is above the equaror and is moving in
the same direction as the Earth is rotating). Satellites of this type can be used to
relay television signals and telephone messages (by radio link) from one point on
the Earth's surface to another. Examples of these communications satellites are
ayneom 2, Syncom 3 and Early Bird,

Substituting G = 6.7 =< 10" Nm kg2, my = 6.0 x 10" kg and T = 24 hours
(= 8.64 = 10"s) in equation [B.12] gives

ro= 42400 km
Having calculated rwe can use eguation [8.11] {or 2=r = ©T) 1o calculate v, We
fired

v = 31kms’
Since rg = 6.4 = 10® m, the height above the Earth's surface of the geostationary
orbit is

42400 — 6400 = 36000 km
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Notes (i)

(i)

(iii)

TLi

Many artificial satellites acrually move in elliptical orbirs. For example, the
orbit of Spumik 1 ook it from less than 250 km 1o over B00 km above the
surface of the Earth. This 15 not so far from circular as it might an first seem.
The radius of the Earth is abour 6400 km, and thercfore the semi-major axis
of the ellipse was only about 10%6 bigger than the semi-minor axis.

The Moon, of course, 15 an Barth satellive and therefore equations [8.11]
and [8.12] also apply 1o the Moon.,

When a satellite is to be placed in orbit it is first carried to the desined height
by rocket. Itis then given the necessary tengential velocity (o) by firing rocker
engines which are aligned paralle] to the Earth"s surface. If the satellite is sull
moving upwards when it reaches orbital height, it needs also oo be given a
downward directed thrust at this stage.

8.9 THE VARIATION OF g WITH LATITUDE

The acceleration due to gravity at the equator is 9. 78 m s~ 2, whereas at the poles it
it 0.83ms <. There are two main couses of this variation.

(i)

(1)

The equarorial radius of the Earth is greater than the polar radius, Therefore
a body at the equator is slightly further away from the centre of the Earth and

consequently feels a smaller gravitational amraction. This accounts for
0.02 m 52 of the observed difference of 0.05 m s 2.

Because the Earth rotates, its gravitational pull on a body at the eguator has to
provide the body with a centripetal acceleration of 0.03m s . This does not
apply at the poles,

8.10 WEIGHTLESSNESS

Consider an object of mass s hanging from a spring balance which is iselfl
hanging from the roof of a lift (Fig. 8.3). The body is subjected to a downward
directed force mg due to the Earth, and an upward directed force T, say, due to the
ension i the spring. The net downward force 15 (sig — T, and thercfore by
Mewton's second law

mg— T = ma [8.13]

where a is the downward directed acceleration of the body.

Fig. 85
Object suspandad by a

spring in & lift

ln

d

If the lift is stavionary or is moving with constant speed, ¢ = 0 and therefore, by
equation [B.13], T = myg, L&, the balance registers the weight of the body as myr.
However, if the lift is falling freely under gravity, both it and the body have a
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downward directed acceleration of g, i.e. a = g. It follows from equation [8.13]
that T = 0, ie. the balance registers the weight of the body as zero. It is usual to
refer to a body in such a sitwation as being weightless, The term should be wsed
with care; a gravitational pull of magnitude mg acts on the body whether itis in free
fall or not, and therefore, in the strictest sense it has weight even when in free fall.
The reason it is said o be weightless is that, whilst falling freely, it exerts no force
on its support. Similarly, a man standing on the floor of a lift would exert ne force
on the floor if the lift were in free fall. In accordance with Newton's third law, the
floor of the lift would exert no upward push on the man and therefore he would not
hawe the sensation of weight.

An astronaut in an orbiting spacecraft has a centriperal acceleration equal 1o g',
where g’ is the acceleration due to gravity at the height of the orbit. The spacecrafi
has the same centripetal acceleration. The astronaut therefore has no acceleration
relative 1o his spacecrafl, i.e. he is weightless,

A body is weightless in the strictest sense only at a point where there is no
gravitational field. An example of such a pointis to be found berween the Earth and
the Moon where the two gravitational fields cancel.

8.11 GRAVITATIONAL POTENTIAL AND POTENTIAL

ENERGY

MNMotes

The gravitational potential at a point in 4 gravitatonal Geld 12 defined as
being numerically equal to the work done in bringing a umnit mass from
infinity (where the potential 1s zero) to that point.

Thus

W
O=— [8.14]
(1]

where
U = the gravitational potential at some point Jkg™")
W = the work done in bringing a mass m from infinity to that point.

It has been shown in section 8.7, that the work which has to be done to take a mass
m from the surface of the Earth to infinity is Gmmyg /vy, where my and ry are
respectively the mass and the radius of the Earth. The work required to accomplish
the reverse process, i.e. to bring the same body from infinity to the surface of the
Earth, is therefore —Gwimg/rg. It follows from equation [8.14] that the
gravitational potential U at the surface of the Earth iz given by

U = -G 2 8.15]
g

(i) The minus sign in equation [8.15] indicatcs that the gravitatonal potential
at the surface of the Earth is less than that at infinity, It follows that a body at
infinity would “fall” towards the Earth; a body on the Earth does not “fall” to
infinity.
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M) I follows from equaton [8.15] that in general

where [V is the gravitational potential due to abody of mass sat a point
putside the body and at a distance r from its cenire. (This assumes that the
body has spherical symmetry andfor 1s small compared with r.)

(it} The gravitational potential energy of a body of mass »e at a point where
the gravitational potental is U7 is given by

PE = mU

This follows from the definiton of gravitational porential and because the
potential at infinity is zero.

8.12 GRAVITATIONAL FIELD STRENGTH

MNote

The gravitational field strength at a pointin a gravitatonal field s defined
as the [orce per unit mass acung on'a mass placed at that point.

Thus

where
£ = gravitational field strength (N kg ™' = ms ™)

F = the force acting on a mass m

The same symbol (] is used for gravitatonal feld strengrh as for acceleration due
o gravaty. This is because they are one and the same thing, 1.e. the field strength at a
point it a gravitational feld is equal to the gravitational acceleration of any mass
placed at that point, We shall illustrate this for the particular case of the Earth. The
grovitational force acting of a mass s at the Earth's surface 15 iks weight, mee, where
£ 15 the acceleration due to gravity, and therefore the force per unit mass, i.e. the
grovitational feld strength, is mgfm - which is also g,

Gravitational field strength is a vector quantity. [ts direction 1% that in which a mass
would move under the influence of the field, i.e. owards a paoifit of lower
gravitational potential.

The gravitational field of the Earth is shown in Fig. 8.6, Mote that it is a radial ficld
directed towards the Earth and that it is stronger (field lines closer together) close
1o the Earth’s surface than it is farther away, Over a limited area of the BEarth’s
surface (an arca that can be considered flat) the field can be considered 1o he
uniform (feld lines equally spaced) = see Fig, 8.7,

Field Strength Due to a Point Mass

The force on a point mass »° ot g distance » from a point mass m s given by
Mewton's law of universal gravitation as F where

-
F-gl
i,-!
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Fig. 8.6
The gravitational field of

the Earth

Fig. 8.7

The gravitational field of
the Earth over a small
area
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Fiedd line directed
towards centre of Earth

/

Limited area of
Earth's surface

The force per unit mass, i.¢. the gravitational field strength, g, at a distance r from
the point mass m is therefore given by

- F
£ =
ic. IS G-'-:- (8.16)

(i) Equation [8.16] also applies outside an extended body of mass m at a
distance r from its centre providing the body has spherical symmertry and/or is
small compared with r,

(iil) When m = the mass of the Earth, mg, and r = the radius of the Earth, rg,
equation [8.16] becomes
s

et [8.17]

g~ G
where gis the field strength (acceleration due to gravity) at the surface of the
Earth. We arrived at this same result in section 8.6 (equation [8.5]) by
thinking of g as the acceleration due to gravity. Equation [8.17] is particularly
useful for it is often necessary when solving examination questions to express
£ in terms of G and vice versa.

8.13 THE ANALOGY BETWEEN GRAVITY AND
ELECTRICITY

Electric field strength is force per unit charge ~ gravitational field strength is force
per unit mass. The definition of electrical potential involves the work done in
bringing a unit (positive) charge from infinity - that of gravitational potential
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Table 8.1.
Gravitational and
alectrical quantities
compared

Table 8.2.

Comparison of effects of
point masses and point
charges

Motes

g

involves the work done in bringing 3 unit mass from infinrty. The reader may find it
usehul to compare results () and (1) of section 8.6 with the way in which the electric
field of a hollow sphere varies with distance from the centre of the sphere (Fig.
30.8).

Griavifational Elmgirical
quantity quantity
¥ [ o)
o=
[ o
F F
- - B
g = o
dilf di
- E .
£ ds
Gravitational Elactrical
quantity guantity
. - I
r=_-g2= o= e
r dnts
. P o
i
g G- | P
!
Fog™mm |1 Gk
A a2

In Table 8.1 expressions for gravitaponal potential and field strength are given
together with the analogous electrical expressions. Table 8.2 compares the
gravitational field strength and the gravitational potential ar a distance r from a
point mass mowith the analogous electrical quantities at a distance r from a point
chiarge Q. Move also the similanty berween the expression for the gravitatonal
force between two point masses with that for the electrical force between two point
chiarges in vacuwum.

(i) There is no gravitatonal analogue of electrical permittivity, i.c. the
grovitational force between two masses does not depend on the medium in
which they are situated.

{ii) The gravitational force, unlike the electrical force, is always attractive,

8.14 TO SHOW THAT g — —dU/dx

Suppose that a particle of mass m 15 moved by a force F from A to B in a
gravitational ficld of strength g (Fig. 8.8). Suppose also that AB = dx, where dx is
5o small that F can be considered constant between A and B.

The work done W in going from A to B is given by
aW = Fix

By definition g = —F/m (the minus sign is necessary because g and F are
oppositely directed), therefore

W = —mgdx 818



e

Fig. B.B

Ta establish tha
relationship batween g
and L

EXAMPLE 8.1

SECTION A: BAECHANICS

A
T

III,J"II B

Particle of mass m

-

By definition, the increase in gravitational potential, 4L, in moving the mass s

from A o B is given by
S = AT 'm
Therefore, by equation [5.18]

ol = —glx
Therefore, in the L
e Al dx

Use the f[ollowing notation: s = mass of Earth, rp = radios of Earth,
g = acceleration due o gravity at surface of Earth, & = universal gravitatonal
OOTSTant.

{a) Write down an expression for the gravitational potential ar the Earth’s
surface.,

(b} By how much would the gravitabional PE of a body of mass s increase of it
were moved from the Earth's surface to infinity.

() Hence find an expression for the minimum velocity with which a body
could be projected from the Barth's surface and never returm: (i) which
involves Cr, (ii) which involves g

Solution

_— . . Mg
(a) Gravitational potential = —Os r—k
E
(b} The gravitational porential at infinity i zero and therefore ‘in moving 1o
infiniry” the potential increxses by Civeg 7. Therefore

Increase in PE of mass m = (7 ok

]
fed (i) If a projectile of mass # is 1o have just sufficient KE to reach infinity

from the Earths surface, then (since decrease in KE = increase in
PE) its velocity v on leaving the surface must be given by

f"

éGﬂrH

TE

Mg ) |
met = F e o=,/
i"L: Ili'

paf—

Since the projectile has just sufficient KE to reach infinity, this is the
minimum velocity that wall prohabit its return, i1.e.
—
. . I20rm
Minimum velocity = 4/ £
Von

I8.19]
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(i} The acceleraton due to gravity, g, at the surface of the Earth is given by
g .
g = G— |8.17]
ry?
ney

o = ETg

g
Substituting in equation [&. 19] mives

Minimum velocity = /2g7

EXAMPLE B.2

Using the norarion of Example 8.1, find expressions for: (a) the gravitational PE of
asatellite of mass s orbiting the Earth at a distance v from its centre, (b) the KE of
the satellive, (c) the toral energy of the satellite. (d) Explain how each of these
guantities would change if the orbit of the satellite were so low that it encountered a
considerable amount of air resistance,

Solution
(a) At adistance r from the centre of the Earth

Gravitational potential Gt
.
Gravitational PE of satellite = — G o 8.20]
r
(b} By the law of universal gravitation and Newton's second law
L Mg i
— = FF ——
- L
KE of satellite (= {mv?) = G =2~ [8.21]
[ch Toml energy = PE + KE
_ —G R ._{; MR R
r 2r
M m .
e,  Total enengy i "I-'r [8.22]

() If the satellite encounterad air resistance, it would do waork againat friction
and therefore its total energy would decrease, 1.e. become more negabive.
It follows from equation [8.22] that r would decrease and therefore by
equation [8.20] the PE would decrease {i.e. become more negative); it
follows from equation [8.2] that the KE would increase.

CONSOLIDATION

Newton's law of universal gravitation Ewvery particle in the universe attracts
every other with a force which is proportional o the product of their masses and
inversely propofrtional 1o the square of their separation.
R

r:

F =G



QUESTIING ON SECTION A

QUESTIONS ON SECTION A

Assume g = 10ms—* = 10 Nkg ' unless otherwise stated.

MECHANICS (Chapters 1-5)

A1 Find, both graphically and by calculation, the
horizontal and vertical components of a force
of 50 M which is acting at 407 to the honzontal.

A2 The horizontal and wvertical components of a
force are respectively 20N and 30N, Calcu-
late the magnitude and direction of the force.

A3 Caleulare the magnitude and direction of the
pegiiltant of the forces shown in the fgure
below.

A4 The diagrams below show a sphere, S, resting
on a table and a free-body diagram on which
the forees acting on the sphere have been

marked.
Sphere &
ol
| -~ ]

We know from Newton's third law of moton
that forces occur in equal and opposite pairs.
On which body does the force which pairs with
force P act? Give its direcdon.

A7

On which body does the force which pairs with
force 0 act? Give 1ts direction.

A force F) acts on an object O and this same
force F| forms a Kewton's third law pairwith a
second force, Fs. State rwo ways in which F)
and Fy are similar and moo ways in which they
differ. [L, "91]

Raindrops of mass 5 = 107 kg fall vertically in
srill air with a uniform speed of 3ms™', Ifsuch
drops are falling when a wind is blowing with a
speed of 2ms"*, what is the angle which the
paths of the drops make with the vertcal?
What 1% the kinetic energy of a drop? 5]

A ship indtally at rest accelerates steadily on a
perfectly smooth sea. How would you attempt
to estimate the value of the acceleration from
within the ship# You cannot se¢ out, but you
have available all the apparamss normally
found im a school laboratory, (You may
assume that the acceleration is not less than

Ims =) (V']

A light string carrying o small bob of mass
5.0 » 1072 kg hangs from the roof of a movisg
vehicle.

{a) What can be said about the motion of the
vehicle if the string hangs vertically?

(b} The vehicle moves in a horizontal straight
line from left 1o right, with a conswant
acceleration of 2.0m s>,

{i}) Show in asketch the forces acting on
the bob.

(ii} By resolving horizontally and werti-
cally or by scale drawing, derermine
the angle which the string makes with
the vertical.

{e) The wehicle moves down an incline
making an angle of 30 with the horizontal
with a constant acceleration of 3.0m s %,
Determine the angle which the string
makes with the vertical. [], "92]
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AB A hose with a nozzle 80 mm in diameter ejects

A10

AN

Al2

A13

a horizontal stream of water at a rate of
0.044m s, With what velocity will the
warer leave the nozzie? What will be the force
exerted on a vertical wall situated close to the
nozzle and at oghr-angles to the stream of
warer, ify after hitting the wall,

{a} the water falls vertically to the ground,
(b} the water rebounds horzonally?
{Density of water = 1000kgm—.)[AEB, "79)

What s the connection between force and
momentum? A helicopter of ol mass
1000 kg iz able to remain in & stationary
positiof by immparting a uniform dovmward
velocity 1o a eylinder of air below it of effective
diameter 6 m. Assuming the density of air to be
1.2kgm ™, calculate the downward velocity
given to the air. n

An astronaut 15 outside her space capsule in a
region where the effect of gravity can be
meglecred. She wses a gas gun o move herself
relative to the capsule. The gas gun fires gas
from a muzzle of area 160 mm” at a speed of
150ms™'. The density of the gas is
0.800 kgm* and the mass of the astronaut,
including her space suit, 15 130 kg, Calculate:
(a) the mass of gas lcaving the gun per
sccond,

(b) the acceleration of the asmronaut due o
the gun, assuming that the change in mass
is negligible, [Js "%2]

Sand is poured ata steadyrate of 5.0 gs ' onto

the pan of a direct reading balance calibeated

in grams. If the sand falls from a height of

(.20 m on to the pan and it does not bounce off

the pan then, neglecting any motion of the

pan, calculate the reading on the balance 105

after the sand first hits the pan. |

A pebble 15 dropped from rest at the op of a
cliff 125 m high. How long does it take to reach
the foot of the cliff, and with what speed does it
gtrike the grounds With what speed must a
second pebble be thrown wvertcally down-
wards from the cliff top if it is o reach the
bBottom in 4 s? (lgnore air pesistance, 5]

A srone thrown horizontally from the wop of a
vertical chiff with velocity 15ms ™' is observed
1o strike the (horizontal) ground ar a distance
of 45 m from the base of the chiff. What s
(@) the height of the cliff, (b) the angle the

Ala

A5

A6

Al7

AlB

SECTION A MECHANICS

path of the stone makes with the grownd at the
moment of impact? [5]

A ball is thrown vertically upwards and caught
by the thrower on its return. Sketch a graph of
velocily  (taking the wpward direction as
positivey against mme for the whole of irs
motion, neglectng air resistance. How, from
such a graph, would you obtain an estimate of
the height reached by the ball? (L]

A bus travelling steadily at 30m =" along a

straight road passes a stadonary ¢ar which, 55

later, begins to mowve with a uniform accelera-

tion of 2 m s~ * in the same direction as the bus.

(a) How long does it take the car to acquire
the same speed as the buos?

(k) How far has the car travelled when it 15
level with the bus? [V, "02]

A cricketer throws a ball of mass 0.20kg
directly upwards with a velocity of 20ms ',
and catches 1t again 4.0 5 later.

Dirow labelled sketch graphs to show

(a) thewvelocimy,

(b} the kinetic enery,

(c) the height

of the ball against ume over the stated 4.0%

penind, Your graphs must show numerical
values of the given quantites. [S]

A “hammer” thrown in athletics consists of a
metal sphere, mass 7, 26 kg, with a wire handle
attached, the mass of which can be neglecred.
In a certain attempt it is thrown with an initial
velogity which makes an angle of 43" with the
horzontal and its Righe takes 4,005,

Find the honzontal distance travelled and the
kinetic energy of the sphere just before it
strikes the ground, stating any assumpbons
and approximations you make in onder 1o do
R0, [5]

The graph shown represents the variation in

vertical height with ume for a ball thrown
upwards and returning to the thrower,

1!'
‘vamicallk
haight ||
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From this graph how could a velsciry against
fame graph be constructed? Sketch the likely
form of such a graph. (L]

A19 The diagram shows the speed-time graph fora
swimmer performing one complete cycle of
the breast siroke.

[iX] 1.0
Timels

(a) Derermine the maximum acceleration of
the swimmer. Explain how you arrive at
FOUF ANSWer.

(b) Without making any further calculations
sketch a labelled acceleration—time graph
for the same time interval as that shown in
the diagram.

(¢} Ulse the graph o estmate the distance
travelled in one complete cvcle of the
stroke. Show your working clearly.

[AER, "89]

A20 The graph shows how the speed of a car vares
with time as it accelerates from rest.

Speadims

a .
Tima's

LT T — — - —

(a) Stare:

(i) the time atwhich the acceleration is a
maximum,

{ii} how vou could use the graph o find
the distance ravelled berween times
t; and ;.

(b} The driving force produced by the car
enging can be assumed to be constant,
Explain, in terms of the forces on the car,
why
(i) the acceleration is not constant,

(ii) the car eventually reaches a constant
speed,

(c)

A21 (a)

(b)

AZZ (a)

(b}

15

The diagram shows a simple version of an
imstrument used to measure acceleraton,
iy which a mass is supported berween two
springs in a box so thar when one spring is
extended, the other 13 compressed. A
rest, the mass 18 in the position showrn.

Redraw the diagram showing the position
of the mass when the box accelerates o
the right. Explain why the mass takes up
thiz position. [1, "e1]

A ball is thrown verucally upwards from
the surface of the Earth with an inital
velocity w, Meglecting frictional forces,
sketch a graph to show the variation of the
velocity o of the ball with time fas the ball
rises and then falls back 10 Earth. What
information contamed in the graph en-
ables you to determine: (1) the gravita-
tional acceleration, (i) the maximum
height 1o which the ball rises?

If the frictional forces in the air were not
negligible, how, in the above situation,
would: (i) the munal deceleration of the
ball, (M) rhe maximum height reached by
the ball, be affected? [AER, '79]

Define acceleration. Explain how it is
possible for a body 1o be undergoing an
acceleration although its speed remains
COnNSLAnL,

A ball 15 placed at the top of a slope as
shown in Fig. 1.

Ban

Feg. 1
A block is fixed ngidly 1o the lower end of
the slope. The ball of mass 0.70kg 15
released at time ¢ = 0 from the top of the
incline and ©, the velocity of the ball down
the slope, is found to vary with ¢ as shown
im Fig. 2.
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Fig. 2

Dreseribe qualitatively the motion of
the ball during the penods OA, AB
and BC.

Calculate: (1) the acceleration of
the ball down the incline, {2) the
length of the incline, (3) the mean
force experienced by the ball dunng
impact with the block.

(iiiy) Dhscuss whether the collision
berween the block and the ball is
elastic. [C, "92]

(i)

(ii)

A rocket is caused to ascend vertically from the

ground with a constant acceleration, a. At a

time, f,, after leaving the ground the rocker

motor 15 shut off.

(a) MNeglecung air resistance and assuming
the acceleration due wo gravity, g is
constant, sketch a graph showing how
the velocity of the rocker varies with time
from the moment it leaves the ground to
the moment it retums to ground. In vour
sketch represent the ascending velocity as
positive and the descending velocity as
negative. Indicare on vour graph (i) r.
(ii) the time to reach maximum height,
fws (iif) the time of flight, &

(b} Account for the form of cach portion of

the graph and explain the significance of

the area berween the graph and the time

axis from zero time to (i) ¢, () 5, (i)

Either by using the graph or otherwise,

derive expressions in terms of a, gand

for (i) &, (ii) the maximum height

reached, (i) . n

A sphere of mass 3 kg moving with velocity
dms' collides head-on with a stationary
gphere of mass 2kg, and impans t it a

(c)

A26

A27

SECTION A MECHANICS

velocity of 4.5ms~". Calculate the velocity of
the 3 kg sphere after the collision, and the
amount of energy lost by the moving bodies in
the collision. [5]

The diagram shows a body of mass 2 kg resting
in a frictionless horizontal gully in which it is
conscraimed to move. It 15 acted upon by the
force shown for 55 after which time it strikes
and sticks to the body B of mass 3 kg, the force
being removed ar this instant. What will the
speed of the combined masses be# [L]

A Q-
0N

i

A railway truck of mass 4 = 10% kg moving at a
velocity of 3ms™! collides with another ruck
of mass 2 = 10*kg which is at rest. The
couplings join and the trucks move off
together. What fraction of the first truck’s
initial kinetic energy remains as kinetic energy
of the two tmacks after the collision? Is energy
conserved in a collision such as this? Explain
your answer briefly. L]

(a) (1) Define lfrear momeentiem,

(i) State the primeiple of conservabion of
fircar momenriin making clear the
condition under which it can be
applied.

(b) A spacecraft of mass 20000 kg is ravel-
ling at 1500m s '. Its rockets eject hot
gases at a speed of 1200 ms™" relative to
the spacecraft. During one burn, the
rockers are fired for a 5.0% period. In this
time the speed of the spacecraft increases
by 3.0ms .

(1) What is the acceleration of the
spacecrafty

(il) Assuming that the mass of fuel

ejected is negligible compared with
the mass of the spacecraft determine
the distance travelled during the
burn. Give wyour answer o four
significant figures,

What is the thrust produced by the

rocker?

{iv) Derermine the mass of gas gjected

by the rocket during the burn.

[AEB, "92]

(iii)
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A28 A bullet of mass 0.020 kg 1s fired horzoneally

at 150ms ! at a wooden block of mass 2.0 kg

resting on a smooth honzontal plane. The

bullet passes through the block and emerges

undeviated with a velocity of 90 m s~ ", Calcu-

lae:

{a) the velocity acquired by the block.

(b} the total kinetic energy before and after
peneration and account for their differ-

ence, (W', "91]

Dhistinguish between an alasee colliston and an
irielastic colltsion.

A particle A of mass s moving with an inirial
velocity w makes 3 “head-on® collision wath
another partcle B of mass 2m, B being initaally
atrest. In terms of w, calculare the final veloscicy
of A if the collision is (i elastic, (ii) inelastic,
(assume that the two particles adhere on
collision]. [AER, "T9]

A puck collides perfectly inelastically with &
second puck ofgnally at rest and of three
fimes the mass of the fiest puck. Whan
proportion of the onginal kinetic energy is
lost, and where does it go? %]

State the law of conservation of linear
MOMmentum.

A proton of mass 1.6 = 10 T kg travelling
with a velocity of 3 x 107 ms~" collides with a
nucleus of an oxygen atom of mass
256 x 107" kg (which may be assumed 1o
be at rest initially) and rebounds in a direction
at 90" wo s incident path. Calculare the
velocity and direction of motion of the recoil
oxygen nucleus, assuming the collision is
elastic and neglecting the relativistic increase
of mass, [O & C*]

A32 (a) Inanexperiment to investigate the narure

of different types of collision, a trollev of
mass 1.6 kg was given a push towards a
second trolley of mass 0.8kg wravelling
more slowly but in the same directon.
The speeds of both wrolleys before and
after collision were measured. The resules
for two different rypes of collisions were as

follows:

Type A collision  Speed before  Speed after
1.6kg trolley 0.70ms™' 0.30ms™*
08kgtolley 0.10ms™' 0.89ms "

(b)

A33 (a)

(b)
(e)

(d)

17
Type B collision
l.okg wrolley 0.60ms ' 0.3Tms '
D.Bkgrolley 0.10ms ' 0.57Tms!

Diescribe a technigque for measuring the
speed of a wolley before and after a
collision, showing how the speed is
calculated.

Show that the results given above are
consistent with the principle of conserva-
tion of linear momentum. Why should the
speeds be measured immediaredy before
amd afrer the collisions?

Dristinguish clearly between easeic and
redastic collisions, Determine the nature
of cach of the collisions in (a) above,
supporting your choice with appropriate
caloulations.

Dezcribe how: (i) am elastc collision,
(i) an inelastc collision, could be simu-
lared experimentally using the mwo trol-
leys and any necessary  additional
Bpparaus, [L]

A linear air-track 15 4 length of metal track
along which objects {gliders) can mowve
with negligible fricuon, supported on a
cushion of air. A glider of mass 0.40 kg 1s
stationary near one end of a level air-track
and an air-rifle is mounted close w the
glider with its barrel aligned along the
track. A pellet of mass 5.0 = 10V kg is
fired from the rifle and sticks to the glider
which acquires a speed of 0.20ms .
Calculate the speed with which the pellet
struck the glider.

Deseribe an experimental arrangement
vou wollld wse o venfy the above cesult.
A student using an air-track fails to lewel it
correctly. The speed of a glider along the
track near its centre is 0.20ms ' and
when it has moved a further distance of
0.90m it 15 0.22ms"'. Determine the
angle made by the track 1o the horizonral.
A glider reaches the end of a level air-track
and rebounds from a rubber band
stretched across the track, Assuming
that, whilst in contact with the band, the
force exerted on the glider is proportional
1o the displacement of the band from the
point of impact, sketch a graph showing
how the velocity of the glider vanes with
time. Explain the shape of the graph. []]
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A34 (a) The law of conservation of momentum

(k)

A35 (a)

(b)

(ch

suggests momentum 15 conserved in any

collision. A tennis ball dropped onto a

hard floor rebounds to about 60% of its

imitial height. Svate how momentum s

conserved in this event.

{i) A top class tennis player can serve
the ball, of mass 537 g, at an indtal
horizontal speed of S0ms ', The
ball remains in contact with the
racket for 0.050s, Calculate the
average force exerted on the ball
during the serve.

(i1} Skerch a graph showing how the
honzontal acceleranon of the ball
might possibly vary with time during
the serve, giving the axes suitable
scales,

(iif) Explain how this graph would be
used to show that the speed of the
ball on leaving the rackeris 50 ms™".

[AER, 90

(1) What is meant by the perm lisear
HEOTHERTIAT?

(i) State the law of conservaton of
linear momentum,

(iiiy Explain how force is related to linear
MOmentum.

Consider the following:

{I) & vehicle in space changes its direc-
rion by firing a rocker motor,

(i) a dart is thrown at a board and sticks
o the board,

(iiiy a ball is dropped to the floor and
rebounds.

In each case discuss how the law of

conservation of linear momentum may

be applied.

A smudent devises the following expen-

ment to determine the velocity of a pellet

from an air rifle,

Barmel of nfla
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A piece of plastcine of mass M iz balanced
on the edge of a table such that it just fails
o fall off. A pellet of mass m s fired
horizontally into the plasticine and re-
mains embedded in 1. As a result the
plasticine reaches the floor a horizoneal
distance & away, The height of the 1able 15
i,
(i) Show that the horizontal velocity of
the plastcine with peller embedded

. x | s
15 k(i};}
(i) Obtain an expression for the velociny

of the peller before impact with the
plasticine. [S]

A36 A particle A is suspended as shown in the

figure bw two strings, which pass over smooth
pullevs, and are artached o particles B and C,
AL A, the strings are at right angles o each
other, and make equal angles with the
horeontal. If the mass of B is 1 kg, whar are
the masses of A and C? [5]

B G

State the conditions that a rigid body may bein
equilibrium under the action of three forces.

8]

B A

A uniform sphere of mass 2kg is kept in
position as shown by two strings AB and CD.
AR is honzontal, and CD is inclined ar 307 1o

the vertical. Calculate the temsion m each
SITInE. [S]

A uniform beam AR of length 5 m and which
welghs 200 N is supported horizontally by two
vertical ropes X and Y at A and B respectively.
Calculate the tensions in the ropes if a man
welghing 700N stands on the beam at a
distance of 2 m from A,
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moving glider passes sensor number 1, an
electronic timer 15 started. As the ghider passes
each sensor, the ome wken for the glider o
pravel from sensor number 1 is recorded. A
ghider of mass (.40 kg 15 given a push along the
track. As it passes sensor number 5, it collides
with, and sticks to, a stationary glider of mass
(0,60 kg, The recorded times at cach sensor are
shown below,

Smrsor -
R 1 Z 3 4 5 L i &
Times |0 066 1,32 198 2464 431 508 765

(a) Calculate the speed just before and the
gpeed just atrer the collision.

(b} Show that momentum is conserved in the
collision,

(e} Calculare the kinetc energy before the
collision and the kinete energy after the
collision.

Account for the difference. [I, "91]

A51 A motor car collides with a crash barrier when

rravelling at 100 kmh ™' and is brought 1o rest
in 0.1 s, Ifthe mass of the car and its accupants
is 000 kg calculate the average force on the car
by a consideraton of momentum.

Because of the seat belt, the movement of the
driver, whose mass 15 80 kg, 15 restricted to
0,20 m;, relative to the car. By a consideration
of energy calculate the average force exerted
by the belt on the driver. [J]

This question is about the design of experi-
ments o measure the speed of an air-gun
pellet.

The speed of the pellet 15 known to be about
#0ms~! and the mass of the peller is about
0.5g.
(a) One smudent suggests that momentum
ideas might be used. It is proposed that
the pellet be fired into a trolley of mass M
and that the speed ¢ of the trolley after
impact be determined by finding the time
it takes a card 1o cross the path of a Light
beam. The light beam illuminates a
photodiode which controls a trer. The
timer can record the time the Light beam is
cut off to the nearest 0.01 s. The system is
shown in Fig. 1.
(i) Explain how the speed of the pellet
could be obrained from the pro-
posed measurements.

Fellet |
PLAN VIEW b — C:]
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Card Light LT Afid
i , photadicds
Pallat T ¢ connpcled 10 EHmer

SIDE VIEW B —

T A o

—.. Photodeodn

E_ - Light source

(i) Ir is decided thar the fimal specd
should be about .1 ms ' Deduce a
suitable mass for the trolley,

(i) Assuming that the final speed is to
be determined to a precision of
about 2% give 4 suitable length for
the card. Explain how you arrived at
VOUr answer.

(iv) Inis suggested that the answer is not
accurate because the trolley will not
be ‘friction-free’. How will this
affect the final result?

(v} State and explain whether you
would expect the result 1o be more
accurate or less accurate if the card
were made longer. [AEB, "91]

A53 Explain whart is meant by kinene energy, and

show that for a particle of mass m moving with

velocity v, the kinetic energy is :,m:.'z.

A steel ball is:

{a)} projected honzontally with velocity v, at a
height h above the ground,

(b} dropped from a height i and bounces ona
fixed horigontal steel plate.

Meglecting air resistance, and wsing suitable

sketch graphs, explain how the kinetic energy

of the ball varies in (a) with its height above the

ground, and in (b) with its height above the

plate, [J]

A model railway truck P, ofmass 0,20 kg and a
second truck, Q, of mass 0. 10 ki are at rest on
rwo horizontal straight rails, along which they
can move with negligible friction. P is acted on
by a horizoneal force of 0,10 ™ which makes an
angle of 30° with the rrack. After P has
travelled 0.50m, the force is removed and P
then collides with and sticks o Q. Caloulate:
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(a) the work done by the force,

(b} the speed of P before the collision,

(c) thespeed of the combined trucks after the
collision. [, "o

A lorry of mass 3.5 x 10* kg artains a steady
speed ¢ while climbing an incline of 1 in 10

N
% I

with its engine operatng at 175 kW, Find w.
(Meglect friction.) [W7; "90]

A particle A of mass 2 kg and a particle B of
mass 1 kg are connected by alight elastic stnng
C, and initally held ar rest 0.9 m apart on a
smooth horizontal table with the string in
ension. They are then simultaneously re-
leazed. The string releases 12] of energy as it
contracts to its natural lemgth. Calculate the

A, c B
7 KQG"// A fg/’/f .

velocity acquired by each of the particles.
Where do the particles collide?

[S]

Seate Mewton s laws of motion, and show hosw
the principle of conservation of linear mo-
mentum may be denved from them.

A particle of mass 3 kg and a particle Q of mass
1 kg are connected by a light elastic string and
initially held at rest on a smooth homzontal
table with the string in tension. They are then
simultanously released. The siring gives up
24 ] of energy as it contracts to its natural
length. Calculare the velocity acquired by each
of the particles, assuming no energy 1% lost,

A helicoprer of mass 810 kg supports itzelf in a
stationary position by imparting a downward
velocity ¢ to all the air in a circle of area 30 m”,
Given that the density of air is 1.20kgm >,
calculate the value of ©. What is the power
needed o suppornt the helicopter in this way,
assuming no energy is lost? [5]

AB8 The acceleration-time graph above is drawn

for a body which starts from rest and moves in
a straight line. The body is of mass 10 kg, Use
the graph o find:

ABD
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Brcalnrationmms *
F

2

(a) the distance travelled in 155,
(b} the average force acting over the whole
155 period. (L]

A stone of mass 80 g 15 released at the top of a

vertical cliff. Afver falling for 3 5, it reaches the

foot of the cliff, and penetrates 9 cm into the

ground. What is:

(a) the height of the cliff,

(b) the average force resisting penetration of
the ground by the stone? [5]

(a) Acarofmass 1000 kg is initially at rest. It
moves along a stradght road for 205 and
then comes to rest again. The speed—time
graph for the movement is:

-4 |
¥
i

=11

AT

What is the total distance travelled?
W'hat resultant force acts on the car
during the part of the mouon
represented by CD?

(il What is the momentum of the car
when it has reached s maximum
specdy Use this momentum value to
find the constant resultant acceler=
ating force,

(5)
(1)
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(iv) During the part of the motion
represented by OB on the graph,
the constant resultant force found in
(i) s acting on the moving car
although it is moving through air.
Sketch a graph to show how the
driving force would have o vary with
time o produce this constant accel-
eration, Explain the shape of your
graph.

(b) If, when travelling ar this maximum
gpeed, the 1000kg car had seruck and
remained attached to a stationary vehicle
of muass 1500 kg, with what speed would
the interlocked wvehicles have rwavelled
immediately after collision?

Calculate the kinetic energy of the car just
prior to this collision and the Kinetic
cnergy of the interlocked wehicles just
afterwards. Comment upon the values
cbramned.

Explain how certain design features in a
modern car help to protect the driver of a
car in such a collision, [L]

AB1 A large cardboard box of mass 0.75kg is

pushed @cross a horizontal floor by a force of
4.5 M. The motion of the box s opposed by
(i} a frictional force of 1.5 N berween the box
and the floor, and (ii) an air resistance force
kr?, where B = 6.0 % 1072 kgm~! and v is the
speed of the box inms™".

Sketch a diagram showing the directions of the
forces which act on the moving box. Calculare
maximum values for

{a) the acceleration of the box,

(b} its speed. L]

A stone is projected vertically upwards and
eventually retums to the point of projection.
Ignoring any effects due o air resistance draw
sketch graphs o shiow the vasiation with time
of the following properties of the stone:
(1) velocity, (i) kinetic encrgy, (i) potential
energy, (V) momentum, (v) distance from
point of projection, (vi) speed. [AEB, "82]

AB3 (a) Starc Newton’s laws of motion. Explain

hiow the newoton is defined from these laws,
(b} A rocket is propelled by the emission of
hot gases, It may be stated that both the
rocker and the emited hot gases each gain
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kinetic energy and momentum during the
finng of the rocket.

Dhiscuss the significance of this starement

in relation to the laws of conservation of

energy and momentum, explainng the

essential difference berween these two

quantities,

{c) A bard of mass .50 kg hovers by beating

its wings of effective area 0.30 m".

(1) What i the upward force of the air
on the bird?

(ii} Whart is the downward force of the
bird on the air as it beats its wings?

(iii) Esumare the velocity imparted to
the air, which has a density of
1.3kgm ™, by the beating of the

WINES,
Which of Wewton's laws is applied in cach
of (i), (i) and (iii) aboye? [L]

AB4 A horizontal force of 2000 is applied to a

vehicle of mass 400 kg which is initially a1 rest

on a horzontal surface. IF the total force

OPPOSing motion is constant at B0 M, calcu-

lape:

(a) the acceleration of the vehicle,

(b)) the kimetic energy of the vehicle 5¢ after
the Force it first applied,

(e} the wtal power developed 51 after the
force ts Arst applied. [AER, "53]

AG5S On a linear air-track the gliders float on a

cushion of air and move with neglipible
fricuon, Omne such glider of mass 0.50 kg 15 at
rest om a level track. A student fires an air rifle
pellet of mass 1.5 = 10 * kg at the glider along
the lime of the track. The pellerembeds itselfin
the glider which recoils with a velocity of
0.33ms ',
{a) State the prncple vou will use o
calculate the velocity at which the pellet
struck the glider.

Caleulate the velocity at which the pellet
struck.

{b) Another student repeats the experiment
with the air-track inclined at an angle of 2"
to the honzontal. Initally, the glider is art
rest at the bottom of the track. Afrer the
impact the glider recoils with the same
imittal velocity but slows down and stops
momentarily further along the wack.

Explain i words how to calculate how far
along the air rrack the glider moves before
stopping instantaneously.



ABT (a)

Calculate how far the glider mowves along
the air track before stopping momentarily.
[O&C,"92)

ABG Two ski slopes are of idenocal length and

vertical height. Slope A, Fig. 1 is concave
whilst slope B, Fig. 2 s partly convex. Two
skiers, of equal weight, start from rest atshetop
of each slope. Assume that the effects of
fmcton on the skis and of air resistance on
the moving skiers” moton are negligible,

—

s

| &
Fig.v X __ = —

Fig.2 L __ 3

() Arthe bomom of the ski mun, will the skier
on slope A be moving faster, at the same
gpeed, or slower than the skier on slope B?
Justify your answer,

(b} Wil the skier on slope A take longer, the
same tme, or less time than the skier on
slope B o complere the ski run? Justfy
VOUr answer,

{2) A heavier skier joins the first skier on slope
A He also starts from rest at the wop of the
slope. Will he ke longer, the same ome,
or less rime than the first skier to complete
the ski run? Justify your answer.

(d) Which of the three skiers will have most
energy at the bortom of the ski run?
Explain. [0 & C, "90]

What do vou understand by the primciple of

conserration of energy?

(b} Explain how the principle applies to:
{i) an object falling from rest in vacuo,
{ii) a man sliding from rest down a
vertical pole, if there iz a constant
resistive force opposing the motion.
Skerch graphs, using one set of axes for
(i) and another set for (i), showing how
each form of energy you consider varies
with time, and point out the important
features of the graphs.

(€} A motor car of mass 600 kg moves with

constant speed up an inclined straight

road which rises 1.0m for every 40m

rravelled along the road. When the brakes

are applied with the power cur off, there is

a constant resistve force and the car

SECTICN A& MECHANICY

comes to rest from a speed of 72kmh ™!
in a dismance of 60m, By wsing the
principle of conservation of energy, cal-
culate the resistive force and the decelera-
tion of the car. in

ABB A wvehicle has a mass of 600kg. Its engine

ATO

exerts a rracive force of 1500 N, but motion 5

resisted by a constant foctional force of 300N,

Calculate:

(a) the acceleraton of the vebhicle,

(b)) s momenmm 105 after staring to move,

{c) its kinetic energy 13s after starting to
MOVE, [=]

A typical escalator in the London Under-

ground rises at an angle of 30° o the

homzontal. It lifts people through a vertical
height of 153 min 1.0 minute, Assuming all the
passengers stand snll whilst on the cscalator,

73 people can step on at the bottom and off at

the top in each minute. Take the average mass

of a passcnger 1o be 73 kg

(a) Find the power needed to lift the passen-
gers when the escalator is fully laden, For
this calculation assume that any kinetic
energy piven o the passengers by the
escalator is negligible,

(b} The foctional force in the escalator
swatem s 1.4 = 10% W when the escalator
15 fully laden. Calculate the power needed
to overcome the friction. Hence find the
power input for the motor driving the fully
laden escalator, given that the motor 1s
only TO% efficient.

(¢} When the passengers walk up the moving
escalator, 1s more or less power required
by the motor to maintain the escalator at
the same speed? Explain vour answer.

[ & C, "30]

A muscle exerciser consists of two steel ropes
attached to the ends of a swrong spring
contained in a telescopic wbe. When the
ropes are pulled sideways in opposite direc-
tions, as shown in the simplified diagram (on
p. 123), the spring is compressed.

The spring has an uncompressed length of
0.80m. The force F (in N) required to

compres: the spring o a length » (in m) is
calculated from the equation

F = 500 [0.B0 - x|
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‘The ropes are pulled with equal and opposite
forces, P, so that the spring 1s compressed to a
length of (.60 m and the ropes make an angle
of 30" with the length of the spring.

{a) Calculate
(i) the force, F,
(id) the work done in compressing the

spring.

(b} By considering the forces at A or B,
caleulate the tension in each rope.

(e} By considering the forces at C or 1D,
caleulane the force, P [J,"9L]

AT1 ‘The blades of a large wind turbine, designed o

generate electnoty, sweep out an area of
1400 m® and rotate about a horizontal axis
which points directly into a wind of speed
15ms™ !, as illustrated in the diagram.

—
TEM S e—
—

(a) Calculate the mass of air passing per
second through the area swept out by
the blades.

{Take the density of air tobe 1.2 kgm )

(k) The mean speed of the air on the far side
of the blades is reduced to 13ms ™', How

AT2
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much kinetic energy 1s lost by the air per
second?

{c} How many murbines, operating with 70%s
cfhciency, would be needed to equal the
power owiput of a single conwventional
1000 MW power station’?

(d) Suggest ree advantages, and o dis-
advantages, of wind turbimes as a source
of energy. [O, "53]

The thrust Fexerted on g rocket by the jer of
expelled gases depends on the cross-sectional
area, A, of the jet, the density, g, of the mixture
af gases and the velocity, &, at which they are
gjecied. The following relationships have been
suggested between these guantties, in each of
which & is a dimensionless constant:

{a) F = khdpv

b) F = kAps®

(e) F = kA%pe?.

LUze the method of dimensions to show for
each whether it is possible. [5]

CIRCULAR MOTION AND
ROTATION (Chapter 6)

AT3

AT4

ATS

Whiat force is necessary to keep amass of 0.8 kg
reviolving in a horizontal cirele of radius 0.7 m
with a perod of 0.5 52 Whan is the direction of
this force?

{Assume that =© = 10.) [L]

Use Mewton’s laws of motion to explain why a
body moving with unmiform speed 1 a circle
must experience a force towards the centre of
the circle.

An aircraft of mass 1.0 = 107 kg is travelling at

a constant speed of 0,2 kms~' in a hortzontal

circle of radius 1.5 km.

(a) What is the angular velocity of the air-
crafty

(b) Show on a skerch the forces acting on the
arrcraftin the vertical plane containing the
aarcraft and the cemtre of the circle. Find
the magnitude and direction of their
resulant,

{c) Explain why a force 15 cxerted on a
passenger by the aircraft. In what direc-
rion does this force acr? 5]

A spaceman in training 15 rotated in a sear at
the end of a horizontal rotating arm of length
& m. IThe can withstand sccelerations up 1o Og,
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ATE

AT?

ATB

AT3

what 15 the maximum number of revolutions

per second permissible? [L]

A simple pendulum, suspended from a fixed
point, consists of a light cord of length 500 mm
and a bob of weight 2.0 N, The bob s made to
move in a horizontal ciccular path. If the
maximum tension which the cord can with-
gand 18 5.0N show whether or not i o
possible for the radius of the path of the bob
to Be 300 mm. IL]

Explain why there must be a force acting on a
particle which is moving with uniform speed in
a circular path. Write down an expression for
Its marnitude,

A conical pendulum  consists of a small
massive bob hung from a light string of length
1 m and rotating in a horizontal circle of radins
I0em, With the help of a diagram indicare
what forces are acting on the bob, How do they
account for the motion of the bob? Deduce the
speed of rotation in revolutions per minute.

[]]

A particle of mass s travels at constant speed,
oy in @ vacuum along a path consisting of two
straight lines connected by a semicircle, AB, of
diameter d as shown in the diagram.

m

For the section of the path from A to B, find:

{a) the ame mken,

(b} the change m the momentum of the
particle,

(e} the force acting on the particle ar any point
along the semicircular path AB,

(d) theworkdone onthe particle by this force,

in

The dingram shows a section of a currain rack
in a vertical plane, The curved section, CDE,
forms a circular arc of radius of curvature

SECTION A: MECHANICS

0.75m and the point D is 0.25 m higher than

B. A ball-beanng of mass 0,060 kg is released

from A, which 15 0.530m higher than B.

Assume that rotadonal and frictonal effects

can be ignored and that the ball-bearing

remains in contact with the track throughout

the motion.

(a) Calculate the speed of the ball-bearing
(i) av B, (ii) ac D,

(b) Draw a diagram showing the forces acting
on the ball-bearing when it is at I) and
calculate the reaction berween the mack

and the ball-bearing at this point. n

ABO A compressed spring is used o propel a ball-

beanng along s track which contains a circular
loop of padius 0. 10m in a vertical plane, The
gspring obeys Hoolke's law and requires a force
of 0208 o compress it 1.0 mim.

0,10 m
.

o —ermwY,

{a} The spring 15 compressed by 30 mm.

Calculare the energy stored in the spring.

A ball-bearing of mass 0.025 kg s placed

against the end of the spring which is then

released. Calculate

(i) the speed with which the ball-
bearing leaves the spring,

{(ii) the speed of the ball at the top of the
loop,

(iii) the force exerted on the ball by the
track at the top of the loop.

Assume thar the effects of friction can be

ignored. [ 1, "89]

(b)

A special prototype model aeroplane of mass
400 g has a control wire 8 m long attached to s
body, The other end of the control lime s
artached to a fived point. When the acroplance
flies with its wings horizontal in a homzontal
circle, making one revoluton every 4s, the
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control wire 15 elevated 30° above the hor-
izontal. Diraw a diagram showing the forces
exerted on the plane and determine:

{a) the tension in the control wire,

(b} the lift on the plane,

{Assume that ©° = 10.) |AER, "T9)

A small mass of 5 gis antached to one end of a
light inextensible string of length 20cm and
the other end of the string is fixed. The sering is
held taut and honzontal and the mass s
relensed. When the string reaches the vertical
position, what are the magnitudes of:

() the kinetic energy of the mass,

(b) the velocity of the mass,

(¢} the acceleraton of the mass,

(d} the wension in the string?

MNeglect air fricton.) n

A boy ties a string around a stone and then
whirls the stone so that it moves in a horizonial
circle at constant speed.

(a) Drraw adisgram showing the foroes acting
on the stone, assuming that air resistance
is negligible. Use your diagram to explain
(1)  why the string cannot be horimontal,
(i} the direction of the resultant force

on the stone and
(i) the effect that the resultant force has
ofi the path of the stone,

(b} The mass of the stone 15 0.15 kg and the
length of the string between the stone and
the boy's hand 15 0.50m. The period of
rotation of the stone is 0,405, Calculate
the tension in the string.

{e) "T'he bov now whirls the stone in a vertical
circle, but the string breaks when it is
honzontal. Ar this mstant, the stone is
1.0m above the ground and rising at a
speed of 13ms™'. Describe the subse-
guent moton of the stone until it hits the
ground and caloulate iz maximum
height. [0 & C, "91]

Dierive an expression for the magnitude of the

acceleration of a paruicle moving with speed v
in a circle of radius r.

-
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A particle of mass m moves in a circle In &

vertical plane, being attached to a fixed point A

by a string of length v, The moton of the mass

15 such that the siring 15 just fully extended at

the highest point. Determine:

(a) the minimum speed ¢ at the highest point
for this to happen,

(b} thespeed Vol the particle, and the tension
in the string when the particle is at igs
lowest point.

What is the component of the acceleration of

the particle along the mngent o the circle a

the instant when the string makes an angle @

with the vertical?

If the particle was initgally suspended a rest
vertically below A, and was set in motion as
described above by an impact with a particle of
mass 2w, determine the velocity a0 of this
particle on the assumption that no energy is
lost in the collision, [5]

(a) In problems involving linear motion the

following equations are often used:

(i) Foroe = mass * acoeleranon,

(i) Kinetic = 1 » mass » (velocity)®,
energy

(iii} Work = force = distance

Llsing word s, write down the correspond-

ing eguations for rotational motion,

(b} A couple of torgue 3N 15 applied to a
flywheel initally at rest. Calculate its
kinetic energy after it has completed 3
revelurions. Ignore fricnon. W7, "9Z]

A gramophone record A is dropped on 1o a
tumtable B which is rotating frecly at 10
revolurions per second. The mass of A is
0.25kg and the mass of B is 0.50kg. The
radius of A is 0.05m and the radius of B is
0,10 m. What is the final speed of rotation (in
revs ') of the record and turntable wogether?
The moment of nertia of a disc 5 pven by
I=41MR) [W', 90

A swivel chair consists of a seat mounted on a
screw-threaded colump in such a way that
when the seat is given a clockwise rotaton it
rises verricallv. The sear, of moment of inertia
mbout its rotation axis fand mass M, is given an
mmitial clockwise rotation of angular velocicy .
How far does the sear nse, assuming no
friction?
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Wihat change of angular momentum has
occurred during the nse?

Explain the apparent violation of the law of
conservation of angular momentum. [W]

{a) For a ngid body rotating about a fixed
axis, explain with the aid of a suitable
diagram what 1s meant by angmdar velecity,
krmerie erergy and moment of mertia.

In the design of a passenger bus, it s

proposed to derive the motive power from

the energy stored in a flywheel. The
flywheel, '-vlm:h ]1:1.5 a moment of ingrtia

of 4.0 x 10°kgm®, is accelerated w0 n;a-

maximum rate of rotation of 3.0 = 10°

revolutions per minure by electric motors
at stations along the bus route.

(i) Calculate the maximum knetic
energy which can be stored in the
flywheel.

(i) If, at an awverage speed of 36 klo-
metres per hour, the power required
by the bus is 20 kW, what will be the
maximum possible distance between
stations on the level? n

(b)

Acylindrical rocket of diameter 2.0 m develops
a spinning moton in space of period 2.0
about the axis of the cylinder. To eliminate this
spin two jet motors which are attached to the
rocket at opposite ends of a diameter are fired
until the spinming motion ceascs. Each motor
turns the rocket in the same direction and
provides a consgant thrust of 4.0 = 10'N in a
direction tangential to the surface of the rocket
and in a plane perpendicular to itz axis, IF the
moment of inertia of the rocket abour irs
cylindrical axis 15 6.0 % 10° kgm?®, calculate
the number of revolutons made by the rocket
during the finng and the ome for which the
mobors are fred. [n

{a) (i) Explainwhatismeant by the moment
of inertia of a body.
(i) Why is there no unigque value for the
moment of inertia of a given body?
(i) A rigid body rotaves about an axis
with an angular velocity w. If the
relevant moment of nertia of the
body is [, show that its rotational
kinetic energy is § fo®.
A motor car 1% designed o run off
the rotational kKinetic energy stored
in a flywheel in the car. The flywheel

(b) (i)

A9 (a)

(b)

(c)

SECTION A; MECHAMITS

is to be amccelerated up to some
maximum totational speed by elec-
tric motors placed at variows stations
along the route, If the flywheel has a
moment of inertia of 300 kg m® and
i5 accelerated to 4200 revolutions
per minute at a station, calculate the
kinetic energy stored in the Iywheel.
Assuming thataran average speed of
54 km h~' the power required by the
car is 15 kW, what is the maximum
possible distance between stations
on the car's route?
What assumption did you make in
the last calculation? Comment on
the feasibility of the design.

(W7, *o0)

(ii)

A rigid body is rotaung with angular
velocity m abour a fixed axis O, Consider-
ing a small particle of the body of mass m,
at distance r from the axis, state the hnear
velocity of the particle at any instant, the
linear momentom of the particle st that
instant, the angular momenmm of the
particle, and the kinetic energy of the

particle.

Write down expressions for (i) the angu-
lar momentum about the axis O3, (if) the
kinetic energy, of the whole body, re-
garded as an assemblage of individual
particles, and hence explain the meaning
and the importance of the idea of moment
of inertia,

Describe how you would determine
expernimentally the moment of inertia of
a flywheel about its usual axis of rotation.
An outling of the method only is required,
and no formulas need be proved,

L]
012 kg m*

b20kg 0.5 kn
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Mazzes 0.20kg and 0.25kg are sus-
pended as in the figure on p. 128 from a
light cord which passes over a wheel of
radivs 0.15m and moment of inerta
0.12kgm®. Inidally, the two masses are
held at the same horizontal level. Explain
what happens when they are released
from rest if the cord does not slip on the
wheel. Assuming that the wheel rotates
freely about its axis, calculate the angular
velocity of the wheel and the speed of each
mass when the vertical distance berween
the masses is 0.3 m. (O]

A92 The mrntable of a record player rotates at a

steady angular speed of 3.5 rad s~ A record s

dropped from rest om 0 the mrnmable.

Initially, the record slips but eventually it

moves with the same angular speed as the

turntable.

(a) The angle the mrmtable merns threough
while the record is slipping on its surface is
0.25 rad. Find the average angular accel-
eration of the record while it 15 attaining
the steady speed of the umiable.

(b} The moment of inertia of the record about
its axis of rotation is 1.1 = 10~  kgm®,
What additional torgque must be applied
by the murntable motor to maintain the
constant angular speed of the turntable
while the record is accelerating? [C]

(a) Explain what is meant by sosrens of merira
and amguwlar momentum, State the relation-
ship berween them.

(b} Explain the following observations:

(1) Flywheels are often large diameter
wheels with heavy rims rather than
disc wype wheels of constant thicks-
ness,

(ii) A pirouetting skater rotates faster as
she draws her arms closer 1o her
body.

{c} In a single cylinder petrol engine, energy
from the combustion process is supplied
to the crankshaft (the axle of the engine)
once every two rotations of the crankshaft,
namely during each power stroke , and a
fiywheel 15 attached to the crankshaft to
smooth the motion,

In such an engine each power stroke
produces mechanical energy E = 1K],
and its flywheel has moment of inertia
I = 0.5kgm".
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(i) [If the engine starts from rest, deter-
mine the angular velocity after 20
revolutions. MNeglect the effect of
frictiomn.

(ii) Show, thar in the case of zero
friction, the crankshaft angular ac-
celeration x 1s given by

E
dnl

(iii} In the practcal case where thers
is friction, calculate the frictional
torgque when the engine 1s operating

at irs highest speed. [W, "a2]

SIMPLE HARMONIC MOTIOMN
(Chapter 7)

A4 (a) Define simple harmonic motion (SHM)

for @ particle moving in a straight line.
(b} Use vour defimition o explain how SHM
can be represented by the equanion

d¥x
di?
(c) A mechamical system is known o perform

SHM. What gquantity must be measured
in order to determine o for the systermn?

(1

2
= —iwx

A5 A body of mass 200g is executing simple

harmonic moton with an amplitude of
20 mm. The maximum force which acts upon
it is 0.064 M. Calculate:

(a) its maximum velocrty,

(b} its period of oscillation. (L]

A96 (a) State the conditions for an oscillatory

motion to be considered simple harmonic,
(b} A body of mass 0.30 kg executes simple

harmonic moton with a period of 2.55

and an amplitude of 4.0 = 1072 m. De-

Lermine:

(1) the maximum veloginy of the body,

(ii} the maximum acceleraton of the

body,
(iiiy the energy associated with the
MOLHon. [5]

AT A particle moves with simple harmonic motion

in @ straight line with amplitude 0.05m and
period 125, Find:

(a) the maximum speed,

(b) themaxmum acceleration, of the partcle.



Write down the values of the constants P and
) in the equation

xfm = Psin [Qt/s)]
which descnibes its motion. [C]

A sinusordal voltage is applied to the Y plares
of a cathode ray oscilloscope which has a
calibrated timie base, A statonary twace, with
an amplitude of 4.0cm and a wavelength of
1.5 cm, is obrained when the time base is set at
1.0emms ' The time base is then switched
off and the trace becomes a vertical hne.
Calculape the maximum speed of the sport of
light on the end of the tube when producing
the verteal lime, [L]

A99 A small piece of cork in a ripple tank oscillates

up and down as ripples pass it. If the ripples
travel ar 0.20ms ', have a wawelength of
15mm and an amplitude of 5.0 mm, whar is
the maximum velocity of the cork? [L]

A100 A bodv moving with simple harmonic

motion hag velocity ¢ and acceleration a
when the displacement from its mean posi-
tion 15 x. Sketch praphs of 2 agamst x, and o

agFminst . L]

A1 The displacement v of a partcle vibratng

with simple harmonic motion of angular
speed wis given by

# = asinor  where ris the nme
What does @ represent?

Sketch a graph of the velociry of the parocle as
o function of ome starting from ¢ = 0=,

A particle of mass 0.25 kg vibrates with a
period of 2.0s, If its greatest displacement is
0.4 m what 15 1ts maximum kinetic energy?

L]

A102 The displacement—time equation for a

particle mowving with simple harmonic mo-
Hon s
x = asin (o + £)

(@) Explain what each of the svmbols
represents,  illustrating your answer
with a rough graph showing how x
waries with r.

(b} Wirite down the velociry—time equation,
and draw a corresponding graph show-
iz how the velocity © varies with 1.

SECTION A MECHAMCE

(e} If meis the mass of the particle, the kinetc
energy at displacement x is Ji-mcuz
{a® — x%). Write down the expressions
for the porential energy at displacement
x, and the total energy.

(d) Thetotal energy of an atom oscillating in
a erystal latice ar wemperature T i85, on
average, 3k T, where & 15 the Boltamann
constant 1.38 = 10 P JK . Assuming
that copper atoms, each of mass
1.06 » 107 kg, execute simple har-
maonic motion of amplitude 8 » 107 m
at J00 K, calculsge the corresponding

frequency. [Ch]

A103 The bob of a simple pendulum moves simple

harmonically with amphitude 8.0cm and
period 2.00s It mass s 0.50kg. The
motion of the bob is undamped.

Calculate maximum values for
{a) the speed of the bob, and
(b} the kinetic energy of the bob. [L]

A104 The following statements refer to a body in

simple harmonic motion along a strajght line.

Write each reference leter (A, B, etc.) on a

new line and state whether the corresponding

statement 15 correct or incorrect. If you
consider a statement to be incorrect, make

4 short comment pointing out the error.

A. The digplacement of the body must be
small.

B. The kinetic energy of the body is
constant.

C. The period 15 constant,

D. The amphiude varies simusoidally with
time,

E. At certain instants, the acceleration s
ZErn,

F. The acceleration of the body can be
greater than the acceleration due to
Eraviry.

Show that the motion of a simple pendulum

is simple harmonic, and obain an expression

for the period, stating any assumptions
made.

How would you obtain expenmentally the
relationship berween period and length?
Explain how vou would use your results to
obtain the value of the acceleraton due o
gravity.

(If the scceleration of a body 15 related to s
position x by a relatonship of the oype
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Al105

A106

A107

. you may assume that the subse-
quent motion is simple harmonic of period
2k

a=-

Explain why the tension in the string of a
simple pendulum is not constant as it swings.
At what points does the tension have its
maximum and minimum values? Consider
whether these values ate greater or less than
that when the pendulum hangs stationary,

W]
A light spring 15 suspended from a ngid

support and its free end cames a mass of

0.40 kg which produces an extension of

0060 m in the spring. The mass is then

pulled down a further 0.060m and released

causing the mass to oscillate with simple
harmonic motion.

(a) Potential energy is stored in two ways in
this arrangement: explain briefly whart
they are.

(b)) Calculare the kinetic energy of the mass
as it passes through the mid=point of its
moton. [L]

The displacement x, in m, from the
egquilibrium posinon of a particle mov-
ing with simple harmmonic mobon 1%
given by

x (.05 =in &

whiere 1 is the time, in §, measured from

an instant when x = 0.

(i) State the amplitude of the osclla-
tons.

(ii) Calculate the ome period of the
oscillations and the maximum accel-
eration of the particle.

A mass hanging from a spring sus-

pended vertically 15 displaced a small

amount and released. By comsidering
the forces on the mass at the instamt
when the mass is released, show that the
moton is simple harmonic and denve an
expression for the ome period. Assume
that the spring obeys Hookes law.,

[, "89]

A small mass suspended from a light helical
spring 15 drawn down 15mm from its
equilibrium position and released from rest.
After 3 seconds the mass reaches this
position once more, Find values for the
constants 4, @ and & in the eguation
x = asin (o 4+ ¢y  which describes  the

(a)

(b)

Al08

A109

moton of the mass. Here x measures the
distance from the equilibnum position and »
the elapsed time since release. [+

(a) Define simple harmemic motion,

(b} A light helical spring, for which the force

necessary o produce unit extension 1s &,

hangs verucally from a fixed support and
carries a mass M oart s lower end.

Assuming that Hooke's law is obeyed

and thae there is no damping, show that

if the mass 15 displaced in & verucal
direction from its equilibriam position

and released, the subsequent motion s

simple harmonic, Derive an expression

for the tme period in terms of M and &,

IfM=030ke, b= 30Nm ' and the

inital displacement of the mass 15

0,015 i, calculate:

{i} the maximum kinenc energy of the
[MASE,

(ii) the maximum and minimum values
of the tension in the spring during
the motion.

skeich graphs showing how (i) the

kinetc energy of the mass, (ii) the

tension in the spring vary with displace-
ment from the equilibrivm positon.

If the same spring with the same mass

attached were taken o the Moon, what

would be the effect, if any, on the tme
period of the oscillations? Explaim yvour

i{c)

(d)

(e)

answer. ]
(a) Define somple harmonic motion.
(b) The displacement of a2 body undergoing

SHM i given by v = A gim o,

(i) Expluin what 4 and @ represent.

(i) Deawa geaph showing how v varies
with £

(i} Underneath this, and using the
same scales for ¢, sketch graphs
showing how the velocity v and the
acceleranon @ vary with 1,

A mass m hangs on a string of length §

from a rigid support. The mass is pulled

aside, so that the string makes an angle

with the vertical, and then released.

(i) Show that the mass executes
SHM, stating any assumptions

(<)

made.
(ii) Prove that the period T of this
SHMisgivenby T = 2x 'l"l. i
£
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(d)

A110 (a)

(b)

(c)

A1 (a)

(b)

{1id) A student dmes a simple pendu-
lum roe derermine T Does it martter
howmany oscillations are counted?
Dwoes it matter from where the
counts arc taken — the end or the
middle of the swing? Give reasons.

A piston inma car enging performs SHM.

‘The piston has a mass of 0,50 kg and its

amplitude of vibration 15 45 mm. The

reviolution counter i the car peads 7340

revolutions per minute, Calculae the

maxirnum force on the piston. [W, "00]

A body of mass w13 suspended from a
vertical, light, helical spring of force
constant &, as in Fig. 1. Wnte down an
expression for the period T of vertical
oscillations of m.

Twoe such identical springs are now
joined as in Fig. 2 and support the same
mass . In terms of T, what is the period
of vertical oscillations in this case?

The identical springs are now placed
gide by side as in Fig. 3, and = 08
supported symmetrically from them by
means of a weightless bae, In erms of T,
what 15 the peniod of verfical oscillations
in this case?

Fig. 3

Define simple harmonic moton, Lse
vour definition to explain whart relation-
ship must exist at any instant between
the force acting on & body performing
such a moton in a straight ling and its
distance from a fixed point. At what
point(s) in the motion is () the velocity,
(ii) the acceleration, a maxirmuame?

Oime end of a spring is attached 1o a fixed
point and the other end carries a body of

small mass m which produces a statie

(c)

SECTION A: MECHANMCS

extension 4. Show that, if the body 1=
displaced vertcally through a further
small distance, 1t will oscillate with
simple harmonic moton. (The mass of

the spring may be neglected.)
Ciiven rthat the time petiod, 7, of the

body performing simple  harmonic
moton 1s given by the expression

Mass of the body -

T =2 1\: Force on the body per

unit displacement

derive an expression for the period of
cscillation of the body on the spring.

Suggest bow yvou would investigare
experimentally whether the bob of a
simple pendulum, when oscllating
through a small angle, was executing
simple harmonic motion. (L]

AT112 A 100 g mass is suspended vertcally from a

light helical spring and the extension in
equilibrium is found w be 10 cm. The mass
is now pulled down a further 0.5cm and 15
then releazed from rest. SALNE any assump-
tions you make, show that the subsequent
motion of the mass 15 simple harmonic
maotion. Calculate:

(a) the period of oscillation,

(b) the maximum kinetc energy of the

mass. (1]

A113 A light platform is supported by two identical
springs,

each  having spring Constant

20N m ', as shown in the diagram.

Platfarm

Spring

I

(@) Calculate the weight which must be

placed on the centre of the platform in

order to produce a displacement of
3.0em.
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Al14

Al115

Al116

(b} The weight remains on the platform and
the platform 15 depressed a further
I.0cm and then released. (i) What is
the frequency of oscillation of the plat-
form? (ii) What is the maximum accel-
eration of the platform? [C, "91]

Define simple harmonic motion.

An extension of 2.5 cm is produced when a
mass is hung from the lower end of a light
helical spring which is hxed &t the top end
and to which Hooke’s law may be assumed to
apply. If the mass is depressed shghtly and
then released, show that the wertical vibra-
fions executed are simple harmonic and
calculare their time period.

Ifthe mass of the spring is taken into account,
the oscillating mase M may be considered
inereased to (M -+ m), Give reasons why o is
less than the actual mass of the spring and
describe an expermient it which a series of
known masses i5 used to determine the value
of m. 7

Define somple harmomsic motion and  state
where the magnitude of the acceleraton 15
(a) greatest, (b) least.

Some s=and ig sprinkled on 8 homzonotal
membrane which can be made 1o vibrate
vertically with simple harmonic motion,
When the amplitude & 0,10 c¢m, the sand
just fails o make continuous contacy with the
membrane, Explain why this phenomenon
occurs and calculate the frequency of vibra-

ton., [ n

Diefine senple harmmonic moton, and explain
what is meant by the amplitude and period of

such a motion,

Show that the vertical oscillations of 2 mass
suspended by a light helical spring are simple
harmonic. and obrain an expression for the
peeriosd.

A small mass rests on a scale-pan supported
by a spring; the period of vertical oscillations
of the scalespan and mass 15 0.5s It is
observed that when the amplitude of the
ogcillation exceeds a certain value, the mass
leaves the scale-pan. At whar point in the
motion does the mass leave the scale-pan,
arnd what 15 the minimurn amplitide of the
motion for this to happen? 5]
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AT (a) The displacemenmit v of a body moving

with SHM is given hy
4 = Asinmi,

(i) Sketch the variation of v with 1.

{11y With reference o your sketch
explain what 15 meant by A and .

(iif) Skech om the same axes the
variation of velocity v with tme.

{i¥) Copy and complete the expression
for the velociny:

© = Aosin (o ]

{(b) A light spring of force constant & 1s
attached to a solid support and a maszs
t5 fixed to its lower end as shown below.

L

Prove thar when displaced verrically and
released, the mass moves with SHM of
pernod

7= 2m, "

— " .Ir.' ?

() The following system may be wsed
commercially to measare mass (or
weight).

GIPIIPIIPIIP,

Cpring

Sonsor o
Fid&Saing

dsphaiamant

Mass

(i) If, at the sensor, the maximum
measurable deflection 15 10mm
and k= 10" Nm |, calculate the
maximum measurable mass, M.



A119 (a) (1)

(i1} Calculare the frequency of oscilla-
tion when M., 15 applied.

(lif) Suggesr an improvement o the
syvstem 10 enable many measure-
ments of mass to be made in rapid
HUCTERSI0N. [W, "9Z]

AT18 A mass hangs from a light spring. The mass is

pulled down 30mm from s eguilibrium
position and then released from rest, The
frequency of oscillation s 0.50 He.
{a) Calculate:
(i) the sngular frequency, o, of the
oscillation
(i} the magnitude of the acceleration at
the instant it is released from rest.
(b} Sketch a graph of the acceleratton of

the mass against time during the first
4.0 of its metnon. Put a scale on each
axis.

{c) Afver a few oscillations half of the mass
becomes detached when it 15 ar the
lowest point of its motion, The act of
detachment stll leaves the remaining
halfl instantaneously ar rest.

Is the penod of the subsequent oscilla-
tion the same, shorer or longer than the
original peried? Account for your
ANSWET. [O & C, "91]

Diefine simeple harmonic motion.
(i} Show that the equation

N o= as5in (o -+ )

represents such a modon and
explain the meaning of the sym-
baols 3, a3, e and £

(iii} Diraw with respect to 8 common
ume axis graphs showing the
variggon with ome ¢ of the
displacement, velocity and kinetic
energy of a heavy particle thar is
describing such a8 motion.

(b) When a metal cvlinder of mass 0.2 kg is
attached vo the lower end of a light
helical spring the upper end of which 1s
fined, the sprng extends by 0. 16m. The
metal cylinder 15 then pulled down a
further (.08 m.

(i) Find the force that must be exerted
o Eeep it there, if Hooke's law is
mheyved.

SECTHHN A MECHANITS

(i1} The cylinder is then released. Find
the period of vertical oacillatons,
and the kinetic energy the cyvlinder
possesses when it passes throwugh ics
mean positon, [ C¥]

GRAVITATION (Chapter 8)

A120 Explorer 38, a radic-astronomy research

A1

satellite of mass 200 kg, circles the Earth in
an orhit of average radius 3 B2 where R is the
radius of the Earth., Assuming the gravita-
tional pull on a mass of 1 kg at the Earth’s
surface to be 10N, calculate the pull on the
satelline. [L]

A savellive of mass 66 kg 15 in orbit round
the Earth ar a dismnce of 5.7R above is
surface, where R s the value of the mean
radiug of the Earth. If the gravitational feld
greengrh at the Exrth's surface is 9. 8 N kg !,
caleulave the cenrripetal force acting on the
satellite.

Assuming the Earth's mean radius o be
6400 km, calculate the period of the satellite
in orbit in howrs, [L]

A1Z2 (a) Define accelerarion. An object i thrown

vertically upwards feom the surface of
the Earth. Air resistance can be
neglected, sketch labelled graphs on
the same axes to show how () the
velocity, (L) the acceleration of the
object wvary with tme. Mark on the
graphs the ome at which the object
rexches maximum height and the ome
at which 1 returns to its  onginal
position,

(b} Modern gravity meters can measure g,
the acceleration of free fall, w a high
degree of accuracy. The principle on
which they work is of measuring £, the
time of fall of an object through a known
distance & in a vacuum. Assuming that
the object starts from rest, deduce the
relation berween g, § and f.

(c) State Newton's law of gravtation relat-
ing the force F benmwesn two point
objects of masses e oand M, their
separanon r and the gravitanonal con-
stamt (7.
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A124

A1ZS

Standard
1 kg mass

FLE T

Aof fo scaie

(d) The diagram shows a standard kilogram
mass at the surface of the Earth and a
spherical region S5 of radius 2000 m with
its centre 4000 m from the surface of the
Earth. The density of the rock in this
region is 2800 kgm . What force does
the matter in region 5 exert on the
standard mass?

If region 5 consisted of ol of density
000 kgm~? instead of rock, whar differ-
ence would there be in the force on the
srandard mass?

Sugpest how gravity meters may be used
in oil prospecting. Find the uncertainty
within which the scceleration of free fall
neads to be measured if the meters are to
detect the (rather large) quantity of ol
stated in {e].

(G =667 = 100" Nm kg 2) [C,™1]

(e}

(f)

A communication satellive is placed in an

orbit such that it remains directly above a

fixed point on the Earth's surface at all times,

(a) What is the period of this satellite?

(b)) Explain why the sarellive mvust e in ocbit
above the equator.

{c) Show thai the correct height for the orbit
does not depend upon the mass of the
satellite. 5]

The gravitational force acting on an astro-

naut travelling in a space vehicle in low Earth

orbit is only slightly less than if he were

standing on Earth.

(a) Explain why the force is only slightly
less,

(b} Explain why, when wavelling in the
space vehicle, the astronaut appears to
be ‘weightless’ [L]

(a) State the Kepler law of planetary motion
which relates period to orbit radius.
Show that it 18 consistent with an

A126

A1Z7

Alz8

A129

135

inverse square law of force between
massive bodies.

When a space shuttle i3 in an orbit at a
mean height of 0.33 x 10" m above the
surface of the Earth, it requires 91
minutes o complete one orbir, Use this
information to obtain a value for the
mass of the Earth.

Describe a laborawory experiment 1o
measure the acceleration of free fall.
Explain carefully how the wvalue s
obrained from the measurements made
and comment wpon the accuracy vou
would expect.

Explain why an astronaut inside the
shuttle of part (k) feels weightless even
though the mensity of the Earmh®s
gravitational field at that height 1=
approximately 9N kg 1.

(b)

()

()

(Mean Earth radius = 6,37 = 10" m;
Urniversal Gravitational constant =
6.67 = 10 " Nm kg %) [S]

An artificial satellite rravels in a circular orbit
round the Earth, Explain why irs speed
would have to be greater for an orbit of
srmall radius than for one of large radius.

L]

A man iz able w jump vertically 1.5m on
Earth. What height might he be expected 1o
jump on @ planet of which the density 1s one
third that of the Earth but of which the radius
15 one half that of the Earth? (L]

Assuming the Earth to be a sphere of radius
6 = ]ﬂhmr cstimate the mass of the Earth,
given that the acceleration of fee fall s
10ms * and that the gravitational constant
GisT= 10 "Nm' kg . [CrO7]

The Moonsrowver used by astronawes on the
Moon breaks down. Explain whether or not
the force required (@) o lift it, (B) to staer it
mowving horizonually with a given acceleration
would be more or less than on Earth.
Frictional forces may be considered 1o be
negligble.

While engaged in lifing the wehicle an
astropaut lers drop simultaneowsly a spans=
ner and @ piece of paper. Describe and
cxplain the fall of these wo objects comes
pared with what would be observed on Earth.

[AEB, "79]
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The diagram shows a bimary star system
consisang of rwo smrs each of mass
4.0 = 10°°kg separated by 2.0 = 101 m.
The stars rotate about the centre of mass of

the sysrem.
\Dhnam:qn of motion

O

—

gt

Eljum'.nr:-ﬂ af motsan

A1

A132

(a) (i) Copv the diagram and, on vour

dizgram, label with a lemer L a

point where the gravitational fiald

strength 15 2ero. Explain why vou

hawe chosen this pont,

Determine the  gravitatnonal

potental at [

(G =67= 10 "Nm kg?)

Calculate the force on cach star

due to the other.

(ii) Calculate the linear speed of each
star in the system.

(iii}) Determine the period of rotatgon.

[AEB, "92]

(i)

(b) (i)

Kepler's third law of planetary motoen, as
simplified by taking the orbits to be circles
round the Sun, states that if r denotes the
radius of the orbit of a particular planet and T
denotes the period in which thar planet
describes its orbit, then /T has the same
value for all the planers.

The orbits of the Earth and of Jupiter are very
nearly ciccular with radii of 150 = 10" m and
778 » 10" m respectively, while Jupiter's
period round the Sun as 11.8 vears,

(a) Show that these ﬁgur:ﬁ are consisient

with Kepler's third law.

{b) Taking the value ofthe gravitational con-
stant, G, 1o be 6.67 x 100" Nm* kg2,
estimate the mass of the Sun. [O=]
(&) State Mewton’s law of gravitation and
derive the dimensions of the gravita-
tional constant Cr,

If a planet 15 assumed © move around
the sun in a circular orbit of radius rwith
petiodic time T, derive an expression for
T in terms of r and other relevant
quantibies. [N

(b)

Al133

Al34

A135

A136

SECTION A MECHANICS

Explain what is meant by the gravitational
censtant Of, and derive its dimensions in
terms of mass M, lengeh L and ome T

Assuming that the period of rotaton ¢ of a
planet inits orbit depends only on its distance
d from the Sun, the mass M, of the Sun and
the gravitational constant €7, show that ¢* is
proportional to d°/M,. Use the following
data on the Solar Svstermn 1o test, as far as
possible, the validity of this result.

Planat Distamce from Period/
Sun'km days
Mercury 0.53 = 108 B8
Earth 1.4% = 108 365
Mars 2,28 = 10° 687
Jupiter 7.78 = 108 4333
Uranus 287 = 108 A06%0

The distance of the Moon from the Earth is
3.8 = 107 km and i3 period of rotation is
27.3 davs. Deduce the ratio of the mass of the
Sun to that of the Earth. [& & T

Aszsuming that the Earth {mass #} describes a

circular orbit of radius £ at angular velocity o

round the Sun (radius r, mass M) due w

gravitatonal ateracton:

{a) write down the Earth's equation of
maotion,

{b) obtain the mean density of the Sun,
given w = 2.0 = 10" "rad 5713
e = 2,

G=67Tx 10"k "'m's?
volume of a sphere = 31’ [5]

Explain how the mass, M, of the Sun can be

calculated from a knowledge of the following:

R; distance from Earth to Sun,

r, distance from Earth to Moon,

T, orbital period of Earth,

t, orbital period of Moon,

m, the mass of the Earth. [L]

Explain what is meant by the universal

gravitational constant s, Derive the relation-

ship between (7 and the acceleration of free
fall, g, a the surface of the Earth (neglecting

rotation of the Earth and assuming that it 15

sphencal}.

Explain why the rotation of the Earth about

its axis affects the value of g at the equator.

Calculate the percentage chonge in g be-
tween the poles and the equator (agein
assuming that the Earth is spherical).
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A137

A138

A139

A140

The orbit of the Moon 15 approximately a
circle of radios 60 omes the equatonial radius
of the Earth. Calculate the time taken for the
Moon to complete one orbit, neglecting the
rotation of the Earth.

(Acceleration of free f@ll at the poles of the
Earth =98ms*. Equatorial radius of
the Earth = 6.4 = 10°m. 1 day = 8.6 = 10°
seconds.) (L]

Dieseribe the circumstances under which a
body can be said to be menghiless. ]

Show that Wkg' is a valid unit for g, the
acceleration due to gravicy.

Diraw a graph showing how g varies with
distance from the Earth’s centre. Start your
graph from the EBarth's surface and assume
thatg = 10ms -2 ar the surface. Take as your
unit along your distance axis the Earth’s
radius (6.4 = 10°m) and extend the axis o
gix radii.

Estimare from vour graph the loss in
potentral -:m:rg;‘ll.r as a body of mass 1 kg falls
from 2.56 x 10" mto 1.92 = 10" m from the
Earth’s centre.

Determine {not from your graph) the dis-
tance from the Earth o the Moon, and the
value of the Earth’s g at the Moon. (You may
gssume that 1 lunar month = 28 days,)

W]

Distinguizsh berween the gravitanonal con-
stant (r and the acceleration due to gravity g.

Assuming that the Earth s a uniform
homogeneous sphere of radius R and den-
sity /A obtain expressions for the acceleration
due to graviry:

{a) ata pole of the Earth,

(b) at a height k above the Earth at the pole,
(&) ata point on the equato. []]

(a) (i} Define gravitatonal field strength.

(ii) Show thar gravitational feld
strength is equal to g (the accelera-
ton due to gravity).

(b) Explain carefully the distinction between
weight and mass.

{e) How are weight and mass each
measured? (Ohme semberice om each

expecied.) [W, "90]
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A141 (a) (i) Explain what is meant by gravira-

romal  potential  and  pravirariona!
potential emergy.

(ii) Use vour explanations to show that
the difference in potental energy
between a pomnt on the Earth's
gurtace and one at a height & above
it is, to a close approximation, equal
to migh where e is the mass of the
body under consideration and g is
the gravitational field strength at the
Earth's surface.

(b) The base of a mountain i at sea level
where the gravitatonal Geld strength is
9.810N kg . The value of the gravita-
pional field strength at the top of the
mountain is 9.790 N kg '. Calculate the
height of the mountain above sea level.

(e} Outline a method of measuring the
gravirational ficld strength to the accu-
racy required in (b) above.

(Radius of the Earth = 6000 km. )

[O & C, "02]

Al142 (a) Define gravirarnomal fleld sremgrh and

gravitateorral poerential, stating the rela-
tonship berween them. Explain whart is
meant by the term wmiform fiedd and
discuss o whar extent the gravitational
field of the Earth can be considered to be
uniform by considering two points on
thi surface (§) separated by a distance of
about 10km, (i) at opposite ends of a
diameter. Assume that the Earth is a
homogeneous sphere.

(b) Write down an expression for the
gravitational potential at the surface of
the Earth in terms of its mass M, radius B
and the gravitational constant O, Sketch
a graph showing the vanatnon of poten-
tial with positon along a line passimg
through the centre of the Earth and point
out the important feutures of the graph.
{Only consider poins external w the
surface and in one directon only.)

{c) Derive an expression for the escape
velocity, =, at the surface of a planet in
terms of the radius, r, of the planet and
the acceleration of free fall, g, at the
surface of the planet, [ ]

A143 Whar are the gravimtonal potentialz at a

point on the Earth’s surface due to (a) the
Earth, (b) the Sun#
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Al44 (a) (i)

{Mass of Earth = 6.0 x 10" kg; radius of
Earth = 6.4 % 10°m; mass of Sun = 2.0 =
10 kg; radius of Earth’s orbit = 1.5x
10V m; G=6.7= 100" NmPkg?) [C]

Stae Mewton's law of gravitation.
Give the meaning of any symbol
YO Use.

Define gravitarional feld strengrh.
Uze wvour answers to (1) and (i§) to
show that the magnitude of the

gravitational field strength ar the
Earth's surface 15

M
Re
where M is the mass of the Earth, R
15 the radms of the Earth and & 15
the gravitational constant.
Define graviranonal porenrial.
Use the data below to show that its value
at the Earth’s surface iz approximately
—63MJ kg .
A communications satellite occupies an
orbit such that its period of revolution
about the earth is 24 hr. Explain the
significance of this period and show that
the radius, Ky, of the orbit is given by

\[GMT?
Ry = 1||"I 4

where T'is the period of revolution and ¢

and M have the same meanings ag in

(a) (iii).

Caleulate the least kinetic energy which

must be given to a mass of 2000 kg at the

Earth's surface for the mass to reach a

point a distance Hi from the centre of the

Earth. Ignore the effect of the Earth®s

roLaton,

(G =6.7x 10°" Nm? kg2,

M=60x10"kg, R=64x 10°m.)
L], "89]

(i)
(i)

(b}

(c)

(d)

A145 (a) Define gravitanonal potential at a point.

(b) As aspacecraft falls towards the Earth, it
loses grawvitational potential energy.
Whar becomes of the lost porental
energy
(i) when the spacecraft is falling freely
owards the Earth well away from
the Earth's atmosphere,

(i) when the spacecraft is falling
through the Earth's atmosphere at
constant speed?

A146
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(e} (1) Calculare the gravitaoonal porten-
tial difference berween a point on
the Earth"s surface and a point
1600} km above the Earth’s surface,
Calculate the minimum energy
required vo project a spacecraft of
mass 2.0 x 10°kg from the surface
of the Earth so that it escapes
completely from the influence of
the Earth's gravitational field.

(Radius of Earth=6400km; Universal
Gravitational constant = 6.7 = 1071 N
m* kg~?; mass of the Earth = 6.0 =
10% g} [AER, "87]

(ii)

What do vou understand by the term
gravitanional  field; define graovirational field
strengih.
Show that the radius B of a satellite's circular
orbit about a planet of mass M is related w
its period as follows:
At

TZ
4ns
where (F is the universal geavitational con-
stant.

R =

i
/
i

D2 o4 Q6 0B A0 12 14 1.8
Tia" s

The diagram shows two graphs of B AgAinst
T one is for the moons of Jupiter and the
other is for the moons of Saturn. R is the
mean distance of a moon from a planet™s
centre and T is its period.

The orbits are assumed w be circular,

The mass of Jupiter is 1.90 = 107 kg.

(a) Why are the lines straight?

(b} Find a value for the mass of Saturn,

(e} Find a value for the umversal gravita-
rional constant G, [L*]
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A147 Explain what is meant by the starement: The
pravitartonal potential ai ome Earth't radius
above the Earth s surface is —31.3 x 10T kg™",
(a) The table below gives the gravitational

potential I, ardistances from the centre
of the Earth in units of Earth radii. The
radius of the Earth R = 6.38 » 10" m.

VMl kg™!  -62.7 1.3 20 15.7
Distance/ R 1.0 2.0 1.0 4.0
(i) Use these data to determine the

gravitational potential ar distances

from the Earth’'s cenire of

10 x 10°m and 15 = 10* m. Indi-

cate how you dewermined the

values.

A spacecraft of mass 4.0 x 10V kg

has its motors switched off. It slows

down as it moves away from

10 = 10"m abowe the Earth's

centre to 15 = 10°m. Find the

loss of kinetic energy of the craft
and the average force acting on the
craft.

(i) A slow=moving meteorite is cap-=
tured by the Earth’s gravitational
field. Determine the speed with
which it will crash into the surface
on the sssumption that it s oot
slovwed by air resistance.

(id)

{(b) The Space Shuitle, with s engines

A48 (a)

shut down, 15 moving in the same
circular orbit above the Earth and at
the same speed as a satellite that it is
trving to capture. The two craft are
separated by a distance of a few
kilometres. The Shuttle can catch up
the sarellite by wsing i3 engines in
reverse for a few seconds to slow it
down. The Shurle falls into a lower
orbit and passes the satellite. Using
its engines to accelerate for a few
seconds it retumns to the original orbat
just in front of the satellite, Use vour
knowledge of gravitatonal forces and
uniform motion in a circular orbit 1o
explain the phvsics of this procedure.
[0 & C, "90]

Write down an expression for the gravi-
tational potential difference betwesn o
point I on the Earth’s surface and a
distant point O as shown below,

Gravitational patential difference®d kg™

135
Earth
mass A P E
" - r

Show that if 715 only shightly greater than
R, the gravitational potental difference
becomes gi{r — R} where g is the gravita-
tiomal field swenmgth on the Earth's
surface.

(b} The graph shows how the gravitational

5|

potential difference berween a point on
the Earth's surface and a distant point,
distance x from the Earth's surface,
changes near to the Moon's surface.
Thie Moon's surface is 384 000 km from
the Earth's surface.

g LA

]
=

3

£

5E
330 000

340 BOO00 360 70000
The graph shows the gravitational
potential difference first  increasing,
then schieving a maximum value and
finally decreasing 1o a smaller value on
the Moon"s surface.

(1) Use the graph to determine the
amount of potenual cnergy re-
leased as a mass of 200 kg falls vo
the surface of the Moon from a
height of 14000 km. At what speed
will it hit the surface?

What feature of the graph justifies
the assumption thar the poential
energy of a body measured with
respect o the Moon's surface is
proportional to its height above
that surface? Obtain from the
graph the height to which this

ALSUMPHON it true,

(ii)

ER0 00

x’km
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A149 (a) (i)

(iif) The net force acting on a body
moving from the Earth’s surface to
the surface of the Moon 5 the
resultant of two components, ome
due to the attraction of the hn:l:.r
towards the Earth and the other
due o its atracton owards the
Moon.

Explain how the net force changes
in going from the Earth’s surface to
the point 5, shown on the graph,
where the gravitatnonal potential
differemce is a maximum.

What is the value of the net force at
the point where the gravitational
potential difference is a masimum?
(ive a reason for your answer,

Explain why the gravitational
potental difference is a maximum
at this point. [L]

Explain why a force is required for

@ mass to travel ar a constant spesd

in a circular path. State the direc-

tion of this force and give an
equation for its magnitude, defin-
ing any terms used.

(i) Stare how this force is provided in
the case of a satellive orbitting the
Earth.

(iii) Show that the speed of g satellite in
ofbit close 1o the Earth is given by
[,ER]} where pis the scceleration of
free fall and R is the radius of the
Earth.

{iv) Calculare the speed of the satellite

and the period of the orbit

given that g=98ms*? and

R =64 x 10" km.

(b} The most useful communication satel-

lites are those In geostatonary orbits, A
satellite in geostationary orbit remains
above the same point on the Earth’s

SELTION A MECHANICS

Blarth
Pola ._-"J London [latdude 5170

Equatosial i

plsna

\—/ Not o scade

surface at all imes. This is only possible
whien the satellite 1s in an orbit o the
equatorial plane. Only ‘line of sight’
communication is possible in sarellice
communications. This means that com-
mumication can only occur provided
there is no obstruction beraeen the
rransminer, the satellite and the
[ECEIWET.
(i) The relavonship berween the
period T and radius R of an orbit
15
™ = kR

where & 18 a constant.

Saellite

Using wvour answer to {a) [(iv)
determing the radivs of the orbit
for a geostationary satellite.

{ii} Esomate the delay between the
transmission and reception of a
signal wsing the sapellite. Show
how you arrive at your answer.

(iii) Calculate the most northerly lan-
tude for which satellite communi-
cation is possible,

{(iv) Swuite with reasons how many
satellites are neaded to provide
commuinication  berween  all
places on the equator and indicate
on a diagram how this can be
achieved,

iv) Stare and explain the advantages
of commumnicating using geo-
stationary  satellites compared
with those whose position relative
to the Earth’s surface is continually
changing. [AEB, "89]
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SOLIDS AND LIQUIDS

9.1 INTRODUCTION

The kinetic theory accounts for all three states of mateer (solid, liquid and guas) by
assurning that matter 1s made up of molecules which are in confinual motion. This
moton existg at all emperatunes above absolute zero, and the kinetic energy
associated with it is often referred 1o as thermal energy. The molecules™® exert
forces of attraction on each other, and so they also possess potential energy. The
forces are due o the electrostane interactions of the electrons and nucled of the
molecules. The force berween a pair of molecules depends upon the spatial
distnibution of the electrons and the separation of the molecules. Ag very small
separations the net force must become repulsive, for if the attractive force were to
exdst right down to zero separation, all matter would collapse in oo itself. The force
must be negligible at large separations in order o account for the properties of
gases. The kineric emergy, on the other hand, depends only on temperature; in fact
temperature is the outward manifestation of kinetic energy. It is the relative
magnitude of the kineuc and potendal energies which determines whether a
substance 15 in the solid, the liquid or the gaseous siate.

9.2 INTERMOLECULAR FORCE AND POTENTIAL
ENERGY

Consider two isolaved molecules whose scparation is such that they are exertng
attractive forces on each other. If one of the molecales were vo be removed to
infinity, work would have to be done on it in order to overcome the attractive foree,
and therefore its potential energy would increase. Howewer, it is convenient to
regard the potential energy of each molecule as being zero when their separation is
infinite (because ar such a separation they have no influence on each other), and
therefore when two molecules are attracting each other their potential energy is

negative.

9.3 TO SHOW THAT F = —dE/dr

Consider two molecules exerting forces of attraction on each other (Fig. 9.1). Ifthe
force Fon A moves it a small distance dr (o that F can be considered constant) o
the right, then the work done 8§ on A 15 piven by

iW = Fir [9.1]

*We shall non disnnguish between aroms and molecules

[y
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Hﬂ. 8.1 & ]

Mutually attracting
molecules F F

If ¢k 15 the resulting change in the potential energy of A, then

alf = —4AW [9.2]

The minus sign s present because as A moves towards B, under the influence of
the attractive force, its potential energy decreases. By equanions [9.1] and [9.2],

GE = =Fdr
and therefore in the limit

F = ~dE/dr

9.4 THE INTERMOLECULAR POTENTIAL ENERGY AND
FORCE CURVES

The porential energy E of a pair of molecules (or atoms], due wo the electrostatic
force F berween them, varies as a function of their separation r as shown in Fig.
9.3, Since F dE/dr, aplot of F against ris, in fact, a plot of the negative of thie
gradient of the energy curve against r. Such a plot is shown in Fig, 9.3,

Fig. 8.2 Malecular patential
The potential energy of a anadgy (E1
pair of molacules B3 & *
function of thair
separation
r l fa
0 I *
i Maleculas
| separation [
¥ i Point of inflgxion
" —— || a1, Bl Nk e
Er=m =g bhom o= == 1hig aection of the

] curee is stoepest)

When r =y there is no net force between the molecules and their potential
energy ( Fig. 9.2) has its minimum value, Thus if two molecules have a separation
of rp they are at their equilibrium scparaton. Any increase or decrease in their
separation would require energy, since work would have to be done against the net
attractive or the net repulsive force respectively. The equilibrium is stable because
an increase in r leads o an atractive force which restores r w ry; similarly a
decrease in r produces a repulsive force which again restores ¢ 1o ¢, { The value of
ro depends on the particular solid but it is often ~ 3 = 107" m.)
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Fig. 9.3

The force betwesn & pair
of molecules as a
function of their
saparation

9.5 SOLIDS

SECTION B: STRUCTUNAL PROVERTIES OF MATTER

Imtarmalaciulae

Bice |Fp
= Iy
o =
Maolecular
| saparatian [rh
r o ry, nef I rs Ty ot Minimurm corresponds
lores 15 I Posce s to poing af inflexion
rapulsive attractive of Fig. 8.2

Solids have fixed shapes and fixed volumes. Consider a solid ar absolute zero;
the molecules would have no kinetic energy and therefore would be stadonary at
their equilibrium separation rp. At higher temperatures the molecules would
possess kinetic energy and could wse this to oppose the intermolecular forces,
Suppose a pair of molecules has an amount of kinetic energy &. By exchanging this
kinetic energy for potential energy, they would be able to increase their separation
such that their situation bocame that represented by the point X on the encrgy
curve (Fig. 9.2); or decrease it to Y, At X the molecules would feel an attractive
force which would restore them to their equilibrium separation r,. On reaching r,
they would once again have kinetic energy £ but would now be moving toward each
other; they would therefore decrease their separation vo the stare represented by'Y.
At Y their directions of motion would again reverse, Thus, the molecules of a
solid at temperatures above absoluie zero oscillate about their equili-
brium positions. Because their kinetic energy is low compared with their
potental energy (5 < 0. 15;), the molecules of solids can merely vibrate about fixed
positens, They are therefore locked into a geometnically ordered array, and as a
consequence a solid has both a fixed volome and a fixed shape.

At remperarures above absolute zero the mean separation is not necessarily ry. In
Fig. 9.2 XN is greater than Y, and therefore the mid-point of XY, the point on
which the oscillation is centred, corresponds to a separation which is greater than
ra. As the temperature increases from absolute zero, the mid-pownt moves from G
towards . Thus, the mean separation of the two molecules (and consequently of
all the pairs of molecules within the solid) increases with temperature, i.e. the curve
shown represents the normal situation, that of a solid which expands on heatng,

The linear expansivity @ of a solid is defined by

ail.
x = m [2.3]
where
#f. = the increase in length brought about by a small increase in

remperature o
L = the original length of the specimen.
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9.6 LIQUIDS

1d5

The value of & depends on the temperarise at which it is measured. However, for
temperature increases of less than about 100" C the vamation is slight and equation

[9.3] can be replaced by the more useful expression
Ly = Lo+ aLylt) — B) [9.4]

where

g = themeanlinear expansivity of the solid in the temperature range 00,
o iy (unit = "C'or K1)

Ly = the length of the specimen ar 0
Ly = thelength of the specimen at (7.

A liguid has a fixed volume but no fixed shape. The molecules of liguids, like
those of solds, vibrate. In bguids though, cach molecule has a particular set of
nearest neighbours for only a short time. This cccurs because the molecules of
liquids have greater average kinetic energies than those of solids, (Note thar the
molecules of hquids, like those of solids and gases, have a range of kinetic energies,
and the energy of any pardcular molecule is constantly changing due 1o
intermolecular collisions.) The increased kinetc cnergy results in larger
amplitudes of vibration, and therefore there is more Lkelhood of a molecule
being able to pass through the gaps between the molecules surrounding it. There
is, therefore, a continual molecular migration superimposed upon the vibrational
maotion, and this accounts for the abilicy of a liquid vo adopt the shape of its
container. The molecules, however, are close together and a change in volume
would require that the intermolecular forces were overcome = liquids, therefore,
have fixed volumes.

9.7 BROWNIAN MOTION

This was first observed in 1827 by Robert Brown, a Scottish botanist, while usinga
microscope to look at a suspension of pollen grains in water. He noticed that the
pollen grains were in a st of continual moton. The motion was both random
and jerky. Brownian motion can be observed when small particles of any kind are
suspended in a luid (e.g. smoke particles suspended in ar). The moton can be
made more pronounced by:

() increasing the emperature of the fluid, and /or

(i} decreasing the size of the suspended particles.

Brownian motion is now regarded as strong evidence that fluids are
composed of molecules in a state of unceasing random motion. For
example, we consider that a smoke particle suspended in air is constantly being
bombarded by air molecules. At any one ume, though, if the air molecules move
randomly, the smoke particle is likely to receive a bigger impact on one side than on
the appozite side. Because the smoke particle is small, this statistical imbalance
will be significant and therefore the particle will speed up or slow dovwn and /o
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Fig. 9.4
The structire of
(a) diamond, (b graphita (al
Each carbon abom is locked ante pasition,
covalontly bended to it four naanes
ngghbeuns, Dismgnd i therélore both
rigidl &ndd strong.
=1}
[
I
| CL340 nm
|
]
I
|
i D340 nami
I
|
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Each carbon atom is covalamily bondad oo the thren Naarast aToma in 68 owim [ayar, 'C'nl'r
Ehrsp of the four walence alectrons are used for bending: the fourth ig fres o move
thrgughouwt the entire layer. This givas graphite high electrical condyctivity, The bonding
Betwrean adjacent layers s due only o waak van dar Waals Farces. The layers can tharelong
slide past sach ather with reladive sess, accounting for the sofiness of graphite and its
candency 10 Flake,

Ideal crystals of
{al ammoniem alum,
{b) gquariz
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Fig. 9.9

Different types of long-
chain molecule: (al linear,
{b) branched chain,

(] cross-linked chains
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pxampli
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may Zigrag im three fimensions.
Typa dch can form a thres
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Many polymers may be classified as being either thermoplastics or thermosetting
plastics. Some polymers are described as elastomers, some as fibres. These four
classifications are discussed in the sections thar follow and examples are given in

Table 9.1.

Thermoplastics

These soften and become more flexible on heating; they regain therr previous
rigidity on cooling. They can be moulded while warm and retain their moulded
form when they cool. There are usually only weak forces (e.g. van der Waals foroes)
between the chains. Heating overcomes these, and the chains can then slide past
each other so that the materal takes up the shape of the mould. Since the bonds are
wedk, the amount of heat required is not 5o great that the polvmer decomposes,
The bonds reform and restore the ngidity on cooling.

Thermosetting Plastics

These are cross-linked polymers and are more brintde and more ngid than the
thermoplastics. They do not soften on heating and can withstand higher
temperatures than thermoplastics because more energy is necded to break the
relatively strong bonds berween the chains. If the temperature is increased to the
extent that the bonds break, the marenal decomposes.

Thermosatting plastics are moulded before polymerization is complete. They are
then heated o produce further cross-linking, so setting the materidl, irreversibly,
in it moulded form®.

"W somie matenals, epoxy resins for examnple, polymenzation can be completed ai room
TEMpErETUre.
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Table 5.2

& typical low-density and
a typical high-density
polythena compared

Fibres

These are linear chain polymers in which the chains have been aligned along the
length of the fibre, and in which there are reasonably strong bonds berween the
chains (hydrogen bonding in the caze of nylons, dipole=dipole bonding in the case
of Terylene). Synthetic fibres are thermoplastic matenals; many of them can be
used in their non-fAbre forms (e.g. nylon). Cellulose i a natural polymeric fibre,

Crystallinity in Polymaers

In some polymers there are regions in which the c¢hains are close together and
parallel to each other. There is therefore a degree of long-range crder in these
regions, and they are said o be ervstalline. At the other extreme are the so-called
amorphous polymers in which the chains criss-cross in a random way like
tangled strands of spaghetti. Linear chain polymers may be either crystalline or
amorphous. Crystallinity tends not to cccur in polvmers with highly branched
chains because the chaing cannot pack sufficienty closely, Highly cross-linked
polymers are completely amorphous.

W hiave seen that increased ngdity can be produced by increasing the amount of
cross-linking between the chains. It can also be produced by creating crystalline
regions in the polymer. The rigidity is due to the forces between individual atoms
in adjacent chains in the crystalline regpons. Although these forces are usaally weak
(e.g. van der Waals forces), the side-by-side arrangement of the chains means that
there are large numbers of these ‘bonds’, making it difficult for the chains to shde
past each other.

The greaver the crystallinity, the higher the melung peint and the higher the
density. The effects of crystallinity are illustrated by the two forms of polythene®
{see Table 9.2),

Low-densiy High-dengity

polytharne polythana
Crystallinity S0% TEY:
Drensity e kgm I iz} kg v
Melung point TR | 135°C
Tensile strengih at vield 12=10°Fa | 31 = 10°Pa
Chain type Branched | Linear

(Dhaea kindly supplied by BP Chembeals Limated))

General Properties of Polymers

The main bonds in polymers are covalent; this accounts for their low thermal and
electrical conductivities. Polymers are less dense than both metals and ceramics.
They are usually resistant to warer and acids bur may be anmacked by organic
solvents. Production costs for plastics are much less than those for merals — a

polvthene buckert is much cheaper than a metal one.

Plastics often have other materials incorporated with them. The purpose of these
additives may be to imcrease flexibility, increase strength, improve weatherng
properties, provide bener insulation characteristes, add colour or simply 1o

*The two forms are produced by employing diferent conditions during polymerizatsen.
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reduce cost. Forexample, glass fibres can be added o epoxy and polvester resins wo
increase strength. The additoen of mica o zome thermoseming plastics makes
them even better electrical insulators, Lead compounds can be added o PVC o
prevent it decomposing in strong swnlight.

9.11 CRYSTAL STRUCTURES

Fig. 8.70

Spheres packing together
1o oCcupy the minimum
s Qe

Early crystallographers suspected that the external repularity of crystals was due to
their atoms being arfanged in regular three-dimensional armavs. This was
confirmed i 1912 when von Lave and his smudents, Friedoich and Knipping,
showed that crystals could be used to diffract X-rays, and therefore must be actng
as three-dimensional diffraction gratings. The diffraction patern they obmined
was too complicared for them to use it vo determine the structure of the crystal that
had produced it, but one year later, using a simplified version of the technique,
W.H. and W.l.. Brage succeeded. X-ray diffraction has since proved to be the
single most important method of determining cryseal structures.

The atams (or wons or moelecules) ina ervstal are artanged in such a way that the
total potental energy of the structure 15 as small as possible, 1in which case the
structure 15 as stable as possible. The way in which this is achieved depends on the
wpe of crystal concerned. Some examples are discussed below,

Metal Crystals

The valence electrons of metals are free 10 move throughout the whole of the
mietal, and therefore metals can be reparded as an areay of positive ions in a "sea’ of
clectrons. For the purpose of this discusaon we may consider the lons o be
incompressible, equal-sized spheres, There is no directional bonding (as there is,
for example, in diamond). In these cireumstances the most stable arrangement is
that in which the spheres occupy the minimum possible wolume, Thas
arrangement 15 known as close packing, The spheres are arranged in lavers,
whiere each sphere is surrounded by a hexagonal ring of six others in contact with it
(Fig, 9,107, Fig. 9.11 shows the way in which two of these layers must fit together in
order to fulfzl the requiremnent of close packing. There are two rypes of hollows in
layer B - those marked by crosses and those marked by dots. “There are therefore
two ways in which a third layer may be added to the first pwo.

If the spheres of the third layer occupy the hollows marked by ceosses, they are
direcily abowve the spheres in layer A, When this 15 s0, the fourth layer 15 always a
repeat of laver B, and the overall sequence 1= ABAB, etc. = a structure known as

hexagonal close packing (Fig. 0.12).

If the spheres of the third layer occupy the hollows marked by dots, the layer is
different from both A and B; we shall call it layer C. In this situation the overall
sequence is alwayvs ABCADBC, ewc. — a siructure known as cubic close packing.
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Fg. 9.11
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The unit cell contains ions from four layers and is known as a face-centred cube
(Fig. 9.13) because there is an ion ar the centre of each face. Fig. 9.13(a) shows the
relationship berween the layers and the anit cell.
A more open structure than the two discussed so far is that known as body=
centred cubic (Fig. 9.14). The least stable muetals (e.g. lithium, sodium,
potassium) tend to crystallize in this form. Close packing cannot occur because
the thermal wibrations of the jons are able to overcome the relatively weak cohesive
forces in these metals.
Fig. 8.13

Unit cell of cubic close-
packed (face-centred
cubic) structure

/

Coordinglion rumber = 12
Utilizes 74% of avallable spsc
Ewmmiphes: Cu, Ag Au, Al;

Fé Batwesan S08°C and 1409°C
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Fig. 5.4
Unit cell of body-centred
eubie structure

Fig. 8.15

ia)l Stable, and

il unstable arrangemaents
of negative icns around &
positive ion

Fig. 8.16
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ion on thosa around it
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Copndimatian murmber = 8
LHilizes &8% of availakble space
Exarmples: Li, M, K Fo hadaw
S06°C

lonic Crystals

As with metals, the ions tend o pack closely together because the bonding is non-
directional, We may still regard the ions as incompressible spheres; but we need to
take account of there being both posidvely charged and negatively charged ions
present. The armangement shown in Fig. 9.15(a) is more stable than that in Fig,
9.15(b) because in Fig. 9.15(b) there are much stronger repulsive forces between
the negative ions. Consideration must also be given to the fact that in practice the
two types of 1on are normally of different sizes. Fig. 9,16 illustrates the effect of the
relative size of the cenrral ion and thoze around it. Each arrangement makes
maximum use of the available space, and each does so without allowing the
negative ions to be in contact with each other,

0.73 = rfr. < 100 041 = rjr. = 0.73
Example: CeCl Example: MaCl

Caesium chloride crystallizes in the form of Fig. 9.16(a); the extended structure is
shown in Fig. 9.17, There are eight Cl- ions around each Ca* ion, and eight Ca*
ions around each Cl- — the so-called 8:8 coordination. Though the lattice
resembles that shown in Fig. 9. 14, it is not known as body-centred cubic because
there are two types of ion present.

Sodium chloride crystallizes in the form of Fig. 9.16{b); the extended structure 15
shown in Fig. 9.18. It can be regarded as two interpenetrating face-centred cubic
structures. Each Na™ ion has six Cl™ fons as its nearest neighbours, and each CI-
ion has six Na* ions as nearest neighbours — 6 : 6 coordination.

There are two crystalline forms of zinc sulphide - xdnc blende and wurtzite, The
radius ratio of Zn®* to 5 is 048, and therefore sine sulphide would be expected
to have the sodium chloride structure, However, both crystalline forms of zine
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Fig. 9.17

Ceegium chloride lattice
showing &:8
coordination

Fig. 9.18
Sodium chlioride lattice

Fig. .79
Tetrahedral structure in
diarmand
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0O Cs

& Ci

Q0 Ma

sulphide are such that cach Zn** ion is surrounded terrahedrally by four 5 ions
and vice versa. The reason for this is thought to be that the £n—-5 bond has a
degree of covalent character which imposes directional constraints on the cryvstal

form adopted.

Diamond Structure

Diamond is one of the two crystalline foems of carbon (see section 9,107, Each
carbon atem is covalently bonded wo four others. Covalent bonds are highly
directional, and we can no longer think in terms of spheres being packed opether
as closely as possible. The four bonds on each carbon atom point towards the
vertices of a regular tetrahedron (Fig. 9.19¢z)). Fig. 9.19b) shows how the
retrahedron can be orientated 2o that its vertices are at four corners of a cube, The
extended structure of diamond is shown in Fig. 9.4(a).

i@ [l
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9.12 MEASUREMENT OF LINEAR EXPANSIVITY

Fig. 8.20
Apparatus for
determining linear
BXpENGIVItY

9.13 THE OIL

Fig. 9.20 shows an apparatus for determining the linear expansivity of a material in
the form of a rod about 30¢m long, The length, L, of the rod is measured ar room
temperature. The rod is then placed in the apparatus with one end against the
frame, and the micrometer is screwed up until it 18 10 contact with the other end.
The micrometer reading, and the temperature, ¢, are noted. The micrometer is
now screwed back to allow the rod room to expand, and steamn is passed through
the jcket. When the thermometer reading has stopped incressing, the
temperanare, (5, is recorded. The micrometer is brought back into contact with
the rod and the reading is noted. The difference, AL, berween the two micrometer
readings 18 the amount by which the length of the rod has increased. The linear
expansivity, x, 1 calculated from

L. AL
L H.I: - HL :l
e Tharmomuetar
Siaam (R Stoam ot Steam jacket

L e T
/ \
£
Aiggid rrvirtal Reod under tes
frame

FILM EXPERIMENT

If a small drop of olive oil is placed on the surface of some clean water, the oil
spreads to form a lange circular film. If it is assumed that the o1l spreads unal the
filmn is only one molecule thick (i.e. a monomolecular layer), an estimare of the size
of an 0il molecule can be made by determining the thickness of the flm.

It is imporant that the surface of the warer is clean. To this end, warer is poured
into @ large shallow tray until it is overflowing. The surface is then cleaned by
drawing two waxed rods across it from the centre ourwards. Lycopodium powder
is now sprinkled onto the surface so thar when the film is formed its edges may be
seen easily. A small, sphencal drop of ol 15 obtained on a V-shaped fine wire by
dipping it into the oil. The diamerer of the drop is measured by holding itin frong of
amillimetre scale and viewing it throwgh a magnifving glass, or by using a travelling
microscope. The drop is then touched onto the water surface. The oil spreads and
pushes the lycopodium powder ourwards o leave a clear film of oil whose diameter
can be measured.

Volume of oil drop = Volume of film

(&)~ (3

e o
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where
d = diamerer of oil drop
D = diamerer of film
t = thickness of film
Rearranging gives
24
{ = = e
3 D¢
hence r.

A drop with a diameter of 0.5 mm produces a film with a diameter of about
200 mm, and gives a value for r of approximacely 2 nm. Oil molecules are long and
thin, and “stand on end” on water. It follows thar this figure of 2 nm represents the
length of the molecule.

CONSOLIDATION

Kinetic energy of molecules depends on remperature,

Potential energy of cach of two molecules is taken to be zero atinfinite separation
because they can have no influence on each other at infinite separation. The PE is
negative at the equilibrium separation because work has to be done (and therefore
the PE has to be increased) to separate the molecules to infinity.

Intermolecular PE and Force Curves
Minimum on PE curve corresponds 1o zero on force curve.
Point of inflexion on PE curve corresponds to minimum on force curve.,

Force = = (gradient of PE curve)

£ 3 FE
- Force

e

Farce TEro

-r llr:/f PE il
|
|
\ Farce = mirdmum
FE

poant of inflexicn

Solids

Fixed volume, fixed shape.

Molecules vibrate abour fixed positions,
Ly = Lo+ abailly — 50

Liquids
Fixed volume, no fixed shape.
Molecules vibrate about non-fxed positions.
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FLUIDS AT REST

10.1 INTRODUCTION

This chapter is concerned with fluids. A fluid is a substance thar can flow; it follows
that both liguids and gases are fluids.

An important concept in connecton with fluids s that of pressure. The pressure

inn o fluid depends on s density, and we shall begin the chaprer by discussing
density,

10.2 DENSITY

The density of a substance is defined by

e
P =T [10.1]
where
p = density of substance (kgm )

m = mass of substance (kg)

vV

volume of substance (m™)

The relative density of a substance is defined by

Density of substance

Relative Aty = Density of warer (at 4°C)

[10.2]

Relative density has no units.

The specific volume of a substance is the reciprocal of its density, i.e. it is the
volumne of unit mass of the substance, Unit = m* kg~'. ( Note the use of the word
‘specific’ to denote unit mass, as it does in specific heat capacity, etc.)

Methods of determining densities by experiment are summarized in secton 10,14,

T
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10.3 PRESSURE

Note

The pressure acting on a surface is defined as the force per unit area acting
at right angles to the surface, i1.c.

g [10.3)

p = pressure on surface (SI unit = the pascal (Pa). 1Pa = I1Nm %)
F = the force acting at right angles to the surface (M)

A = the area over which the force is acting (m™).

The SI unit of pressure is the pascal. Other units in commaon use are the
ammospheres (aumn), te millimetre of mercury (mmHg) and the bar. None of these
is an SI unit. Standard atmospheric pressure is 1.01 = 10" Pa (3 sig. fig.) and in
these various other wnirs it is 1 atm (exactly), 70 mmHBHg and 1.01 bar.

10.4 PRESSURE IN FLUIDS

Fig. 10.1 .
‘Pressure acts equally in
all directions”

Mote

(a) The pressure in a luid incremses with depth. All poines ac the same
depth in the floid are at the same pressure.

(b)  Any surface in a fluid experiences a force due to the pressure of the
fluid.

(i} The force is perpendicular to the surface no matter what the
onentation of the surface.

(if} The magnitude of the force is independent of the orientation of
the sirface.

Thus final statement 1s illustrated in Fig. 10.1 and is often stated as ‘pressure acts
equally in all directions’.

F = pidinaich cass

1
F where p = prassure in fluid
: ;“"l- and &4 = area of surface. [ The
' ‘ L surlaces arp spsurmed 1o be
T Fsmall g0 shat vasiation of
F

pressure with depih may ba
pnared.)

Though the force associated with the pressure ar a point is a vector quantity, the
pressure itself s a scalar, l.e. pressure has no direction, [ The statement thart
pressure acts equally in all directions can be misleading in this respect!) Consider
the pressure at a point in a fluid.

We cannot assign a direction to the pressure = all we can do 15 assign a direction to
the force that the pressure creates on some surface placed in the fluid, and this
depends on the orientatnon of the surface.
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Fig. 102
To calculate pressure a5 &
function of depth
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Cross-gactional
' @rgn F:|

Fiusid of

. w
l l  density

Pressure Variation with Depth

Consider a cylindrical region of cross-sectional area A and height & in a fluid of
density p (Fig. 10.2). The top of the cvlinder is at the surface of the fluid, and the
{(vertical) forces acting on it are its weight, ¥, and an upward direcred force of pA
due to the pressure, p, at the bottom of the cylinder. The cylinder is in equilibrium
and therefore

pd = W
= mass of cylinder =g
= volume of cylinder = pg
= hApg

p = hpg [10.4]
whiere pis the pressure due po the fuid at a depth b below the surface.

()] Equation [10.4] is not valid in the case of gases when k& is large. The density
of a gas decreases with height, and the equation has been derived on the
assumption thar the density i% constant. The eguation is a reasonable
approximation when / is small. However, the densities of gases are low, and
when kis small the pressure varation with depth s also small and 15 usaally
igrared.

(i)  Wehave denved equation [10.4) by considering a cylindrical region within
the fluid. The same result would have been obtained whatever shape the
region had been taken 1o be,

(iiny A licde thought should convince the reader that the difference in pressure,
Ay berween two points separared by a vertical distance & in a fluid of

density p is given by

10.5 WHY THE SURFACE OF A LIQUID IS HORIZONTAL

Consider two points, M and ™, on the same horizontal level in a stationary liquid.
Consider also a evlindrical region of cross-sectional ares A whose end faces are
centred on M and N (Fig. 10.3).
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Fig. 103
To show that all points on
the same lewal are at the

#AME pressung

183

Surdace
Aol liquesd

m-"’--—i(’:‘) .:ri) o A
M

Cylindrical negeon of

eroas-sectional aran 4

The Ilunzcml.al forces acting on the cylinder are py A and py A as shown, whcﬂ;p,,.l
and pn “are the fluid pressures at M oand N respectively, The cviinder i in
equilibrium and therefore g, A = py A, It follows that py, = p and therefore
that all points on the same horizontal level are at the same pressure.

All poants in the liquid surface must be at atmoespheric pressure, p, , and it follows
from equation [10.4], therefore, that they must all be at the same height above
MM, Since MM is horizontal, the surface must also be homzontal.

10.6 THE U-TUBE MANOMETER

Fig. 10.4

The [open) U-tube
marnoimeater

This consists of a U-shaped tube containing a liguid. It is used o measure
pressure. The pressure to be measured (that of a gas, sav) is applied to one arm of
the manometer; the other arm is open to the atmosphere (Fig. 10.4).

Pressure at X
= gimospharic .
15 31T DD
e |~ fo armosphene
To pas &1 ey i P

pressure n"'__—--j‘\l

h p= pu+thpg

Progsum — w4 — — — |- 1_

#Y = p
N ™ v
dendity p

The liquid surface at Y is a vertical distance & below that at X. Therefore, by
equation [10.4],

P o= pa+hpg
hence p.

(1) Manometers can be used o measure pressures both above and below
atmosphenc pressuare,

()  Mercury is used as the manometer liquid unless the pressure being
measured is close to atmospheric pressure, in which case a liquid of lower
density (e.g. o1l or water) is more suitable.
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Fig. 10.5
U-tube manometer for
absolute prassure

EXAMPLE 10.1

SECTION 8: STRUCTURAL PROBERTIES OF MATTER

The pressure registered by the manometer, hpg, 1s known as the gange
pressure. The actual pressure, pa =+ hpg, 15 called the absolute pressure,
The manometer shown in Fig. 10,5, in which the arm on the nght is closed
and evacuated, registers absolute pressure directly.

-
- Vncuum (prassare = 0

e
To pas ag ' M-

pragaurg o

ho g heg

-

/A

Refer o Fig. 10.6. Caleulave the pressure of the gas in the bulb. (Ammosphearic
pressure = 1.01 = 107 Pa, density of mercury = 1.36 < 10%kgm ',z =98Ims )

Fig. 10.6
Diagram for Example
101

Tuba opan to
abmcaphere
A
i f.120m
Bully cont@ining
gas under (o ™ Ep— L
FeEaLIra
Marciary

Solution

Pressure at A = atmosphenc pressure = 1.01 « 10°Pa

Since pressure increases with depth,

Pressure at B .01 = 10° 4+ 0,120 = 1.36 = 109 « 9.81
= L0 = 10° +0.16 = 10°
= 1.17 = 10°

Since C is at the same level as B,

I2,

Pressure at © = 1.17 = 10°
Pressure of gas = 1.17 = 10°Pa
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EXAMPLE 10.2

Refer to Fig. 10.7. Calculate the pressure of the gas in the bulb. {(Atmospheric

Fig.

pressure = 7o0 mmHg.)
10.7

Diagram for Example

10.2

Gas unidar
reduced
pressune

Solution

Pressure at A =
U Pressure at B
' Pressure at C

KA Pressure of gas =

QUESTIONS 10A
Where necessary and unless otherwise stated

use
760

the following data: atmospheric pressure =
mmHg, density of mercury = 1.36 =

10kgm ™, g=98ms ",

1.

An open U-tube manometer containing an ol
of density 897 kgm ¥ is used to measure the
pressure ofa gas. The odl level in the open tube is
25.0 cm higher than that in the limb connected
to the gas. Calculare {a) the gauge pressure,
(b) the absolute pressure of the gas.
{Atmospheric pressure = 9,98 = 107 Pa.)

Whar iz the armospheric pressure (in pascals) on
a day when a mercury barometer is reading
772 mmHg?

Abeaker of cross-sectional area 60 cm” contains
600 em” of mercury. Find the pressure on the
inner surface of the base of the beaker,

The pressure on the upper surface of 4 sub-
merged submarine s 1.20 = 10 Pa; the pres-
sure on the base of the hull is 1.40 = 10" Pa.
Caleulate the height of the submanne.
(Density of seawater = 1.04 x 10 kgm.)

= L
20 mimi
]: B Ha

&

; Tiabsft Gy 10
||' aftmospheare
/

Mlarcury

Tel mmHg
760 mmHg

760 — 30 = T3I0mmHg
T30mmHg

Find the pressure of the enclosed gas in each of
the following situationes,

Y

iai .-""'-I WACLiLEm &) Fuehv oan B0
N 4 AbmoEpnens
= — Mlercury
Marcury 40 mm 1T
Hmm T ’ ]
T Gas T Ges
h o

L)

" dansity
Al kg 3
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10.7 THE BOURDOMN GAUGE

Fig. 10,8
The Bourdon gauwge

The Bourdon gauge (Fig. 10.8) has a curved metal rube which is closed at one end
and of eliptical cross-section. The closed end is inked to a pointer. If the pressure

in the tube increases, the Tube straighrens slightly and moves the pointer over the
seale,

Curved metal
" tube

To pragsure
B iR MidERUEe

The gauge detects the difference in pressure between the inside and outside of the
curved ube, i.e. it detects the difference between the pressure being measured and
the atmospheric pressure prevailing at the time. In this sense, then, it behaves like
the open tube manometer shown in Fig. 10.4.

The scale 15 calibrated in some suitable unit of pressure (e.g. Pa, mmHg, atm).
Some gauges are calibrated in zuch a way that when they are open w the
atmosphere the scale reading is zero, i.e. the pointer 'stars’ from zero. The
absolute {actual) pressure is obtained by adding the value of the prevailing
armospheric pressure to the scale reading. Others have the pointer offset so that it
‘starts’ at a reading of one armosphere (or its equivalent, e.g. 760mmHg or
1.0 x 10° Pa) and gives a reading which is (approximately) equal to the actual
value of the pressure being measured. The reading is approximate because the
gauge cannot take account of varations in atmospheric pressure.

Bourdon gauges with an extensive vanety of pressure ranges are available, and they
can be used 1o measure pressures below atmospheric pressure as well as above i1,
Some gauges are used to measure (actal) pressures of as little as one millimetre of
mercury, whilst others have ranges extending up to a few thousand atmospheres.

10.8 BALANCING COLUMNS

Fig. 10.9

Balancing columns

Fig. 10.% shows a Ustube containing two immiscible liquids {i.e. liguids that do
not mix with each other, such as paraffin and water).

Ligued B
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The pressure, py, at X 15 equal w atmosphenc pressure, p, plus the pressure
exerted by the head, by, of liquid A, i.e.
Px = pthame
where g, is the density of liguid A. Similarly, the pressure, py, at Y is given by
Py = pPHhapug

where g, is the density of liquid B. Since X and Y are at the same level in liquid B,
P = Py, and therefore

Prhypg = p+hgppg
hypog = hypug

. Pa _ Py

€ pll h.ﬂ.

The ratio of the densities of the hiquids can therefore be found by measunng A, and
hip. If ligquid B is water, by /fy, is the relaove density of liguid A,

10.9 THE HYDRAULIC JACK. PASCAL'S PRINCIPLE

Fig. 10.10
The hydraulic jack

Fig. 10010 illustrates the operating principle of a hydraulic jack in which a
downward directed force, Fy, is being used to balance a much larger force, Fy. The
pressure inthe hgmd at both X and % 1s p. The hquid therefore exerts upward
direcred forces of pdy and p oy on the pistons ar X and Y respecuvely,

Pistan of
GF GRE-SacTwing
area A,

Pisicn of
cross-sacisnal
area A&,

Ligusd de.g. ol

A amall lorcs applied a X
creates a large force gt 'y

In follows that

Fy = pdx and Fy = pdAy
Eliminating # between these equations gives

Fy Ay

Fy — Ay
Thus, the ratio of the forces iz squal w the rato of the areas of the respecrive
pistons. Bearing in mind thar the areas of the pistons are proportional 1o the
squares of their diameters, it follows thae if the diameter of the paston at 'Y 15 ten
times that of X, then a moderate effort of 100N, say, at X could move a load of
10000 M at Y. However, (assuming that the liquid is total incompressible) the

effort has o move one hundred times further than the load is moved, Hydraulic
braking systems and hydraulic presses work ina similar fashion.

Suppose that the pressure at X and Y in the absence of the forces Fy and Fy s oy
When the forces are applied the pressure ar both X and Y increases by (p = g0, In
fact, the pressure at every point of the liguid increases by (p — po). This s an
illustration of Pascal’s principle, which can be stated as:
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Any pressure applied o an enclosed flaid is ransmited undiminished to
every part of the fluid and to the walls of its container regardless of its shape.

Motes (i) Although Pascal™s prncple applies to both hguids and gases, a gas cannot be
used as the working fluid in a hydraulic jack because gases are compressible,
Most of the effort would go into compressing the gas rather than into moving
the load.

(i) Pascal’s principle illustrates an important difference berween fluids and
solids, namely that a Buid transmits pressure (unchanged), wherecas a
solid transmits force (unchanged}. Consider Fig. 10.11. If a force, F, 15
applied to the (smaller) lefi-hand face, X, of the solid, the solid (assuming
that it does not move) exerts the same force on anything in contact with irs
nght-hand face, Y, even though the faces are not the same size. Thus, when
the force ar X increases, the foree ot Y increases by the same amount,
However, the increase in pressure at X is greater than thavat Y.

Fig. 10.11

W
Solids transmit force X
s —_— F
il

10.10 ARCHIMEDES" PRINCIPLE

A body immersed in a fluid (rotally or partially) experiences an upthrust (i.e.
an apparent loss of weight) which is equal to the weight of fluid displaced.

The principle 15 casily deduced., Consider a cvlinder of height i and cross-sectional
area A a distance fy below the surface of a fluid of density p (Fig. 10.12).

Fig. 1012 Cylingar o Pl
To deduce Archimedes’ criss-sectional
principle - EE‘H«. l Primgury o1
{ ~ thislevel = py
h
l ___ Pressune ab
s baved = o
Flusd of T
danaity o P

Volume of fluid displaced = WVolume of cyvlinder
= Ah
Miass of fluid displaced = Ahp
Weight of fluid displaced = Ahpg [10.5]



ELLNDS AT BEST fagd

The fluid exerts forces of py.d and py A on the top and bottom faces of the
cylinder. The upthrust {i.e. the resultant upward force due to the fluid) is therefore
given by
Upthrust = ped — pyc A
= (h+ ho)pgA — happ A (by equation [10.4])
= hpg
Therefore, by equation [10.5],
Upthrust = Weight of Quid displaced

which is Archimedes' principle. (Mote, the result clearly does not depend on the
fact thar we have considered a cylinder.) Archimedes” principle can be verified by
cxperiment (see section 140.12).

If a body 15 more dense than the fluid in which it 1s immersed, then its weight 15
greater than the weight of the fluid it displaces. By Archimedes” principle,
therefore, its weight is greater than the upthrust, and it falls down through the
fuid unless it is supported in some way. A body which is less dense than the fluid

around it on the other hand, experiences a net upward force and rises up through
the fluid.

When a body floats the upthrust on it must be equal to its weight for it moves
ngither up nor down, It follows from Archimedes” principle, therefore, that the
weight of the body is equal to the weight of the fluid displaced. This is known as the
principle of Qotation. As we have just seen, it 15 a special case of Archimedes”
principle. It can be stated as:

A floating body displaces its own weight of fluid.

The principle of flotadon, like Archimedes® principle self, applies o both
paroally immersed bodies (e.g. ships) and totally immersed bodies [(e.g.
submarnes and airships).

EXAMPLE 10.3

An object is weighed with a spring balance, first in air and then whilst torally
immersed in water, The readings on the balance are 048N and 036
respectively. Caleulate the density of the object. (Density of water =
1.0 x 10°kgm~2.)

Solution
The object has the same volume as the water it displaces and therefors
Density of object Mass of object

Density of water  Mass of water displaced

Weight of object
Weight of warer displaced
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By Archimedes® principle, weight of water displaced = upthrust, and therefore

Density of object ~ Weight of object 10.6
Diensity of water  Upthrust in water [10.6]

0.48
Density of obj = 1.0 = 10°
ensity of object 012 x =
= 40 100 kgm*

10.11 MEASUREMENT OF DENSITY USING
ARCHIMEDES’ PRINCIPLE

Solids
Weigh the solid in air and in water, and then use equation [10.6].

Liquids
The density of a hguid can be found by determiming the upthnast on some suitable
object when it is immersed in the hiquid and then when it 15 immersed in water.
By analogy with equation [10.6]
Density of object  Weight of object
Drensity of liqguid — Upthrust in liquid
Dividing equation [10.6] by equation [10.7] gives
Density of liqguid ~ Upthrust in liquid
Density of water  Upthrust in water

10.7)

fram which the density of the liguid can be found.

10.12 VERIFICATION OF ARCHIMEDES’ PRINCIPLE BY
EXPERIMENT

Suspend a glass stopper from a spring balance to obtain the weight of the stopper in
air. Grently lower the stopper into a displacement can filled vo the spout with water,
The difference berween the rwo spring balance readings is the upthrust on the
stopper. Collect the water that runs out of the can in a previously weighed beaker,
Weigh the beaker with the warter in it to find the weight of the warer dizplaced by the
stopper. [f the weight of the water is equal to the upthrust, Archimedes’ principle
has heen verified.

10.13 THE HYDROMETER

The hydrometer provides a quick method of measuring the relative densities of
ligruids,
In accordance with the principle of flotation, whenever the hydrometer floats in a

ligquid the weight of the houid it displaces is equal toits own weight. It follows that i
siniks further into water, say, than it does into a liquid of higher density (Fig. 10,135,
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Fig. 10.13
The hydromeater

The stem is narroey and 1 n.an
a0 thans iE § langes change
in depth Land aharaloe in .
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change in weight of Flud . . 1
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dangity than watar

10.14 SUMMARY OF METHODS OF DETERMINING
DENSITIES AND RELATIVE DENSITIES

(1)

(i)

(i)
()

(v

Measure the mass (m) and volume (1) and then use p = m/ 1 w obtain

the densiry.

The mass should be found by using a beam balance or top=pan balance
rather than a spring balance — a spring balance measures weight. The
volume of a solid may be found by measuring its dimensions or by a
displacement method. The volume of a hquid may be found by using a
measuring cylinder, pipette or burette. The volume of a gas may be found
by enclosing it in @ container of known volume,

The method of “balancing columns” can be used for liguids. (See section
10.8.)

The hydrometer can be used for hgquids. (See section 10.13.)

The method based on Archimedes” principle can be used for hguids and
solids. (See section 10.11.)

Belative density bottle can be used for liquids and fine powders. (See
GUSE texts, )

10.15 SURFACE TENSION

A steel needle can be caused to float on water even though steel is more dense than
warer, & liquid spilled on o a surface that it does not wet tends 1o form ingo small
drops, rather than spread into a continuous film. These are two examples of
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phenomena which suggest thart the surface of a liquid behaves like an elastic skin in
a stare of tension. This is indeed the case and can be understood by a consideration
of the effects of intermelecular forces.

10.16 MOLECULAR EXPLANATION OF SURFACE
TENSION EFFECTS

Amolecule in the surface of a liquid s subject to Intermiolecular forces from below,
but not from above (providing the effects of the molecules of the vapour are
ignored). Thus, if the coordination number of the molecules of the interior is .
then that of a surface molecale will be n/ 2, Therefore, if 2 molecule of the interior
has a potental energy of (say) =0.4 &V, then a surface molecule, being involved in
only half a5 many bonds, will have a potential energy of —0.2eV. Thus, the
potential energy of a molecule in the surface exceeds that of one in the
interior.

All systems arrange themselves in such a way that they have the minimum possible
potential energy. In order that the potential cnergy associated with the
intermolecular forces (the surface tension forces) can be a minimum, the number
of molecules which reside in the surface has to be 2 minimum. Therefore:

(1) liguids have the smallest possible surface area, and

(i) the average separation of the molecules in the surface of & lguid is greaner
than that of molecules in the interior.

The requirement that the surface arca is a minimum means that a liquid subject to
surface tension forces only, will assume the shape of a sphere. (This 15 because a
sphere is the shape which allows a given volume of matenal to have the smallest
possible surface area.) Liguids are normally subject to gravitational forces in
addition to surface vension forces, in which case the adopted shape is that which
minimizes the total potental energy. Small drops of liquid are nearly spherical,
and become maore so as the drop decreases in size, This is because the ratio of the
sutface area (which is proportional to +°) to the weight (which is proportional wr')
and therefore of surface tension force to gravitattonal force, mmcreases as r
decreases. Soap bubbles are almost perfect spheres because they have large surface
areas and negligible masses, The effect of gravity can be eliminated by using two
immiscible liquids of the same density (Fig. 10.14). The phenyvlamine (aniling)
and water are at such a temperature that their densiges are equal, in which case the
upthrust on each phenylamine globule is exactly equal to its weight, and therefore
the globule s not subject to any net gravitational force, Drops of liquid which are
falling freely under gravity are also spherical. This is because every part of the drop
is being accelerated ro the same extent and the acceleration cannot, therefore,

affect the shape of the drop.
Elnm::a:;lg the affects of F Giobules {spherical
gravity — ?:,ﬂ':::;’""m'“
| Warm water

The molecules in the interior of a liquid are, of course, ar their equilibrium
separation, and therefore the attractive forces of their neighbours are balanced by
the repulsive forces, This is not true of the surface molecules, the separaton of
these is greater than the equilibrium separation (requirement (ii)), and therefore
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they exert a net attractive force on each other. Thus, at any point in the surface of a
higquid there is a net force away from that point due to the atiractons of the
molecules around it, The surface therefore behaves like an elastic skin in a
state of tension.

10.17 SURFACE TENSION AND FREE SURFACE
ENERGY

The surface tension ; of a liquid is defined as the force per unit length
acting in the surface and perpendicular to one side of an imaginary line drawn
in the surface. (Unit = Nm™'.)

Free suriace energy o is defined as the work done in isothermally creaning
unit area of new surface. (Unit = Jm 2 =Nm1.)

Whenewver the surface area of a given volume of liquid is increased, work has o be
done against the surface tension forces, Alernatively, one may think of the work
being necessary to provide the extra energy needed o have an increased number of
molecules in the surface.

Consider stretching a thin film of hiquid on a honzontal frame (Fig. 10.15). Since
the film has both an upper and lower surface, the force F on AB due o surface
tension is given by

F = 2Ly
Fig. 10.15 —
A thin Bilm of liquid being Ry
stretched ‘ i
]
L 2y — :
i
| 5 _lg
Lli.'lull." Kovakle F|||J||_1
Tilim wWire frame

[fABis moved a distance x to A'B', then work has to be done against this force, The
surface tension, 7y 15 independent of the area of the film ( becawse as the size of the
surface increases more molecules enter it and by so doing maintain the average
molecular separation), but decreases with increasing temperature (because this
decreases the binding energy). Thus, provided AB is moved isothermally to AR,
the force on AB will be consrant, and therefore since

Work done Force » distance

Work done = 2Lyx
The increase in surface area is 2Lx (upper and lower surfaces), and therefore the
work done per unit area increase (the free surface energy o) 1s given by

2Lyx

2x

L. g = §
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Thus, the ree surface energy 7 is equal 1o the surface tension ¢, This provides a
second definition of y:

The surface tension § iz the work done in isothermally increazsing the
surface area of the liquid by unit area. (Unit = Jm* =Nm'.)

10.18 SOME SURFACE TENSION PHENOMENA

Floating Needle

The needle (Fig. 10.16) creates a depression in the liquid surface so that the
surface temsion forces FF (which act in the surface) now have an upward directed
component which is capable of supporting the weight of the negdle.

Fig. 10.16 Cross-section Ligquid
A needle supported by of nagdle surface
surface tension forces
E [
Weight of
nisadla

Thread on a Soap Film

In Fig. 10,17 {a) there are equal and opposite forces on each side of the thread and
therefore it stays where it has been placed. If the film is broken in the region
bounded by the thread (Fig. 10.17{b)}, there are forces on the outside of the thread
only. The thread 1s therefore pulled into a carcle (the shape with the maximum area
for a given perimeter) and therefore the liquid film has the minimum possible area,

Fig. 1017

To show that a liquid
attains the mimimum
possible surface area

b



FLLIDS AT REST 175

Camphor Boat

The camphor {Fig. 10, 18) sublimes and interacts with the warter at the back of the
boat, reducing the surface tension there, so that FF' is less than F. There is therefore
a net forward force which drags the boat through the warer,

Fig. 10.18 F F
Camphor boat
F K

| _."

I /
Flastne Small piace
b of camiphar

10.19 ANGLE OF CONTACT

The surface of a liguid is usually curved where it is in contact with a solid. The

particular form that this curvarure takes 15 determined by the relauve strengths of
what are called the cohesive and adhesive forces.

The cohesive force is the attractive force exerted on a liguid molecule by the
neighbouring liquid molecules.

The adhesive foree is the amepctive force exerted on a liguid molecule by the
molecules in the surface of the solid.

Consider a liquid in a container with vertical sides, If the adhesive force is large
compared with the cohesive force, the higuid tends to stick to the wall and so has a
concave meniscus (Fig, 10,190) ). On the other hand, if the adhesive force is small
compared with the cohesive force, the liquid surface is pulled away from the wall
and the meniscus is convex (Fig. 10.19(b)). Whether the meniscus is concave or
convex depends on the liguid concerned and on the solid with which it i in
contact. For example, water has a concave meniscus when in contact with glass
afid & convex meniscus when in contact with veax; mencury has a conves meniscus

with (clean) glass.
Fig. 10.19 A v
{al Concawve, and A ”
b} convex menisci vy |
Salid { N E Solid
swnll .-""%{: "—:.:'..\ﬂ -.-.:.:Il
ﬂ"';ﬂ Lbigigid Ligquied L K:{
7 [/
A L~
| &l {bk

The angle of contact @ is defined as the angle between the solid surface and
the tangent plane w the liguid surface at the point where it touches the solid;
the angle is measured through the liquid. It can be seen from Fig. 10,19 that
the meniscus is concave when 0 is less than W and is convex when O is
greater than 90°, A liquid is said to *wet’ a surface with which its angle of contact is
less than 907, The angle of contact berween water and clean glass is zero, that
between mercury and clean glass is 137°. Thus warer ‘wets’ clean glass, mercury
does not,
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The zero angle of contact between water and clean glass is due to the adhesive force
between water and glass being very much larger than the cohesive force between
the water molecules themselves, This explains why water tends to spread into a
thin continuous film when splashed on a horizontal clean glass surface. Mercury,
on the other hand, forms into little drops; water on the roof of a freshly wased car
behaves in a similar fashion.

The addition of a detergent to a liquid lowers its surface tension and reduces the
contact angle. Water-proofing agents have the opposite effect.

10.20 CAPILLARY RISE. MEASUREMENT OF v

Fig. 10.20
Liquid in a capillary tubs
(not to scale)

Water in a capallary tube nses above the level of the water outside. The effect 15
known as capillary rise and is most marked with narmow mabes. The ability of
blotting paper to soak up ink is due to the same effect; the spaces between the fibres
act as fine capillary tubes. A liquid whose angle of contact is greater than %07 suffers
capillary depression. Both capillary rise and capillary depression are caused by
surface tension and provide a means by which the surface tension y of a liquid may
b measured.

Suppose that a capillary tube 1s held vertically in a hguid which has a concave
meniscus (Fig. 10.20). Surface tension forces cause the liguid to exert a downward
directed force on the walls of the tube. In accordance with Newton’s third law, the
tube exerts an oqual and opposite force on the liguid and it oses in the tube. At
equilibrium the weight of the hguid which has been lifted up is equal vo the vertical
component of the force exerted by the mube. The mass of the raised liquid is the
product of its density p and its volume nr’h, and therefore its weight is

prr®hg
Capillary tulbe
ToneE . of internal
T\,‘_ f_,--' radius r
:‘""l‘:—f’:‘ P —
[ ‘

: _ Liguid
"‘ | | .-__.-'" density ¢
b -

The length of the hguid surface in conmact with the wbe is equal w the
circumference 2nr of the wbe, and therefore the vertical component of the force
exerted by the be is

2nry cos O
Therefore at equilibrium
2arycos 0 = prrlhg

prhg

[ 2cosfd
from which 4 can be determined.

e,

10.8)
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iy  The weight of the small guantity of liguid in the meniscus has been ignored
in derving equation [10_8].

(ii) & and r are normally measured with a travelling microscope. The wbe
should be broken at the level of the meniscus in order to measure r.

(iii) 0 and p are found from tables or measured in separate experiments.
(v}  Equation [10.8] also holds for capillary depression.

10.21 PRESSURE DIFFERENCE ACROSS A SPHERICAL
INTERFACE

Fig. 10.21

Forges on air bubble in a

liguid

The pressure inside a soap bubble is greater than the pressure of the air outside the
bubble. If this were not so, the combined effect of the external pressure and the
surface tension forces: in the zoap film would cause the bubble o collapse.
Similarly, the pressure inside an air bubble in a hqud exceeds the pressure in the
liquad, and the pressure inside o mercury drop 15 greater than that outside i

In order to derive an expression for the excess pressure inside an air bubble ina
liquid we shall consider the forces acting on one half of such a bubble (Fig. 10.21).
Suppose that the radivs of the bubble is r and that the surface tension of the liguid 1s
. The half not shown exerts a surface tension force around the rim of the half we
are considering, This force is directed o the left and, since the length of the rim iz
2nr, is of magnitude 2rry. The resultant force due to the pressure p, outside is also
to the left and is acting perpendicular to an area nr® (the area of the flat face of the
hemisphere) and is therefore of magnitude prr” since p,, is the force per unit area.
The resultant force due to the inrernal presswre p; is vo the right and s magninade
is pyrr®. The hemisphere is in equilibrium under the action of these forces, and
therefore

pnr = poar + 2Znry

2rr;

i.e, p=ps =

art
ll" Ligmin

=

/AT A
g

DR NN
farces

Writing the excess pressure p, — p, as A p gives

2y : _
Ap = - (for air bubbles and spherical drops) [10.49]
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Mote The smaller the bubble, the greater the excess pressure.

The excess pressure inside a spherical drop of mercury is given by the same
expression ify and rare taken to represent the surface rension of mercury and the
racius of the drop respectively.

A soap film has two surfaces and therefore the excess pressure A p inside a soap
bubble s given by

4y
Ap = T‘ (for a soap bubble)
where  is the surface tension of the soap solution and ris the radius of the bubble.
(Mote. This assumes that the inner and outer surfaces have the same radius of
curvamire — a reasonable approximation.)

10.22 EXPERIMENTAL DETERMINATION OF y BY
JAEGER'S METHOD

Fig. 10L22
Apparatus for tha
determination of

The appararus is shown in Fig. 10.22{a). When the wap is opened water drps into
the large container and increases the pressure in the system. An air bubble stars o
form at the lower end of the narrow tbe. As more water drips into the container
the bubble grows, and as it does so its radius of curvature decreases (sce Fig.
10.22(b)).

Suppose that when the radius of the bubble iz r the head of the liquid in the
manometer 15 /1, in which case the pressure inside the bubble is

hyprg+ A
Water
Marmoaw
fubs
: .
Large !
[=da et -- - i
: b
P
|l
Liguid undas il o |
investigation, density m
dangity py
Hemispherical
[Exd Bkl Fias
the smallest
radliug of

curvalure
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where ;15 the density of the manometer liquid, g is the acceleration due to gravicy
and A is the atmospheric pressure. The pressure outside the bubble s

by pog + A

where fi; 15 the depth at which the bubble is formed and @, is the density of the

liquid whose surface tension is being measured. The excess pressure in the bubble
15 therefore

iy g — hypag

“The excess pressure in a bubble of this type 15 given by equaton [10.9] as 23 /v, and
therefore

2y
- - g = hypag [10.10]

where 7 15 the surface tension of the liquid under test, The only variables in
this equation are v and &, and therefore it follows that &, will have s maximum
value when r has its minimum value, The bubble has its smallest possible radius
of curvarure when it is hemispherical, for if it were to grow any larger, its radius
would increase. It follows thar when fy has its maximum value the bubhble
is hemispherical and its radius of curvature s equal to the internal radius of the
tube,

In practice the bubble becomes unstable and breaks away from the end of the tube
as s00n as its size increases beyond the stage where the bubble is hemispherical.
When this happens the pressure in the system falls to atmosphernic and another
bubble begins to form as more water drips from the funnel. The tap 15 st so that
bubbles form slowly (abour one per second). Once a suimmable rate has bheen
achieved the maxaimum value of & is recorded. A travelling microscope can be
used to measure ¢ {the internal radivs of the lower end of the narrow twbe) and b,
The values of, p;, p; and g can be obtained from tables and used in equartion
[10.10]), together with the measured values of ky, ky and r, 1o calculate ;.

YWhen a bubble breaks away its radius is not exactly equal to that of the mabe. This
limits the accurscy w which absolute determinations of 7 may be made by
Jaeger's method. It does. however, provide a reliable means of investugating the
temperature dependence of surface tension. Providing bubbles are formed at

CONSOLIDATION

Mass
YVolume

Density =

Density of substance

Relative density —
GG DRI Drensity of water (at 4°C)

Volume

Mass

The pressure on a surface is defimed as the force per unit area acting at right angles
o the surface, Pressure is a scalar,

Specific volume =
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Prassure in Fluids
fa) Increases with depth (p = hpg)

b ‘Acts equally in all directions’ (Strictly, it is the force due o the pressure that
acts egually in all direcrions.)

Archimedes’ Principle A body immersed in a fluid (torally or partially)
experiences an upthrust (e an apparent loss of weight) which is equal o the
weight of the Auid displaced.

The Principle of Flotation A floating body displaces its oan weight of flusd.

The surface tension of a liquid i1s defined as the force perunit length acting in the
surface and perpendicular to one side of an imaginary line drawn in the surface.
(Unit=Nm™')

Free surface energy is defimed as the work done inisothermally creatimg unit area
of new surface. (Unit=Jm *=Nm '}

Surface tension = Free surface enengy

A Dhguind 18 said to Swet” (e, stick ta) a surface with which 115 angle of contact is less
than 90",

solids rransmin force; Nuids transmit pressure,
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ELASTICITY

11.1 DEFINITIONS

If forces are applied vo @ maverial in such a wav as 1o deform it, then the macerial is
said ro be being stressed, As a result of the stress the material becomes strained.
Initially we shall be concerned anly with solids, and with stress which results in an
increase in length (1ensile stress) or a decrease in length (compressive stress).

Stress

Strain

Elasticity

Hooke s law

Elastic limnit

Yield point

Strength

Breaking stress

Stffness

Ductility

*HSeesecton 11,12,

Force per unit area of cross-section.
1 - ]
Unit = N m ™ = pascal (Pa)

Change in length
Oiriginal length

[pure number)

A material 15 smd to be elastic if 1t returms to 1ts onginal size
and shape when the load which has been deforming 1t 1s
removed.

Up to some maximum load (known as the Hmit of
proportionality) the extension of a wire {or spring) is
proportional to the applied load.

Thas is the maximum load which a body can expenence and
still regain its original size and shape once the load has been
removed. (The elastic imit sometimes coincides with the
limit of proportionalicy. )

If the stress is increased beyond the clastic limit, a point is
reached at which there 1s a marked increase in extension. This
i5 the yield pointg, The internal structure of the material has
changed — the crystal planes have {effectively)* slid across
each other. The material is said o be showing plastic
behaviour. Few materials exhibit a yield point ~ mild stee] is
one that does,

This relates to the maximum force which can be applied to a
material without it breaking.

This iz also called ultimate tensile strength and s the

maximum stress which can be applied to a3 material,

This relates to the resistance which a material offers to having
its sime and /of shape changed.

A ductile material is one which can be permanently streched,

a1



Fig. 11.1

Stress-strain curve for an
elastic material
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Brittleness A brottle material cannot be permanenty stretched; it breaks
soon after the elastic hmit has been reached. Brittle materials
are often very strong in compression.

The srress-sreain curve of a (hypothetical) elastic matenial is shown in Fig. 11.1.
The corresponding load—extension curve is shightly different because as the length
of the specimen Increases its cross-sectional ares decreases. The curve shown

represents a ductile marerial; for a britde marerial section EB is very shor.

If the stress is removed at a point such as C, which is beyond the elastic limit, the
body has a permanent strain equal vo O0°,

Siress
e eild
paint
Elsstic if thie stress is
limig [ — -
C this valus ths
E i wiire breaks
I
'
# Limieg af
/ proposticmality
&
F H .
B ooke's Law
/ Lsiregy obyayad
[ "
o o Strain

11.2 YOUNG’'S MODULUS

MNote

Provided the swess is not 0 high that the limit of propordonality has been
exceeded, the ratio stress,/'strain is a constant for a given material and is known as
Young®s modulus. Thus

Tensile {(or compressive) stress

11.1
Tensile (or compressive) strain ! ]

E =

where
E = Young's modulus (N m™* = Pa).
Young's modulus is clearly a measure of a marterial’s resistance 1w changes in

length. For example:
E (natural rubber]” = 1= 108 N m™
E (mild steel) = 2x 10" Nm™*

Bending a beam invaolves both tensile and compressive stress — the outer surface is
stretched, the inner surface is compressed.

11.3 MOLECULAR EXPLANATION OF HOOKE'S LAW

Consider a plot of intermolecular force, F, against intermolecular separation, r, for
asohd (Fig. 11.2). When the stress 15 zero the mean separation of the molecules 15
o A tensile soress acts in opposition to the artractive forces berween the molecules,

*This is an average value. Rubber does not obey Hooke's law and therefore the ratio smess /strain
depends on the streis appleed.
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Fig. 11.2
Malecular axplanation of
Hooke's Law
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and is therefore capable of increasing their separation. For values of r close o
rg the graph can be considered to be linear, and therefore, providing the stress is
not so large as to take r our of this region, equal increases in wensile stress will
produce equal increases in extension (Hooke s law), Note that Hooke's law
applies also to CoOMpressive siress.

The work done in stretching awire 1s stored as elastic potential enerey (see secton
11.5}. On a maolecular level this corresponds to the increased potennal energy of
the molecules which results from their increased separation.

11.4 EXPERIMENTAL DETERMINATION OF YOUNG'S
MODULUS

Fg. 11.3

Apparatus for
investigating the
extension of a wire

Consider the experimental arrangement shown in Fig. 11.3, When Q is loaded
there is a tendency for its support to sag. The errors that would result if this were o
happen are avoided by carrving the reference scale on a second wire, P, suspended

x’fff/fffﬁfff/xi/ﬁ'
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Fig. 11.4
Typical results of
extending a wire

SECTION B: STRUCTURAL PROFPERTIES OF MATTER

from the same beam as Q. Both P and Q are made from the same material and are
of the same length; errors due to expansion, as a result of temperature changes
dunng the expenment, are therefore avoaded. The test wire is loaded (ovpacally up
to 100N in 5 N steps), and the resulting extension is measured as a funcrion of the
load. The wires are as long as is convenient (typically 2m) and thin in order to
obtain as large an extension as possible; even so a vernier arrangement is needed to
measure the extension (typically 1 mm). If the test wire is free of kinks an the start
and the limit of proportionality is not exceeded, the measurement can be used o
produce a plot similar to that in Fig. 11.4.

Exisnsian
i

Gradisent (= x[F]

Load

From eguation [11.1]

B Stress

~ Strain
) E - Fld4 L
L /L Alx/F)
where

F = applied load (IN)
A = area of cross-section of wire (m”)
x = exiension (m)
L = original length (m).
Bearing i1 mind that x /7 15 the gradient of the graph, we have
L
E= A x gradient

The gradient is meazured from the graph, often as the mean of the results obtained
with an increasing load and a decreasing load. L can be messured with an
extending ruler or metre rule. A is obtained by determining the diameter of the
wire at several places with a micromerter.

11.5 THE WORK DONE IN STRETCHING A WIRE
(STRAIN ENERGY)

Consider a wire whose extension is x when the force on it is F. If the extension 1s
increased by dx, where dx 15 so small that F can be considered constant, then (by
equation [5.1]) the work done, o W, is given by

oW = Fix
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The toral work done in increasing the extension fom 0 to x, 1.e the elastie
potential energy stored in the wire (the steain energy) when its extension 18 x, 1%
given by I, where

X
W = J Fdx [11.2]
a
If the wire obeys Hooke's law, we may put
F = kx
where & is a constant, and therefore by equation [11.2]
W = J'k_t dx
o
Le. W = lhket [11.3]
Alternatively, since F = kx, substituwting for & gives
W = %Fx [11.4]
A wire of length L and cross-sectional area A has a volume of AL and therefore by
equarion [11.4]
. . iFx
Strain energy per unit volume = 1“-!:
S
2 AL
i.c. Strain energy per unit volume = é SIress = sirain [11.5]

Motes (i) Forawire of 2 material with Young's modulus E it follows from equation
[11.1] that F = (E4/L)x 1e. kb = EA/L and therefore by equarion

[11.3]
EAx®
W= =5 [11.6]

{u) Equations [11.3] to [11.6] apply only as long as Hooke's law is obeyed. If the
exrension is 2o great thar the limit of proportonality is exceeded or the wire
does not obey Hooke's law anyway, the work done can be found from a graph
of force against extension (Fig. 11.5). The strain energy per unit volume
is the area under a graph of stress against strain.

Fig. 115 Farce {F)
Work done in stretching a "
wira fr = Flx
w- |, Fax
LE: B P R
i : | Work donn in producing
SxlSn4ian 8 = ares ol
: : | shaded region

# Extpmsion |x)
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EXAMPLE 17.7 0

A steel wire, AB, of length 0.60m and cross-sectional area 1.5 » 10 *m” is
attached ar B 1o a copper wire, BC, of length 0.39m and cross-sectional arca
3.0 x 107* m®. The combination is suspended vertically from a fixed point at A,
and supports a weight of 250 at C. Find the extension of each section of the
wire. (Young's modulus of steel = 2.0 = 10''Pa, Young's modulus of
copper = 1.3 % 10" Pa.)

Solution

Each section of the wire is subject to the full force of 250 N. Letx; = extension of
AB; let xa = extension of BC.

E = 511':1_:3
Strain
Therefore for steel
250/1.5 = 107" 1.0 = 107
2.0 = 101 = -
" I|Jlrﬂ.|.'lﬂ Xy
1.00 = 10° »
I|=W=5.nﬂlﬂ m=ﬂ.5ﬂﬂlﬂ1
For copper
fs 7
L3 10l = 250/30x 107" 325 x10
.1'3,"}39 X3
3,25 = 107 4
:I=W=25H1ﬂ m=ﬂ.25l:|1m

EXAMPLE 11.2 e

A steel rod of length 0.60 m and cross-sectional area 2.5 = 107* m® at 100°C is
clamped so that when it coels it is unable to contract. Find the tension in the rod
when it has cooled to 20 °C. (Young's modulus of steel = 2.0 x 10" Pa, linear
expansivity of steel = 1.6 x 1077°C1)

Solution

It follows from equation [9.4] that if the rod were allowed to contract, its length
would decrease by

0.60 % 1.6 x 1077 (100 -20) = 768 = 10%m
The extension of the clamped rod at 20 °C is therefore 7.68 = 10 *m.

E - 3OS
Strain
Stress
nm _
20107 = e R 107060

ie. Stress = 2.56 x 10°Pa
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Ternzion
Cross-sectional area
Tension
25x= 101
ie. Tension = 64N

Bress =

256 = 10" =

QUESTIONS 11A

1. Analuminium wire of length 0.35 m and radius (h) Find the stress in the ware,
0.20mm is stretched by LL4mm. Young's (e} Find the cross-sectional area of the wire,
modulus of aluminium is 7.0 = 10'7 Pa, (d) Find the tension in the wire,
(a) Find the strain in the wire.

11.6 BULK MODULUS AND SHEAR MODULUS

Fig. 11.6
Block subjected o a
shear strass

So far we have been concerned only with stress which results ina change in length.
Two other types of stress will now be considered. The associated moduli of
elasticity are called the bulk modulus and the shear modulus. The latter 15
sometimes referred o as the Figidity modulus.

Shear (Rigidity) Modulus

A shear stress is one which changes the shape of a body; the straim which results
is called a shear strain. Fig. 11.6 illustrates a solid block WXYZE whose lower
face is fixed. A force F acts on the block tangential vo its upper face. The force

provides a shear stress which distoms the block so that its new shape is WRY £,
The shear modulus & 15 defined by

E, Shear stress
ir =

E L = ‘l d - ¥
~ Shear strain LSO, L Pa)

where
Shear srress = Tangencial force per umit area = F/A
and
Shear strain = Tangent of angle of shear = tanx = Ax/y
. FiA
L, (¥ . 11.7
ax/y Ll

(Note: twisting a wire involves shear stress.)
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Fig. 11.7
Sphere subjected to a
radial stress
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Bulk Modulus

This refers to situations in which the volume of a substance is changed by the
application of an exvernal stress, Unlike the shear modulus and Young's
modulus, which refer to solids only, bulk moduli are possessed by solids, liquids
and gases.

In Fig. 11.7 the application of a force AF, which 15 everywhere normal to the
surface of a spherical body, has changed its volume by A 1 The bulk modulus &
is defined by

Bulk stress
K=—or—— Unit = Nm* = Pa
Bulk strain [ )
where
Bulk stress = Increased force per umit area = AF /A
and

Change in volume ay

R S = SR =

Fid
AV/IV

i = —

Change in

When AF s positive & Fis negative, and therefore it has been necessary to include
the minus sign in order o make K a positve consmant,

AFIA is the change in pressure Ap, and therefore

_ b

A= =RV
which in the limit as Ap — 0 becomes

- _pde

e lJq:lI"’

(i)  The compressibility x of a substance s gven by v = 1 /K.

(il The three elastic moduli have the same order of magnitude for any one
material, and apply only in the region where the ratio of stress (o strain is
constant.
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11.7 PLASTICITY

A perfectly plastic marerial is one which shows no endency 1o renern 1o its
original size and shape when the lead which has been deforming it is removed
(plasticine is a good example). In this sense a perfectly plastic matenal is the
opposite of an elastic material, The application of a load vo a plastic material causes
dislocations (1.c. gaps in the crystal lattice — see section 11,120 o move, This
produces the same effect as planes of atoms sliding past cach other.

11.8 ELASTIC HYSTERESIS

Fig. 11.8

The effect of loading and
unlpading a sample of
rubber

Fig. 11.8 shows the force—exrension curve of o sample of rubber for both loading
and unloading. The extension due to any given force is greater during vnloading
than dusing loading, ie. the unloading extension lags behind the loading
extension. The effect is called elastic hysteresis, and the region enclosed bw
the two curves 15 called a hvsteresis loop. Metals also exhibit hysteresig, but to a
much smaller extent.
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cycle
Loading
™,
,
%
Unkoading

¥ Exfension
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Typically, axterision 51
10 gimes the natural kergth of
1he sample

When rubber is stretched it becomes warmer, When the stress is released irs
temperature falls but 1t remains @ little warmer than & was initially, The ner
ifterease i the heat content of the sample durnng the cvcle 1s equal to the area of the
hysteresis loop.

11.9 SOME PROPERTIES OF RUBBER

(i)  Samples of some types of rubber can be stretched as much as 10 times thedr
pateral lengths and stll regain their original sizes when the stresses are
removed. A tvpical metal, on the other hand, can be subpected to only about
110000 of this extension before its elastic limit is exceeded,

(i) Rubber does not obey Hooke's law, i.¢. the value of the rato stress /strain
depends on the particular stress at which it is measured - see Fig. 11.8. The
sample stretches easily ar first, but has become very stff (steep slope) by the
time the exrension corresponding 1o point A has been reached. At A the



Fig. 11.9

Stress—strain curves of
typical samples of

(&) copper, (bl glass,
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extension 15 such that the long-chain molecules of the rubber (sce
‘Elastomers’ in section 9.10) have become fully straightened out. Any
further extension can be achieved only by stretching the bonds between the
carbon atoms in the chains.

Some tvpes of rubber have particularly large hysteresis loops, and so are
useful as vibration absorbers. If a block of such a rubber is placed between a
piece of vibrating machinery and the floor, much of the cnergy of the
mechanical vibration is converted to heat energy in the rubber, and so s not
transmitted o the floor. The rubber used in the manufacture of tyres has a
small hysteresis loop, for itis clearly desirable that as little heat as possible is
generated in a tyre,

Heating a stretched™ rubber band causes it wo contract. The higher

remperature produces increased lateral bombardment of the Jong-chain
malecules cawsing them o kink and so shorten.,
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0.7 = 10" ™ Elastic limit. Ay Furtbar
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the glass 1o bresk
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Tomuile strassPa
&
(4]
“ &
2.2 % 1 =
E 10*Pa
|
L] T -

Targile @train

*An unsressed sample of rubber, on the other hand, behaves quite normally and expande on heating.
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i)

(vi  For most matenals the value of Young's modulus decreases with increasing
temperature, In the case of rubber, though, the ratio stress /strain increases
with increasing temperature. This 15 because the increased lateral
bombardment of the long-chain molecules which occurs ar higher
temperamures makes it more difficult to straighten them.

{wi) If a rubber band s stretched rapidly, 1ts temperature increases. Ths
behaviour 1= opposite to that of metals and most other matenals. Strewching
the rubber produces greater alignment of its long-chain molecules. This
increased amount of order 15 akin to crystallization 1 the sense that az a
result of it the rubber iz 1n a lower energy state than previously. The energy
released in attaining this state heats the sample,

The stress/strain curve for rubber is compared with those of copper and glass in
Fig. 11.9.

11.10 FATIGUE

11.11 CREEP

If a marerial is repeatedly stressed and unstressed (or stressed first in one direction
and then in another), 1t becomes weaker, Le. the stram produced by a given
amount of stress increases, [f the repeated stressing 15 continued, the matenal may
fracture even though the maximum stress applied in any of the stress cycles could
have been sustained indefimitely 1f 1t had been apphed steadily, The fatlure of a
material under these circumstances is called fatigue failure or fatigue fracture.
It has been estimated that about 90% of the fallures which ocour in aircraft
components are due o fangue.

Mild steel and many other ferrous metals can safely undergo an infinite number of
stress cycles, provided that the maximum stress 12 kept below a particular value
known as the fatigue Hmit, There is no such limit for non-ferrous materials, In
such cases the maximum loading is kept below that which would cause failure
within the time for which the component is required 1o last,

Fatigue fractures usually start in the surface at points of high smress, e.g. ar sharp
corners and around rivet holes. It is believed that each time the matenal is stressed
a small amount of plastic strain is produced. Since it is plastic strain, the effects of
repeated stressings are cumulative and eventually produce fracture.

The term creep is used o deacribe the gradual increase in strain which occurs
when a material is subjected to stress for a long period of time. Unlike fatigue it
occurs even when the stress is constant. Itis most marked atelevated temperatures
and may be so severe that the material evenrually fractures, “The greater the stress,
the more quickly this happens. The mwrbine blades in et engines are partcularly
susceptible 1o creep because thev are under high stress and are at high
emperamures, Soft merals (e.g. lead) and most plasucs show considerable creep
even at room temperature. Fig. 11,10 shows a ypical creep curve, Note the
pccelerated rave of creep just before fracture,
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Fig. 11.10
Typical creep curve
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11.12 DISLOCATIONS

Fig. 11.11
Sliding of crystal planas

The ductlity of metals {i.c. their ability to undergo plastic strain) might be thought
to be due to the various crystal planes which make up the structure slipping over
each other to take up new positions ( Fig. 11.11). According to this idea every atom
in plane X has had to break o bond with an atom in plana Y, and then form a new
one with a different atom in plane Y, However, calcularions reveal thar this process

would require stresses which are abourt a hundred nimes greater than thoese which
are needed o produce plastic strain in practice. Thus real metals are not as strong
as this simple model would suggest. An explanation was offered in 1934 by G.1.
Taylor who put forward the idea of dislocations. One type, an edge dislocation,
is shown in Fig. 11.12, It takes the form of an incomplete plane of aroms (AB in
Fig. 11.12(a)). Forces applied in the manner shown move atoms B and N closer
together and eventually a bond forms berween them at the expense of that between
M and N (Fig. 11.12(b)).

If the stress i1s maintained, M and £ bond together leaving plane XY incomplete
(Fig. 11.12{c)). Inthis way, then, the dislocation moves from left to nght through
the crystal. The end result is the same as it would have been if rows 1 and 2 had
slipped over row 3. However, it has been achieved much more easily for only one
bond has been broken at a time, whereas the wholesale movement of the planes
would require a large number of bonds to be broken at the same time. The process
is commonly likened to the movement of a ruck in a carpet. A large force is
required to drag a heavy carpet over a floor. However, if there is a ruck in the carpet,
it can be moved by the almost effortless process of pushing the rock from one side
to the other (Fig, 11.13).

11.13 THE STRENGTHENING OF METALS

It follows from what has been said in section 11.12 that memals can be made
stronger by impeding the movement of dislocations. This can be done in a number
of ways.
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Fig. 11.12
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Fig. 11.13
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Increasing the number of dislocations, because the increased number makes
it more Hkely that the various dislocations will abstruct each other in a ‘log
jam' effect. The number of dislocations can be increased by plastically
deferming the metal repeatedly - this is the process known as work
hardening.

Introducing “foreign’ atoms (e.g, carbon atems in sveel) inte the structure.
These disturb the regularity of the lattice and by so doing hinder the
movement of dislocations.

Drislocanons have difficulty in moving across grain boundaries and therefore
samples in which the grain size is small (and which therefore have many
grain boundaries) tend 1o be strong,

A metal in which there were no dislocarions would, of course, be extremely strong.
To date, though, such perfect enystals have been made only on a very small scale,
They are known as “whiskers” and are oypically only a few micrometers thick,
though a few millimetres long,.
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121 TERMINOLOGY

Fluids
Both liquids and gases are fluids.

Viscosity

If a fluid is viscous then it offers a resistance o the motion through it of any solid
hody — or what amounts o the same thing, 1o its own motion past 8 selid body, In
both these circumstances (except where the fluid is a gas of very low density) the
layer of fluid in immediate contact with the solid surface is stationary with respect
1o that surface, and therefore the moton causcs adjacent layers of fluid to move
past each other. There exists a kind of internal fncdon which offers 4 resistance to
the motion of one layer of fluid past another, and it 15 this that is the ongin of the
viscous force, In liguids the internal fricton is due o intermolecular forces of
attfaction. In gases the viscous force arises as a resulr of the interchange of
molecules that tales place between the different lavers of the fowing gas. Thus,
whenever molecules move from a fast-flowing layer into a more slowly moving
layer, they increasze the average speed of the molecules of thar layer. It is as if the
faster layer is drageing the slower laver along wath it. At the same time, the random
molecular modon means thar molecules from the slower-moving layer move into
the faster-moving layer, and therefore the average molecular speed of the faster-
moving laver is reduced. Thus, the presence of an adjacent slow-moving laver
slows down the fast-moving laver.

Steady Flow

If the flow of a fluid is steady (also known as streamline flow, orderly flow and
uniform flow), then all the fluid particles that pass any given point follow the same
path at the same speed (i.e. they have the same velocity). Thus, in steady flow no
aspect of the flow pattern changes with time.

Turbulent Flow

This is also known as disorderly flow. In this tvpe of flow the speed and direction
of the fluid particles passing any point vary with rime,

Line of Flow
The path followed by a particle of the fluid is called the line of flow of the particle.

[E
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Fig. 12.1
Streamlines of & liquid in
laminar flows

Fig. 122
Ta illustrate laminar flow

Streamline

A streamling is a curve whose angent at any point is along the directon of the
velocity of the fluid particle at that point, Streamlines never cross.

For a fluid undergoing steady flow all the fluid partacles that pass any given point
follow the same path, i.e. all the particles passing any given point have the same line
of flow, It follows that in steady flow the streamlines coincide with the lines of
flow.

Laminar Flowe™*

Thas 15 a special case of steady flow 1m which the velocities of all the particles on any
given streamline are the same, though the particles of different streamlines may
move at different speeds (Fig. 12.1). As an example of laminar flow, consider a
liquid flowing in an open channel of uniform cross-section. If the fluid is viscous, 1t
flows as a series of parallel layers {laminae). The laver in contact with the base of
the channel is ar rest, and the speed of each laver is greater than the speeds of those
below it. Ifthe channel 1z wide, the drag effects of the side walls can be ignored, and
therefore the velocites of all the particles within each layer are the same (Fig. 12.2].

L] L}
Straamdings Velacities v, vy and

fi:llr&:'"} aL -—H—H— vy are not

Tissireih rily Bgual

Wy = ¥y I Wy

As a second example, consider a viscous luid fowing in a pipe of uniform circular
cross-section. In this case the fluid flows as a series of concentric cvlinders. All the
particles of flund within such a cylinder flow at the same speed. The speed of the
cylinder adjacent to the wall of the pipe is zero, and the speeds increase towards the
centre.

Tube of Flow

Thisz is a rubular region of a flowing fluid whose boundaries are defined by a set of
streamlines,

Incompressible Fluid

‘This is a fluid in which changes in pressure produce no change in the density of the
Auid. Liquids can be considered to be incompressible; gases subject only to smaill
pressure differences can also be taken to be incompressible.

*The term ‘laminar fow’ is often used loosely as being synonymous with the less restricting term
steady fow”,
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12.2 THE EQUATION OF CONTINUITY

Fig. 12.3
Section of tube of flow

If a fluid is undergeing steady flow, then the mass of fluid which enters one end
of a tube of flow must be equal o the mass that leaves at the other end during the
same me, This must be 50 because in steady flow no Muid can leave the be of
flow through the side walls of the tube (streamlines do not cross each other),
and therefore there would be a change in the mass within the tube if it were
not =0, A change in mass would mean a change in the number of Tuid particles
within the mbe, in which case there would exst fluid particles where none had
previously existed (or no particles where there had been some). This cannot
happen under condinons of steady flow becawse the velocioy atr any point has to be
URVATYINE,

Consider a fluid undergoing steady flow, and consider a section XY of a tube of
flow within the fluid (Fig. 12.3). Let
Ay and Ay be the cross-sectional areas of the ube of flow at X and Y
respectively,
iy and gy be the densities of the fluid at X and Y respectively,

vy and vy be the velocities of the fluid particles at X and Y respectively.

Slrapmbinss
h-uurdmg Eha

Tl af Maw

Im a vme interval Ar the fuid an X will move forward a distance o070, Therefore a
volume Ay A will enter the tube at X, The mass of fluid envering at X in time Ar

will therefore be
Py g A

Similarly, the mass leaving at Y in the same tme will be
Pty AL

Since the mass entering at X is equal to the mass leaving at Y,

pyAxvg At = pydyoy i

e, pxdyry = pydyry f12.1]

Equation [12.1] is known as the equation of continuity. For an incompressible
fluid py = py., and therefore the equation takes the form

Agwy = Aoy [12.2]

Asevy 18 known ag the Oow rate (or volume flux) of the fuid at X,
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12.3 BERNOULLI'S EQUATION

Fig. 12.4
Derivation of Bernoulli's
eqguation

This states that for an incompressible, non-viscous fluid undergoing
steady flow, the pressure plus the kinetic energy per unit volume plus
the potential energy per unit volume is constant at all points on a
streamline.

ie. p+3pF + pgh = A constant

where

= the pressure within the fluid

= the density of the fluid

the velocity of the fluid

the acceleration due to gravity, and

> & a nu W
n

the height of the fluid (above some arbitrary reference line).

Consider a wbe of flow within a non-viscous, incompressible fluid undergoing

steady flow (Fig. 12.4). Let
pxand py = pressuresat Xand Y
vxand vy = velocitiessatXand Y
Ay and Ay = areas of cross-section at X and Y
hy and by = average heightsat X and Y,

l Arbitrary zero of potenial energy

Let X, be close to X so that each of the parameters listed above has the same value

at X; as at X. Let Y, be close 1o Y with a similar consequence. Since the fluid is
incompressible, the density will be the same at all points; let this be p.

Consider the section of fluid which is between X and Y, moving 1o occupy the
region between X, and Y. The fluid moves in this direction because the force Fy is
greater than the force Fy. The force Fx moves a distance Ax, and the fluid moves a
distance Ay against the force Fy.

The net work done on the fluid is therefore given by
Work done on fluid = FAx ~ F, Ay

Since the fluid is undergoing steady flow, the mass of fluid that was originally
berween X and X, is equal to the mass which is now between Y and Y. Let this
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mass be m. Thus a mass m which originally had velocity vy and average height hy
has been replaced by an equal mass with velocity o and average height Ay,
Therefore,

1 1 X
3 Ty

Gain in potential energy = mghy - mghy

Mone of the work done on the fluid has been used to overcome miternal fricoon
because the fluid is non-viscous, and therefore by the principle of conservaton of
CNETEY,

Work done = Gain in KE + Gain in PE

Gain in kinetic energy = 1 mu,

Fylx— Fydy = Jg‘m'!-'?: _J;ii"’l'l?:a:3 + mighty — mghy
:i.l."- _p:,l.fq“.lﬁ.l' —p-l'-.id-.-j_}' —_ %M[J‘.I—%mﬂxl+ﬂwh,1_ _MEJI“

But, Ay Ax = Volume between X and X, = s/p, and similarly A, Ay = mi/p.
Therefore,

I i
Px F = Py |r_.l - lenw.r""— mel-':r:'z +mghy — mgh,y,

Thus  px = py = %I-"U'.': - %F-"?-'xz + pghy — pghy

Le. Px + %Iﬂ’xz +pghy = py+ %Pﬂ'cz + pghy
Since X and Y were arbitcarily chosen points we may write

p+Lpv® + pgh = A constant

In practice, Bernoulli's equation cannot apply exactly - real fluids are viscous and
gases are easily compressed. Nevertheless, as long as the equation is used with
care, it gives meaningful results and its qualitative implications are valid.

12.4 CONSEQUENCES OF BERNOULLIS EQUATION

It follows from Bernoulli’s equation that whenever a flowing fluid speeds up, there
is acorresponding decrease in the pressure and /or the potential energy of the fluid.
If the flow is horizontal, the whole of the velocity increase iz accounted for by a
decrease in pressure.

Anaerofoil {e.g. an atrcraft wing) is shaped so that air flows faster along the top of 1t
than the bottom. There is, therefore, a greater pressure below the asrofoil than
above it It is this difference in pressure that provides the lift. A spinning ball
experiences a similar effect. The spin drags air around with the ball (Fig. 12.5).
The ball therefore has a resuliant force acting on it vvwards the top of the page.

In accordance with the equation of continuiry, fuids speed up at constmctions, and
therefore there is a decrease in pressure at constrictions. This effect is made use of
in such devices as filter pumps, Bunsen burners and carburettors.

The Venurd meter [ Fig. 12.4) is a device which introduces a constriction into a
pipe carrying a fluid, in order that the velocity of the Auid can be measured by
measuring the resulting drop in pressure.
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Fig. 12.5
Tao illustrate the affect of

spin

Fig. 12.6
The Ventur meter

EXAMPLE 12.1

)
Ayvy = Ayvy e, wy =

. Aor ¥
pxtdpvd = pot i (—:—’“)

Solution

Refer to Fig. 12.7. We shall assume that we are dealing with a non-viscous,
incompressible liguid in steady flow, in which case we may apply Bemoulh's
equation to pomts X and Y on the streamline XY,

Ineragged sir
spaad, tharetong
|oww pressure

refative o all af ball

'
Direction of air 2 " Directicn O} Sgin
r

Decreased air
spaed, tharelore
Figh pressure

Manamaber to rocond o,

Manometer Bo record oy

Feownng fluid
aof density @

Consider the fAuid o be nonsviscouws, incompressible (of dencity @) and in
horizontal steady flow. Let the pressure and velocity respectively be py and oy at X,
and be gy and o atY on the same streamline as X, Applving Bernoullv's equation
ar X and Y gives

Pxt i’ = py ey
If the cross-secrional areas at X and Y are Ay and A, then from the equation of
continuity

_ Ayvy
A,

v

Al .
Thus by measuring the pressures p, and py and knowing g, Ay and Ay, it is
possible to find the velocity o, of the fluid in the unconstricted (main) section of

Calcularte the velocity with which a liquid emerges from a small hole in the side of a
tarik of large cross-sectional area if the hole 15 0.2 m below the surface (Assume

g = 10ms )
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Fig. 12.7 Frossure = o
Diagram for Example
12.1 1
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Thus, taking the pressure, height and velocity at X to be py, by and vy, and the
pressure, height and velocity at Y to be py, Ay and oy, we may put

Py + pEhe + L pug’ = py + pghy + 1 pvyd [12.3]
The pressure at both X and Y is atmospheric pressure p, and therefore

P =Py = P
Taking heights to be measured from the level of Y we have
F!l}; == '..-lzm 'ﬁ'l" = ﬂ

Ifwe assume that the tank is wide enough for the rate at which the surface level falls
to be negligible, then

e = U wy = o (the velocity of emergence)
Substtutng in equation [12.13] gives
p+pxl0x0240 = p+04+Lps”

L.e. v = v2x10x02 =2ms!

In general v = \,.-’E_gh and is equal to the velocity acquired by a body falling from
rest through a height & — a result which is known as Torricelli’s theorem. In
practice v would be less than 2m s ! because of viscous effects.

12.5 THE PITOT-STATIC TUBE

The Pitot—static tube is a device used to measure the velodty of a moving fluid. It
consists of two manometer tubes = the Pitot tube and the stadc be. The Pitot
tube has its opening facing the fluid flow; the static rube has its opening at right
angles vo this,

When the Pitot-static rube is used to measure the velocity of a flowing liquid, the
liquid itself can be used as the manometer iquad (Fig. 12.8). Providing the liquid
has reached s equilibrium level in the Pitor tube, the liquid at Y wall be stanonary
{i.e. Y is a stagnation point). Suppose that X is a point on the same streamline as
¥, bur sufficiently distant from it for the liquid there to have its full velocity, v, Ifthe
liguid 15 in steady flow and can be considered mon-viscous and incompressible, we
may apply Bernoulli's egquation o X and Y. Bearing in mind that the flow is
horizontal, this gives

Px+Ep0" = py [12.4]
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Fig. 12.8
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whiere py and py are the pressures in the liquid at X and Y respectively. Rearranging
equation [12.4] gives

v g 125
> | i
or
o {2 { Pressure at Pressure where 2.6
1I.I g\ stagnation point fund velocity 1.') ST

The pressure, pys at'Y is equal o the pressure exerted by the Diguid in the Pitor tube
plus ammospheric pressure, p,. Therefore
Py = hypg 4+ p,

The pressure, o, 3t X 15 equal to the pressure exerted by the hguid incthe static tube
plus atmospheric pressure, and therefore

Px = Hypg + pa
Therefore

Py —Px = pEllly — By
Therefore by equation [1.2.5]

v = \/2g(hy — hy) [12.7]
Crases cannot be wused as manomerer Muids, and therefore the type of Pitnr-static
tube used to measure gas velocities has the form shown in Fig. 12,9, The head of
liguid in the manometer measures the difference (fp., ) berween the pressure at
the stagnation point, Y, and the pressure at X, where the gas has velocity o
Therefore by equartion [12.6]

(2 .
v o= /= (hpy g
H'F': m

The terms; ‘static pressure’, ‘dynamic pressure’ and “total pressure’ are often used
in connection with fowing fluids.

Static Pressure

The static pressure at a point in 8 lowing fluid is the achial pressure at that point.
Ag guch, it is the pressure measured in such a way that the measurement does not
affect, and is not afected by, the velocaty of the fluid. One way of schieving this 15
with a manometer whose opening is parallel to the flow direction. (" The static tube
in Fig. 12.8 measures the statc pressure at X.)
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Fig. 12.9

Pitoi-static tube to
meaasure the velocity of a
gas
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Dynamic Pressure
For a fluid of density p, moving with velocity ¢, the dynamic pressure is JE- pu,

Dynamic pressure is not a ree pressure — simply a quanticy which has the same
dimensions (see Appendix 2) as pressure.

Total Pressure

The total pressure is the sum of the static and dynamic pressures, The pressure and
the toral pressure are equal to each other at a stagnation point.,

12.6 THE COEFFICIENT OF VISCOSITY (#»)

The coefficient of vizcosity of a fluid is a measure of the degree to which the fluid
exhibirs viscous effects. The higher the coefficient of viscosity, the more viscous
the fluid - the coefficient of viscosity of golden syrup at room temperature is about
10" times that of water at the same temperature. The coefficients of viscosity of
most fluids have a marked temperanare dependence; those of liquids decrease with
ncreasing temperature, whereas those of gases Increase with Increasing
lemperature,

Viscous effects are due o the frictional force which exists berween two adjacent
layers of fiuid which are in relative motion. Consider a viscous fluid undergoing
laminar flow, and consider in particular vwo parallel lavers of area A separated
by a small distance &y and whose velooittes are w and o+ 8¢ (Fig. 12,100, It
was suggested by Mewron thar the [nctonal force F oberween the layers is
proportional to A and wo the velocity gradient dofdy, i.e.
Foad IE
oy
[This 15 the opposite of the situation with solids — the frictional force berween the
surfaces of two sohds 15 independent of the area of contact and of the relative
velocity, See section 2.12.) Introducing a constant of propormionality, 5, we have

F =ngd> 128

Equatien [12.8] is sometimes called Newtons law af viseosity. 1t holds for all
gases and for many liguids. Such liquids are called Newtonian Hguids; water
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is an example. For any given values of 4 and dv/dy, F is large for those fluids which
have high values of i, and therefore nis 2 measure of the viscosity of the fluid, and
can meaninghilly be called its coefReient af viscosity,

There are some liguids, called non-Newtonian liquids, for which &~ is nom
proportional to do/dy and which, therefore, do not have constant values of n—1.¢.
they do not have coefficients of viscosity in the mormal semse, Qil-paint is an
example of a non-Newtornian liguid.

(i) Theunitsofgare Nsm * = kgm 's "
(i1} By rearranging equation [12.8] as
_ Fjd
' /by

and then comparing it with equation [11 7] of secrion 1 1.6 we can draw an
analogy between i and the shear modulus G of asolid, Incach case F/A 15 the
shear stress, In the case of a solid, though, the stress produces a fixed strain
(& x/y) proportional to the stress, whereas with a Newtonian fluid the strain

increases without limin as long as the seress is applied and it is the rate of
change of the strain (4w /dy) which is proportional to the stress,

12.7 POISEUILLE'S FORMULA

Consider a viscous liquid undergoing steady flow through a pipe of circular cross-
section. Because of viscous drag the velocity vanes from a maximum at the centre
of the pipe to zero at the walls, We shall use dimensional analysis (see Appendix 2)
to derive an expression for the volume P of liguid passing any section of the pipe
in time {.

It can reasonably be supposed that the rate ofvolume flow /rdepends on (i) the
coefficient of viscosity i of the liguid, (i) the radius r of the pipe, and (i) the
pressure gradient p/f, where p is the pressure difference between the ends of the
pipe and [ is its length. If we express the relationship as

V . :
T = ey r-‘{%}

where & 1s a dimensionless constant and x, v and = are unknown indices, then since
each side of the equation must have the same dimensions,
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[Vid] = [n¥[r[(2/0)7]
L*'T! = (ML 'T 'y (L)*({ML*T )"
i-.':- L]T 1 — Mtr:Lv X ETJ FI]
Eguating the indices of M, L and T on both sides gives
0=x+z (for M)
3=y—-x-2zr (forL)
-1 = —-x—-22 (for T)
Solving gives £ = l,x = —1, ¥ = 4. The relationship is therefore
¥ rop
+ = *(3)
The wvalue of & cannot be found by using dimensional analvsis, however,
mathematical analysis shows that it value 15 '8, and therefore

V rrip

L 12.9

£ 8nl [ ]
This is called Poiseuille*s formula in recognition of Polseuille who in 1844
made the first thorough experimental investigation of the steady flow of a liquid
{water) through a pipe. The formula applies only to MNewrtonian fluids (see
section 12.6) which are undergoing steady flow.
The speed of bulk flow 15 defined as the rate of volume flow divided by the cross-
sectional area of the pipe. Steady flow occurs only when the speed of bulk flow is
less than a certain critical value ¢, Since Poiseuille’s formula applies only to steady
flow, it does not hold when the speed of bulk flow exceeds v, Experiment shows
that for cyvlindrical pipes

110075
F"‘J

where p and n are the density and coefficient of viscosity of the fluid and r iz the
radius of the pipe.

. R

12.8 MEASUREMENT OF n» BY USING POISEUILLE’'S
FORMULA

The method makes use of the apparatus shiown in Fig, 12,11 and is suitable for
liguids which flow easily (e.g. water). (For high-viscosity Lguids see section
12.10.)

The liguid under test flows steadily through the capillary tube from a constant
head device and the volume IV of ligquid which emerges in a known time § 15
measured. The pressure difference between the ends of the capillary ube is hpg
(where o is the density of the liquid and g is the acceleration due to gravity) and
therefore from equation [12.9]

V nrthpg

r Anl
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Poiseuilles formula applies only if the flow is steady. In order to check thae this is
the case the measurements are repeated for different values of k and a graph of
(V/ ) against A is plotted. The graph is linear providing / has been kept below the
value at which the rate of flow is so hagh that rurbulence sets in. The gradient of the
graph is mr'pg/ (81! ), enabling y to be calculated once rand / have been measured
[ and gare found from tables). The mean radius r of the tube can be found by

measuring the length and mass of 8 mercury thread inroduced into the tube,

Motes (1) (Great care is necded when measunng r because it appears in the calculation
of n as r*, This makes the percentage error in 4 due to an error in r four Gmes
the percentage error in r.

(ii) A capillary tube is used because rneeds to be small so that i is large enough to
be measured accurately.

129 STOKES' LAW AND TERMINAL VELOCITY

Derivation of Stokes’ Law

Consider a sphere of radius r moving with velocity o through a fluid whose
coefficient of viscosity is 5. The sphere experiences a viscous force F which acts in
the opposite direction to that in which the sphere is moving. We shall use
dimensional analysis (see Appendix 27 1o obtain an expression for F.

It can reasonably be supposed that F depends enlv on r, i and ©. (Though the
muss of the sphere and the density of the fluid have o bearing on how the velocity

varies under the effect of an applied force, they have no direct influence on the drag
force.) If we express the relanonship as

F = krinte?
where kis a dimensionless constant and x, v and = are unknown indices, then since
each side of the equanon must have the same dimensions

[Fl = [r*]ln*][v]
MLT? = (LY (ML-'T-"p(LT Y)*
ie. MLT?® = ML®* T
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Equatng the indices of M, L and T on both sides gives
1l =¥ (for M)
l = x+z-y iforL)
=2 = —y—z (for T
Bolvinggivesy = 1, = 1, & = 1. The relationship is therefore
F = Ermpu
A Tull mathematical analysis reveals that & = 6m, and therefore

F = azrnuv [12.10]

Eguation [12.10] was first derwved by Stokes and 15 known as Stokes® law,

(1) Strictly the law applies only to a fluid of infinite extent.

(ii) Stokes” law does not hold if the sphere is moving so fast that conditions are
not sreamlineg.

Terminal Velocity

Consgider a sphere falling from rest through a viscous fuid. The forces scting
ofi the sphere ace its weight W7, the upthrust U7 due 1o the displaced Duid, and the
viscous drag F (see Fig. 12.12). Initially the downward force ¥ is greater than the
upward force, U+ F, and the sphere accelerates downwards. As the velocity of the
sphere iIncreases so too does the viscous drag, and eventoally £+ Fi=s equal 1o 11
The sphere contnues o move downwards but, because there 15 now no net force
acting on it, its velocity has a constant maximum value known as its terminal
velocity v,

Upthrust (L4 +
viscous deag |F)

soner /Ol”

through a
VWICEILE
Flusd

'Wﬂigl‘ﬂ (4]

If gy and g, are the densities of the fluid and the sphere respectively, then
W = 4nr'p,g

and
U= $mrpe

Ar the rerminal velocity

U+F =W [12.11]
and

F = Garn
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whiere i is the coefficient of viscosity of the fluid. Substurunng for IF, UMand Fin
equation [ 12.10] gives

inrtp g+ bnrngy, = dnr'p g

e Brrny, = 3ar p, — plE

ZI""; - Hr |
ie. o = —--%‘-’Ji 12.12|

12.10 MEASUREMENT OF » BY USING STOKES’ LAW

The method is suitable for liquids of high viscosity such as glycerine and treacle,
and makes use of equation [12.12]. (For low-viscosity liquids see section 12.8.)
The liquid whose coefficient of viscosity o is being determined is contained in a
la_rE measuring cylinder (Fig, 12.13), A small ball-beaning of radius ris dropped
gently inte the Liguid, The urme taken for the ball to fall from marck A to mark B is
determined, Providing A is sufficiently far below the surface, the bearing will have
reached its terminal velocity v, before reaching A, in which case v, = AB/r. If oy

and p, are the densites of the liguid and the sphere respectively, then from
equation [12.132]

AB _ 2r(p —pile

I 9

Fig. 12.13 5
Apparatus for measuring Large ' —  Zmail hadl-bearing
i using Stoke's law T-;;ﬂ;?"g

I I ———

Bl====d
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A micrometer can be used o measure r; p, and pp are found from tables or are
determined in additional experiments; hence y can be deduced.

Motes (i) Stokes' law applics strictly only when the fluid is of infinite extent. The error
due o the impossibility of fulfiling this condibon is reduced by wsing a
measuring cylinder which is wide compared with the diameter of the ball-
bearing, and by having B well away from the bottom.

(ii)  If the velocity of the bearing 15 so large that it produces turbulence, Stokes’
law does not hold and equation [12.12] is not applicable. Using a highly
viscous liquid and a small ball-bearing avoids this problem and also makes
large enough 1o be measured accurately,
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QUESTIONS ON SECTION B

1dDms

SOLIDS AND LIQUIDS
(Chapter 9)

B1 The graph shows the potenoal energy of a pair

of atoms at different distances apart.

Fs
Pabartial
DTy

Distanon boteipen
aborms

{a) What distance represents the egquilibrium
separation of the aroms?

(b} What is the physical significance of the
quantity represented by XR?

{e) Identify the region of the curve in which
there is a net attractive force between thie
Aroems.

(d) What is the physical significance of the
gradient of the tangent to this curve?

[1,"92]

B2 A certain molecule consists of mwo identcal

atoms, each of mass 1.7 = 10°% kg, The

equilibrium separation of the atoms in the

maolecule 15 x5. The figure above shows the way

in which the force F of repulsion between the

atoms varics with their separation x.

{a) Account for the general shape of the graph
and use it to find x;.

{b) Sketch agraph of the potential energy Fofl
the molecule as a funcuon of x, marking
the position of x; on the x-axis, How s V
related 1o F?

B3

! = 10N kg ' unless otherwise stated.

I T i
Finhd T' | I I

Hn' | -—

a0 N —

| xipm

=] il
50 06 [ 150 P —

| |
[ 1] S E—— SN SE—— |

For very srall displacements from x;, the force
F iz piven by the approgimate relaton
F = —kix - x).

(¢} Find the value of & in thiz equariodn.

(d} Describe the motion of the atoms i the
molecule when moving reely under the
action of this force. By deriving the
equation of motion of one of the atoms,
or otherwise, find the frequency of the
MO, (]

The very simplified curves (p. 200 represent,
for two sdjacent atoms or molecules, the varia-
tiod with the separation r beoween their centres
of the potential energy 1, due to the mteracton
berween them, and the force F, berween them.
(a) Explan the general relation between the
Foocurve and the I, carve, and the
significance of the broken lines A and B.
(k) With reference to the FLcurve (a), explain
b
(i) the lower part is consistent with
molecules in & solid oscillatng
about a mean position,
(11} the effect of a rise In remperature
eruld be represented,
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i{Repulsicn
positive)
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I
I

|Rapulsson
Eogitival

(idi) the thermal expansion of a solid on
heating is accounted for,

{(iv) the latent heat of vaporization (or
sublimation) per atom can be est-
mated.

{c) Withreference to the F, curve (b)), explain
how:

(i) the property of elasticity is repre-
sented,

(1) Hooke's law is accounted for.

{d} How can it be forecast that a solid wall
rupture under a large enough stress, and
will melt ar a high enough remperamre?

(0]

The specific latent heat of vaporization of a
particular liquid is 2.0 = 107 Tkg™', its relative
molecular mass 15 30 and 1ts eoordination
number is 10. On the basis of this data, and
given that the Avogadro constant = 6 x
10" mol™!, obrain a value for the binding
encrgy of a pair of (adjacent) molecules of the
liquud.

On freering, the coordination number in-
creases o 12, Esdmare the specific latemt
heat of fusion.

B5 (a) Calculate the potential energy, in ¢V, per

pair of aroms of a solid for which the latent
heat of sublimation is 1.3 = 10* Tmol !
and the number of neighbours per atom is

B7

209

6. The Avogadro constant, Ny = 6.0x
10%mol ' and 1eV = 1.6 = 10°1"].

(b} For a pair of atoms, sketch a graph
showing how the potental energy per
atom  pair wvaries with the distance
between the atoms. Show on your graph
(1) the equilibrium separation, ry, (i) the
value of the energy calculated in (a).

() Mark on your sketch graph a point P
corresponding o a separation offier than
e equiibrinn velve and explain how you
would determine, from the graph, the
force between the atoms at P. Indicate
whether vou consider the force at P o be
artractive or repulsive. )

The latent heat of vaporizaton of waer is
4 % 10* Jmol " at the boiling point, and each
water molecule has, on aversge, 10 near
neighbours. Estimate the binding energy for
a pair of water molecules.

Ignore the work done in expansion in your
calculation, but explain whether this assump-
ton leads o an overestimate or an under-
estimate of the binding energy.

(The Avogadro constant N, = 6 x
107 mal 1) %]

Calculate the average volume occupied by a
gsingle molecule of a solid whose density 15
1.2 = 107 kgm ™} and whose relative molecu-
lar mass 15 90, ({The Avogadro
constant = & » 10 mol ')

Hence, stating any assumprion thart you make,
estimate the distance between the centres of
two adjacent molecules of the salid.

{a) Estimate the diameter of a water molecule
given that the relative molecular mass of
water is 18 and its density is 1000 kgm~*.

(b) Using the value obrained in part (a),
estimate the hinding energy of water
molecules, given that the surface tension
of water is 0.072Nm ' and that the
number of near neighbours in the water

is 10,

(Assume that v = N, zs/4. Take Ny =
6.0 » 10% mol™ ") [W, "91)
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B9 An alloy contains two metals, X and Y, of den-
sities 3.0 = 10°kgm ' and 5.0 = 10" kgm ™’
respectively. Calculate the density of the alloy
(a) if the volume of X 15 twice that of Y, and
(b} if the mass of X iz twice that of Y.

B10 An allov of two metals, X and Y, has a volume
of 50=10*m’ and a density of
5.6 = 10°kgm *. The densities of X and Y
are B0« 107kgm ' and 4.0 x 10°kgm*
respectively. Find the mass of X and the mass
of ¥

FLUIDS AT REST (Chapter 10)

B11 An open Usube manometer contaimng
mercury 15 used o measure the pressure of a
gas. The mercury level n the open tube 1s
GO0 mum higher than that in the limbwhich s
comract with the gas, Whar is the pressure (in
pascals) of the gass

(Density of mercury = 1.36 = 10%kgm™,
atmospheric pressure = 1.01 x 10° Pa, g =
GRIlms <)

B12 The diagram shows o mercury manometer
recording a pressure of 150 kP, The atmo-
spheric pressure 15 100 kPa,

[Take the density of mercuryas 13600 kem *.)

What is the height difference & of the mercury
surfaces? (O, a1 =]

150 kPa

ot/

B12 A bodwy has aweight of 160 N when weighed in
ar and a weght of 120N when totally
immersed i a liguid of relatve density 0.8,
What is the relatve density of the body?

SECTION B: STRUCTURAL PROPERTIES OF MATTER

B14 An object 1s suspended from a force meter
Capring balance”) capable of reading forces to
within 4 0.00 M. The object is found to have a
weight of 492N in air and 387N when
rmmiersed in water.

(a) Calgullare the density of the material from
which the object is made,

(b} Dnscuss the reading which could be
obrained il the object were suspended
from the force meter within an evacuated
enclosure.

[Drenzity of air 1.3kgm 7, density of warer
= 1.0x 10°kgm ) 5]

B15 A rank containg a liquid of density 1.2 = 107
kg m . A body of volume 5.0 = 10 *m” and
density 0.0 = 10°kgm™ ' is rotally immersed
in the liquid and is amached by a thread to the
bottom of the tank. What is the tension in the

thread?

B16 A ball with a volume of 32 cm’ floats on water
with exactly half of the ball below the surface,
What iz the mass of the ball? (Density of water

= 1.0x 10 kgm )

B17 An object floars in a liguid of density
1.2 = llffls'kgr.n ' with onc quarter of s
volume above the hguid surface. What is the
density of the object?

B18 A hot-air balloon has a volume of 00 m’”, The
balloon moves upwards ar a corranr speed in
air of density 1.2kgm ¥ when the density of
the hot air ingide it is 080 kgm .

{a} Whatis the combimnmed mass of the balloon
and the mr inside w?

(b} What i= the upward accelerabon of the
balloon when the temperature of the air
inside i has been increased =0 that s
density is 0.7 kgm *#

B19 An object with a volume of 1.0 x 10~ m”* and
density 4.0 x 10°kgm * floats on water in a
tank of cross-sectional area 1.0 = 10 *m”.
(a) By Bow much does the water level drop

when the object 13 removed?

(b} Show that this decrease in water level
reduces the force on the base of the tank
by an amount equal o the weight of the
object.

(Density of water = 1.0 = 10° kgm )
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Dierive, explaining the meaning of the erms
on the nght-hand side, the approximate
relationshap

= ",u,-'i'l:"
where o« is the work done in isothermally

creating unit surface area of a liguid. Explain
why the relationship is approximare,

Show that @, the work done in isothermally
crearing unit surface area of a liquid, 15 equal to
v, the force perunit length acting in the surface
of the liquid at sight-angles to one side of an
imaginary line drawn in the surface.

The specitic latent heat of vaponzation and the
surface tension of a particular liquid are
7.5 % 107 kg " and 4.0 x 10" Nm ! respec-
tively. The relative molecular mass of the
liquid is 40. Esomate the number of mole-
cules in 1cm® of the liquid surface. (The
Avogadro constant 6 10 maol )

Explain briefly, with the aid of a diagram, what
vour would expect 1o happen o a nearly
spherical water droplet resting on a clean
horizontal surface if a tny amount of deter-
gent were added o it

How do you account for the change that might
ooour? L]

The velocity ¢ of surface waves on a liquid may
be related to their wavelength 4, the surface
tension of the liquid o and s density g by the
following equation

v = kitalp
where £ 15 a dimensionless constant.

Find values for o, § and ; by a dimensional
argument. [%]

A spherical drop of mercury of radius 2 mm
falls to the ground and breaks inte 10 smaller
drops of equal size. Calculate the amount of
work that has to be done, (Surface tension of
mercury = 472 = 10 'Nm ")

What is the minimum speed with which the
original drop could have hit the ground?
{Density of mercury = 1.36 = 10°kgm *.)

Two soap bubbles have radii of 3 cm and 4 cm.
The bubbles are in & vacuum and they
combine to form a single larger bubble.

oS-

Calculare the radius of this bubble. (You
may assume that the surface tension of soap
solution is constant throughour. )

A glass barometer tube has an imernal radias
of 3mm. Calculate the actual atmospheric
pressure on a4 day when the height of the
mercury column is 760.2 mm. (Surface ten-
sion of mercury = 4.72 = 10 '"Nm ', angle
of contact of mercury with glass = 137,
density of mercury = 1.36 = 10°kgm °, ac-

celeration due to gravity = 9.8l ms *.)

A soap bubble whose radius is 12 mm becomes
attached to one of radius 20mm. Calculate
the radims of curvature of the common inter-
face.

Define the terms surfuce femsion, angle of
conract.

The end of a clean glass capillary tube, having
internal digmeter 0.6 mm, 15 dipped into a
bBeaker comtaining water, which rises up the
tube to a vertical height of 9.0 cm above the
water surface in the beaker, Caleulate the
surface tension  of water.  (Density  of
water 1000 kgm )

What would be the difference if the tube were
not perfectly clean, o that the water did not
wer i, but had an angle of contact of 300 with
the tube surface? [5]

Diefine surface renston. (ive a conclse explana-
tion of the origin of surface tension in terms of
imermalecular forces.

“The pressure difference on the two sides of a
spherical liquid=gas interface 15 27/ K; what do
wand K represent? (Youw may we this expression
om ) i e so coieh, bt vou are advised fo use it i
parts (h) and (c).)

{a) Derve an expression for the height of the
liguid eolumn n a vertical, uniform
capillary tube. (MWeglect any correction
for the mass of the meniscus and assume
that the angle of contact is zero, ) Describe
the experimental determination of the
surface rension of water by the capillary
rise method giving with reasons, asuitable
value for the radius of the rube.

(b} The vwo wvertical arms of a manometer,
containing water, have different imternal
radit of 10 *m and 2 = 10 *m respec-
tvely, Derermine the difference in height
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of the two hquid levels when the arms are
open to the atmosphere.

(c) Explain why the pressure difference is not
constant across the meniscus of the hiquid
column in a capillary tube, and discuss the
general shape of the meniscus,

The surface tension and density of water
are Tx10*Nm' and 10°kgm?
respectively. [%]

By considering the work done per unit area in
increasing the surface area of a bubble blown
in @ higuid, or otherwise, derive an expression
for the excess pressure p inside a bubble of
radius r.

1 1 1 [ Density af
r lgusd = @
|
h
1 1 1 1

il Liik

The diagrams above represent glass capillary
tubes dipping into a liquid. Explain why the
situation represented by (i) 15 unstable while
that in (ii) is stable.

Use the data given in disgram (i} to derive an
expression for the height & to which the liguid
rises, given that the angle of contact between
the hguid and glass 1= zero.

By considenng intermolecular forces explain
why the surface of a liquid is different from the
bulk of the liguid.

Suggest why there might be a connection
between the surface encrgies (surface ten-
sions) of lgquids and their normal boiling
points. (L]

B32 The pressure difference p across a spherical

surface of radius r between air and a Lguid,
where v is the surface tension of the liguid, s
given by

SECTION B: STRUCTURAL PFROFERTIES OF NMATTER

(a) Show that this expression is consistent
with ¥ being measured in N m ', It can be
shown that 7 is also equal o the encrgy
stored per unit area in the surface. Show
that this is also consistent with 7 being
measured in Nm ',

(b} Describe a method for measuring - which
i5 based on measuring the excess pressure
in a bubble,

(c) Using the cnergy defimtion of ¢ given
above calculare the energy stored in the
surface ofa soap bubble 2.0 cm in radius if
its surface tensioni=s 4.5 = 10 *Nm ' If
the thickness of the surface is
6.0 % 107 m and the density of the soap
soluton is 1000kgm™*, calculate the
speed with which the liguid fragments
will fly apart when the bubble is burst,
What assumprions have vou made in your
calculation? [L]

B33 (a) Draw and label 2 diagram of apparatus

suitable for measuring the surface tension
of water by Jacger's method.

Assume that the pressure p within the
apparatus when i 5 asembled equals the
pressure py of the ammosphere ourside.
Sketch a graph which shows how the
pressure difference p — pp changes with
time from the instant p begins to increass
until the moment a bubble 15 about tw
break away from the bottom of the
capillary for the third time,

How are the pressure differences shown
in the graph related to (1) the position of
the Liquid meniscus in the capillary and
(i) the radius of the bubble formed at the
bottom of the capillary?

Srate which gquantitie: you would mea-
sre if vou were using this appararis 1w
determine the surface tension of water and
describe how you would measure them.
{b) The disggram, (p. 213) which 15 not to
scale, shows two capillary tubes of uni-
form bore fitting tightly into a short length
of rubber tubing. AB and CD¥ are two
threads of water. The capillary tube
containing CD 15 kept horizontal while
that containing AB is raised through an
angle 0 until the water surface at D is both
flat and vertical.
(1) Calculate the surface rension of water
given that # is 10.5°, AB is 11.4 cm,
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Capilkary Eube

thie radius of the capillary mube ar C s
0.72 mm and the density of warer s
1.00 = I.ﬂ"kgm * The angle of con-
tact between water and glass 1s zero.
You may assume the relation Ap =
2r,and thaty = 98ms %)

(ii) Suggest an experimental procedure
e determine when the water surface
at I is flat. [L]

ELASTICITY (Chapter 11)

B34

B35

Drefine teemle stress, rendde  strace,  Yourg's
miond'liis.

A mass of 11 kg 15 suspended from the ceiling
by an aluminium wire of length 2m and
diameter 2 mm. What 1s:

({a) the extension produced,

(b) the elaztuc energy stored in the wire?

The Young's modulus of aluminium s
7= 10" Pa (Nm *. [S]

The maximum upward acceleration of a lift of
total mass 2500kg is 0.5ms 2. The lift is
supported by a sweel cable, which has a
maximum  safe  working  stress of
1.0 x 10° Pa. What minimum area of cross-
section of cable should be vsed? [CiO]

B36 An elastic string of cross-sectional area 4 mm”

B3z

requires a force of 2.8 N to increase its length
by one tenth. Find Young's modulus for the
string. If the onginal length of the stnng was
I m, find the energy stored in the string when it
is 50 extended. W]

(a) For an elastic wire under tension there is,
under certain conditons, a simple rela-
tion between the applied stress and the
seraim prodeced. Explain the meaning of
the terms in italics, stare the relaton and
indicate the condidons that must be
fulfilled,

20

b A long thin vertical steel wire is fixed at the
upper end. Descoibe, pving remsons for
the design of the apparatus used, how you
would measure the extensions caused by
the additdon of various loads at the lower
end.

()} A massive stone pillar 20m high and of
uniform cross-section eests onm a nged
base and supports a vertical load of
5.0 x 10* N at its upper end, State, with
reasons, where in the pillar the masimuom
compressive stress ocours. If the com-
pressive stress inthe pillar is not wo exceed
1.6 x 10" ™ m 7, what is the minimum
cross-sectional area of the pillar?

Diensity of thestone = 2.5 » 107 kgm *.
(1]

B3B8 A cvlindrical copper wire and a cvlindrical

steel wire, each of length 1.000 m and having
egual diameters are joined at one end 1o form a
compaosite wire 2.000 m long. This compaosite
wire is subjected to a vensile stress unul its
length becomes 2,002 m. Calculare the wensile
stress applied to the wire.

(The Young modulus for copper =
1.2 = 10" Pa and for steel = 2.0 = 10" Pal)

[Wr, "91]

(a) Aheavyrigid bar is supported horzontally
from a fxed support by two vertical wires,
A and B, of the same imnioal length and
which expenence the same extension. If
the ratio of the diamever of A rothatof B is
2 and the rato of Young's modulus of A
to that of B 15 2, calculate the ratio of the
ension in A to that i B,

{by If the distance between the wares is [,
calculare the disrance of wire A from the
centre of gravity of the bar. rn

{a) Define srress, sorain and thie Yoseng siodeilis,

(b} (i) Describe an experiment to deter-
mine the Young modulus for a
rmaterial in the form of a wire,

(i1} Which measurement requires parti-
cular care, from the point of view of
accuracy, and why?

Drerive an expression for the poten-

tial energy stored in a stretched wire.

(i) A sweel wire of diamerer 1 mun and
length 1.5 mis stretched by a force of

(e} (B



50 M. Calculaze the potential energy
stored in the wire.
(Young modulus of steel = 2
w 10" Pa.

(iii) The wire is further stretched o
breaking. Where does the stored

EMETEY 207 W, 90]

B41 Define Young's modulus and describe a

method to measure its value for 2 eniform
elasuc wire. State the precautions Necessary to
ensure an accurate result,

The ends of a uniform wire of cross-secgonal
area 10" m” and negligible mass are attached
1o fimed poines A and B which are 1 m apart in
the same horizontal plane. The wire is initially
straight and unsitretched. A mass of 0.5 kg is
attached 1o the mid-point of the wire and
hangs in equilibrmam with the mid-point at a
distance 10 mm below AR, Calculate the value
of Young's modulus for the wire, [O & ]

B4Z (a) Dicscribe an expenment using two long,

parallel, identical wires to determine the
Young moedulus for steel, Explain why i is
necessary to use two such wires. Indicate
what quantitics you would measure and
what messuring mstrument vou would
use in oeach case, State what graph yoo
wolld plot, and show how in is wsed o
caleulate the Young modulus.,

AAIIIIIS

Sisal Bratd

e

A B

(b} A light rigid bar is suspended horizontallv
from two vertical wires, one of steel and
one of brass, as shown in the diagram.
Each wire is 2.00 m long. The diamerer of
the steel wire is 0,60 mm and the length of
the bar AB is 0.20m. When a mass of
10,0 kg is suspended from the centre of
AB the bar remains horzontal.

Strpss/ 10" Pa

SECTION B: STRUCTURAL PROPERTIES OF MATTER

(i} Whar is the enzion in each wire?
{ii) Calculate the extension of the steel
wire and the energy stored in it
(i) Calculate the diamerer of the brass
wire.

(iv) If the brass wire were replaced by
gnother brass wire of diameter
.00 mm, where should the mass
be suspended so thar AR would
remain horzoncal?
(The Young modulus for speel =
2.0 % 10" Pa, the Young modulus
for brass = 1.0 % 10" Pa.)[], "91]

B43 {a) For moderate loads, most metals are

elastic. What 1s meant by the term elastc?

(b)) The graph shows a stress-strain diagram
for a steel wire, of cross-section area
0.80 = 10 ®*m”, that is stretched to its
elastic limie L.
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Use this graph to estimate;

(1) the Young modulus of steel;

(ii} the tension in the wire at s elastic
lamit L;

(ili) the maximum elasnc strain energy
that can be stored m unit volame
{1.0m") of steel. [O, "]

B44 Define siress, stram, and Young s moduhus of an

elastic matenal.

Describe an experiment for measuring the
Young's modulus of a materal in the form of a
wire,

A rubber cord has a diameter of 3.0 mm, and
an unstretched length of 1.0Om. One end of the
cord is atached o a Gxed support A, When a
mass of 1.0kg is attached to the other end of
the cord, so as to hang verncally below A, the
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B47

cord 15 observed to elongate by 100 mm.
Calculate the Young®s modulus of rubber.

If the 1 kg mass is now pulled down a further
short distance and then released, whar i3 the
period of the resulting oscillanons? [5]

Explain the term YVouwne s mochifas,

A nylon guitar suing 62,8 cm long and | mm
diameter is muned by smerching it 2.0cm.
Calculate (a) the tension, (b)) the elastic
energy stored in the string.

2« 10” Pa.
[=]

Young's modulus of nylon =

Two copper wires A and B, of the same known
areas of cross-section, are subjected to mea-
sured stretching forces and the corresponding
extensions are measured. The results, on a
force-extension graph, are shown in the
diagram below.

Faream A

Extangioniam

Explain what deduction vou could make about
the difference berween the two wires,

Define the quantines which vou would plot to
get the same graph for both wires. How would
vou use this second graph to evaluate an
important physical constant of copper? L]

A submernged wreck is lifted from a dock basin
by means of a crane to which is artached a .rm:n:]
cable 10m long of cross-sectional area 5 cm”
and Young’s modulus 5 x 10" Nm * The
marerial being lifted has a mass 10t kg and
mean density 8000 kgm . Find the change in
extension of the cable as the load 1= hifted clear
of the water,

Assume that at all omes the tension in the
cable is the same throughour its length.

Density of warer = 1000 kgm . [T]

A copper wire LM is fused at one end, M, to an
iron wire MN, The copper wire has length

0.900m and cross-section 0.90 = 10 *m”.

2th

The iron wire has length 1.300m and cross-
secion 1.30 = 10 "m*. The compound wire
is stretched; its towal lemgth increases by
010 m.

L 0L It 1 4m M
0 -
Copper iron
0ad = 13 *m 1. 30 10 11
Calculate:

(a) the ratio of the extensions of the two wires,

(b} the extension of each wire,

(g} the tension applied to the compound wire,

MYoung's modulus  for copper = 130 =

1" Nm % Young's modulus for iron
210 = 10" Nm ) [L]

Explain the terms tensile steess and tensile
sirain as applied 1o a specimen of material and
explain the meaning of the word fessile,

A car breaks down and the driver asks a friend
b0 tow 1t using a plece of nvlon rope which s
10,00 m long and has a diamerer of 10,0 mm,
The rope obeys Hooke's law and has a Young
modulus of 3.0 % 10" N m *. The mass of the
car and driver is 730 kg.

(a) When owing on a level road ana constant
speed, it i found that the rope extends by
0.025 m. Caleulate the tension in the rope
and hence the net resisnve force acning on
the towed car.

The two cars now ascend a slope which
rises 1.0m wvertically for every 15.0m
travelled on the road, They maintain the
same speed as inpart {a). What 1s the new
length of the towrope?

How much elastic encrgy s stored in the
rope while the cars are climbing?

A seretched rowrope must be regarded as
dangerous because of the energy released
should it break or become detached. This
danger can be reduced by careful choice
of towrope.

(b)

(<)
(d)

By comparizson with the original rope in
each case, state and explain how the
energy stored in the rope could be
reduced by using a rope with a different
(1) Young modulus,

(ii) area of cross-sccrion, (0O & O, "9

BS0 The graph (p. 216} represents the tension-

extension graph for a copper wire of length
.2 m and cross-sectional area 1.3 = 10" m"™.
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B51

The tension 15 gradually increased from zero to
a maximum value, and then reduced back to
ZETO,

1.2 N ——
Targicn kM : :

10—
QB - RS B i

0.8

O e

L

Extensian/10 *m

(a) Usethe region OL of the graph to find the
Young modulus for the material of the
wire.

(b) Why i3 the unloading curve displaced
from the loading curve?

{c) Shade the area of the graph which
represents the energy lost as heat during
the loading-unloading cyele. [0, "92%]

A 20m length of continuous steel railway line
of cross-sectional area 8.0 x 10 *m” is
welded into place after heating to a uniform
remperature of 400 C,

(Take Young's modulus for steel o be
20 x 10" Pa, its linear expansivity to be
12 = 10 "K', its density to be T800kgm *,
and its specific hear capacity 1o be 500
Tk 'K ')

Calculate, for normal operating conditions at
15°C:

(a) the tensile strain,

(b} the tensile stress,

() the elastic strain energy in the rail.

How much heat would be required to return
the rail to 40 CF Expluan brefly why vour
answer 15 not the same as that of {c]. [O*]

B52 The diagrams show an apparatus designed to

demonstrate the resistance to shear of 4 new
materaal.

Une end X of the steel bar is fiked. The other
end has a hole of diameter & mm drilled oot
When the room temperature is 20°C, the
distance berween the fixed end of the bar

SECTION B STRUCTURAL PROPERTIES OF MATTER

Higle 8.0 mm
diameter

[ X Stond bar D

L 2.00m
| o Fined restrainin
Apparalus viewad froem above pillars i
Fig 1
X
_ Pin made of
Fig. 2 atarial undar teal

and the nearer edge of the hole is 2.0m as
shown in Fig. 1. At this temperature half of
the hole protrudes bevond the restraining
pillars.

The bar is heated in a constant temperature

enclosure until the hole just clears the

restraining pillars, A pin, which just fits the
hole and made of the material under test; is
then inserted through the hole as shown in

Fig. 2.

(a) Calculate the temperature of the enclo-
sure,

(b} Given that the bar does not extend
bevond its limit of proportionality, ealeu-
late the tensile stress in the steel bar when
the temperature returns w 20 °C,

(Young modulus for steel = 1.2 = 10'! Pa,

lingar expansivity of steel = 1.5 = 10°°K 1)

[AER, "00)

(a) Give the meanings of the terms fensale stress
and Yewurng's srodilng, Define the guanuty
which relates these terms.

(b} When measuring Young's modulus of a
material it 1s common o wse & Specimen
which is (i) very long, and (i) very thin.
Give the reasons for this,

Drescribe how vou would measure accu-
rately the extension of such a wire under
an applied load.

(¢} The graph (p. 217) shows how the
extension of a wire vanes with the load
applied to it. The wire used has a length
3.00m and a diameter 5.0 = 10 ' m.

(I} Calculate the tensile sress pro-
duced by a load of 50 M.

(i) Find the energy stored in the wire
when this load is actung.
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(ili) Calculate the reduction in gravita-
tonal potential énergy of a 5.0kg
mass used o provide the load.

(iv) Suggest why the answers to (11) and
(i1} above are different.

(v) Calculate Young's modulus for the
metal of the wire. [5]

B54 The sketch shows, approximately, how the
resultant force berween adjacent atoms in a
solid depends on r, their distance apart.

Farce &

{(a) Which distance on the graph represents
the equilibrium separation of the atoms?
Brieflv justify your answer,

(b} Whar is the significance of the shaded area?

(c) Use the graph to explain why vou would
expect the solid o obey Hooke's Law for
small extensions and compressions.

W, 92]

BS5 (a) The graphs represent stress—strain curves
for two different materials, A and B. F,
and Fg are the respective points at which
each material fractures.

217

Fy

M sterial
i

—f Srain

aare, giving vour reasons, which maverial,

AorB,

(i) obeys Hooke's law up to the point of
fractire,

(ii} is the weaker,

{(iii} has the greater value of Young's
modulus,

(b} A thin steel wire initially 1.5 m long and of
diamerer 0.50mm 5 suspended from a
rigid support. Calculate (i) the final
extension and (ii) the energy stored in
the wire when a mass of 3.0 kg 15 attached
to the lower end. Assume that the material

obeys Hooke's law,
(Young's modulus for stweel = 2.0 =
10" Nm ) m

B56 [n the model of a erystalline solid the particles
are assumed o exert both awractive and
repulsive forces on each other, Sketch a
graph of the potential energy between two
particles as a function of the separation of the
particles. Explain how the shape of the graph is
related o the assumed properties of the

particles.
E 04
F-1
300 = il |
Im j - -:
i ]
00
{
{
o 2 4 B B 1

Entension/mm
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The force F, in N, of attraction between two
particles 1n a given solid varnes with their
separaton o, in m, according vo the relation

7T8x 10" 30x 10™
d2 B FIl

F =

State, gpiving a reason, the resultant force
betwesn the two particles at their equilibrium
separation. Calculate a value for this equili-
brium separation.

The graph (p. 217) displavs a load against
extension plot for a metal wire of diameter
1.5 mm and original length 1.0m. When the
load reached the value at A the wire broke.
From the graph deduce values of

{a) the stress in the wire when it broke,

(b) the work done in breaking the wire,

(c) the Young modulus for the metal of the
Diefine afasre deformaton. A wire of the same
mietal as the above is required to support aload
of 1.0 EM without exceeding its elastic limir,
Calculate the minimum diameter of such a
wire. [0&C]

B57 (a) () Define srress and strain as related to

the extension of a wire.

{il} A rubber cord and a steel wire are
each subjected vo linear stress, Diraw
sketch graphs showing how  the
resultant stran of each sample
depends on the applied stress, and
point out any important differences
berween the graphs,

(iii) Forsome materials, the strain=stress
curve obtained when the tension
applied  the specimen is being
increased may differ sigraficantly
from that when the tension is being
decreased, ecven though no perma-
nent extension has been caused.
How may this phenomenon be
nterpreted?

(b) (i) Describe the important features of
the structure of a polymerc solid,
such as rubber.

(ii} Making refercnce to the curve you
have drawn for rubber in {a){i)
above, account for the behaviour of
rubber under linear stress in terms of
changes which may occur in the
internal structure of the polymer.

[1*]

SECTION B: STRUCTURAL PROPERTIES OF MATTER

B58 The end X of a uniform cylindrical rod XY s

clamped in a fxed horizontal position. The
free end Y is depressed under the action of the
weight of the rod by a small amount d. The rod
projects a distance /from the pointof clamping
X. The depression d is found to be directly
proportional to the ratoe g/A where g 15 the
acceleration due o gravity and A the c¢ross-
sectional area of the rod. Also, d depends on |
and the density p and the Young modulus Eof
the matenal of the rod. Use the method of
dimensions to determine how d might depend
on i, pand E.

How would you show expenmentally the way
in which d varies with the length and radius of
the rod? [O&C*)

{(a) Inorder o determine Yourng s modufus for
the material of a wire in a school
laboratory, 1t 15 usual to apply a tensile
srress 10 the wire and to measure the fensile
serann produced. Explain the meanings of
the terms in italics and state the relation-
ship between them.

(b) Additianal Scale
load) kg reading,'mm

o . 2.8

2.0 18 |

4.0 45

5,01 L

8.0 57
10.0 6.3
12.0 6.0
14.0 7.5
16.0 8.1

The table shows readings obtained when
stretching a wire supported at its upper
end by suspending masses from s lower
end. The unstretched length of the wire
was 2.23m and its diameter 0.7 1 mm.
Llzing a graphical method, determing a
value for Young's modulus for the mate-
rial of the wire,

(e} Descnbe suitable apparatus for obtaining
the readings shown and explain the
important fearures of the design.
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(d} A student noticed that when a mass of
10.0 kg suspended from a wire identical ta
that described above was pushed down-
wards and released, it executed vertical
oscillations of small amplitude. Use the
graph 1o explain briefly why vou would
expect the oscillatons to be simple
harmonic. (n

B&0 (a) When materials are stretched their beha-

viour may be either elastic or plastc.

Dhspinguish  carefully  between  these

terms.

(b} Whilst smrerching a length of thin copper
wire it is nonced that

(i) at first a fairly strong pull is needed
o seretch it by a small amount and
that it stretches uniformly,

(i) beyond a certain point the wire
extends by a wvery much larger
amount for no further increase in
the pull,

(iii) finally the wire breaks.

Sketch a force-extension graph to ilhas-

trate the behaviour of this wire. Mark on it

the region where the behaviour 15 elastic

and the region where it 15 plastc, [L]

B61 The force consrant & of a spring is the constant of

proportionality in the Hooke's law relation
T = ke between tension T and extension &

A, <]
0.6H

gMm! INm-!

A spring A of force constant 6Nm™' is
connected in series with a spring B of force
constant 3N m ', as shown in the diagram.
Onpe end of the combination 15 securely
anchored and a force of 0.6 N is applied 1o
the other end.
(a) By how much does each spring extend?
(b) What is the force constant of the combi-
nation? [C]

B62 (a) (i) Disonguish between elaste and

plastic deformation of a material.

(ii) Sketch a graph to show how the
extension x of a copper wire varies
with F, the applied load. Mark on
your sketch the region where the wire
obeys Hooke's law.
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(b} (i) A force 15 reguired 1 cause an
extension of a spring. Explain why
this causes energy to be stored in the
spring.

(ii) A spring of spring constant & under-
goes an elastic change resulting in an
extension x. Deduce thar W, its strain
energy, is given by

W = Lix?

(c) Aoy train, mass a, ravels along a track ac
speed v and is brought to rest by two
sprimg buffers which are shown below,

Each buffer has spring constant &,

(1} By considering the energy transfer,
derive an expression w show how the
maximum compression of the buffers
varies with the inmitial speed of the
train.

(i) Calculate the maximum compres-
sion of the buffers for a wain of mass
m = 1.2kg travelling with an initial
speed v = 045ms ' when the
sprimg constant & of each buffer is
48 % 10°Nm "

Spate and explain a reason why, in
pracuice, spring buffers of this design
are ot used. 1, "92]

FLUID FLOW (Chapter 12)

B63 (a) Explain the terms lines of fow and streant-

fimes when applied to fluid flow and
deduce the relationship berween them in
laminar flow.

(b} Sware Bernoulli’s equation, define the
physical quantities which appear in it
and the conditions reguired for its
validiry,

(¢} Thedepthofwarer in a tank of large cross-
scctional area is maintained at 20cm and
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wWikler CIMETESS in H GUI'.ITiHU'J-'Ll!i stream: out
of a hole 5mm in diameter in the base.
Calculate;

(i) the speed of efflux of water from the

hole,

(ii) the rate of mass flow of water from the
hole.

Density of water = 1.00 = 107 kgm *.

111

B64 (a) [Disunguish berween stanc pressure, dyv-

namic pressure and foral presswre when
applied 10 streamline (laminar) fluid fow
and write down expressions for these
three pressures at a point in the fluid in
terms of the flow velocity o, the fuid
density o, pressure p, and the height &, of
the point with respect to a datum.

(b) Drescribe, with the aid of a labelled
diagram, the Pitor-static mwbe and ex-
plain how it may be used to determine the
flow velocity of an incompressible, non-
viseous fluid.

(e} The stanc pressure in a horzomtal pipe-
line is 4.3 = 10* Pa, the total pressure is
4.7 = 10" Pa, and the area of cross-section
is 20 cm?. The fluid may be considered to
be mecompressible and non-viscous and
has a density of 107 kg m . Calculare:
(1) the flow velocity in the pipeline,

(i} the volume flow rate in the pipeline.

(1

B65 Air flows over the upper surfaces of the wings

of an aeroplane at a speed of 120.0ms ', and
past the lower surfaces of the wings at
110.0m s ", Caleulate the ‘lift” force on the
aeroplane if it has a total wing area of 20.0 m®.

(Density of air = 1.29kgm ")

A large tank contains water to a depth of

1.0 m. Water emerges from a small hole in the

side of the tank 20 cm below the lewvel of the

surface. Calculare:

{a) thespeed at which the water emerges from
the hole,

(b) the distance from the base of the tank at
which the water strikes the floor on which
the tank is sanding.

If a second hole were to be drilled in the wall of

the tank vertically below the first hole, at what

height abowe the base of the wnk would this
second hale have to be if the water issuing from

SECTION B STRUCTURAL PROFERTIES OF MATTER

it were to hit the floor at the same point as thar

from the first hale?

B67 (a) By considering the flow of an incompres-

sible fluid along a horizontal pipe as
shown in Fig, 1, derive Bemoulli’s
equation using the conservation of
energy principle.

— N

Directicn "F 1‘ Y
of ow T o -
Ly v ;f'{
l\.\ll.Al A Fig. 1

(b} The water aspirator is a laboratory device
used for the partial evacuation of air from
avessel. Ajet of minming water from a pipe
constricted at X, as shown in Fig. 2, i&
directed into the expanded opening of a
funncl at Y and passes out into the drain,

l'ﬁlut:r in

A T

L AL

Fig 2 l

Ta tha
draén

(i) By considering the effect of the water
jet on the air in the region of the jet,
explain why this is a practical exam-
ple of the Bernoulli effect,

(ii) Calculate the maximum reduction in
pressure that could be achieved using
this pump if the jet diameter s
2.0mm and volume rate of flow of
wateris 1.3 = 1079 m’ &1,

{(Density of air = 1.3kgm™.) [], "91]
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BEE (a)

(b)

(e}

(d)

B63 (a)

State the equation of contimuity for a
compressible fluid fowing through a pipe.

A horizontal pipe of diamerer 36.0cm
tapers to a diameter of 18.0cm at P. An
ideal gas at a pressure of 2.00 = 107 Pa is
moving along the wider part of the pipe at
aspeed of 30.0ms ' The pressure of the
gas at Pis 180 = 10° Pa. Assuming that
the temperature of the gas remains con-
stant caleulate the speed of the gas at I,
State Bernoulli’s equaton for an imcom-
pressible fluid, ghving the meanings of the
symbols in the equation.

Faor the gas in (a) recalculare the speed ar
P on the assumpton that it can be treated
az  an  ancompressehly fluid, and  use
Bemoulli's eguation to calcualate the
corresponding value for the pressure ar
P. Azsume that in the wider part of the
pipe the gas speed is still 30.0ms , the
pressure 15 suill Z.00 = 10° Pa and at this
pressure  the density of the gas is
2.60kgm°,

Diraw a labelled diagram to show how you
would use the change in pressure dis-
cussed in (c), weating the gas as an
incompressible fluid, to obtain a valwe
for the speed of the gas in the pipe. Show
how the resuln is calculated., [ 1]

A cylinder of large cross-scctonal area,
containing water, stands on a horizontal
bench. The water surface 15 at a heighe o
above the bench, Water emerges horizon-
tally from a hole in the side of the evlinder,
at a height v above the bench.

(i} Use Bermoulli's equation to derive
expressions for the speed at which the
water emerges from the hole, and the
spiced at which it hits the bench.

(b}

B70 (a)

(b)

(e)

B71 (a)
(b)
(<)

(d)

B72 (a)

F2]

(1) Denve expressions for the tme for
the water to travel from the hole 1o the
bench, and for x, the homzontal
distance the water avels from the
cylinder,

Diraw a diaggram of a Pitot-stape tube,

and with reference o Bernoull?’s equa-

tion explain how the tube may be used to
mieasure the speed of a boat in sea water,

[1]

Drerive  Bernoullis equatnon for an
incompressible fluid,

Seate what vou understand by sranc
prescyre and chmame pressure and  stae
how they are related 1o rerms which
appear in Bernoulli's equation.

(1) Moa wiscous ol flovs from the
bottom of a tank in a honzontal
pipe. State how vou would messure
the static pressure and the dynamic
pressure of the oil in the pipe.

If the density of the oil is p and it is
moving at a speed o in the pipe at a
depth dbelow the surface of the oil in
the tank derve from Bermoulli™s
equation an expression showing how
thie static pressure as measured in (i)
is related to the atmospheric pres-
sure, g, acting on the surface of the
ol in the ok, (Y ou may neglect any
motion of the oil in the tank.)  []]

(i)

What do vou understand by the equation of
contiviaty as applied 1o a fluid in motion?
Denve Bermoullt’s equabon  for an
incompressible Muid,

A simple garden syringe wsed to produce a
et of water consists of a pisten of area
4.00cm” which moves in a horizontal
cvlinder which has a small hole of area
4.00mm? at its end. If the force on the
piston is 5000 N calculate a value for the
speed at which the water is forced out of
the small hole, assuming the speed of the
piston 15 neglhgible,

The density of wateris 1.00 = 10 kgm
Explain why the speed of the piston may
be ignored. [Tl

Explain the meaning of the term lamnar
Moy, Describe how, tor a liguid Blowing in
a honzontal prpe, it can be shown whether
ot ot laminar flow ocours.
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(b) 1) Srtareboththe equation of connnwty

and Bernoulli’s equation {or incom-
pressible fluids,

(ii}) Draw and label a diagram of a
YVenturl meter suitable for measur-
ing the velocity of flow of a liquid in a
honzontal pipe. Use the cquations
of (i) 1o obtain an expression from
which the wvelocity of flow of the
liguid in the Yenturli meter can be
calculated. What measurements
must be made when the Venmri
meter 15 used?

(i) Explain how assumptions made in
your derivation in (1) could limat
the usefulness of 8 Venmn meter.

(4]

B3 {(a) (i) The Pitot tube shown in the figure

Below is used o measure the speed
of flow of a gas in a pipe.

)
Ligguakd i
i = manomaor
.~ Ehawing levels
=" when flow in the
[l 18 IR0

A

Redroww the diagram showing the
direction of flow of the gas and the
corresponding levels of liquid in the
MAnOmeer,

(ii) By considering Bernoulli’s eqguation
shiow that the difference & in the
lewels of the liquid in the manometer
15 given by

¥

e

2pog

where pis the demsity of the gas, pgis
the density of the liquid in the
manometer, ©is the speed of the gas
along the pipe, g 15 the acceleration
due oo gravity.

h =

(h) The figure beiow shows a vanation of the

Pitot tube used to indicate the speed of
aircraft.
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e

al Naw

c J=—x
L i T
|
1 L
1 L
Tube sewaral  Fital tuba hisas
mmatres long  Shiwn in cross-
st inn l_,.-"'
¢
Pite §sbe haad

(i} Szare ere factor that would have to be
taken into  consideranom  when
choosing where to position the Pitot
tube head on the extenor of an
aircraft if the true airspeed is (o be
indicated.

(i} Would warer be a suitable haguid for
thie manomerer if airspeeds of up to
600 kmh ™' are to be indicated in the
cockpit of an aircraft? Jusufy youor
answer,

(e} The figure below shows a Ventor meter

iged o indicate the speed of flow of a

hguad through a pipe.
—.-.

(1) Redraw the diagram and show on it
the levels of liguid in the three
vertical tubes, assuming the pipe to
be horzontal and the ligud o be
mcompressible and non-viscous,

(i) How would your answer to (i) be
different if the viscosity of the liquid
was significant? Explain vour answer.

(1, "92]

B74 (a) Give an account of an experiment which

makes wse of Poiewlle’s formula to
megsure the viscosity of water,

(b} An empty vessel which is open at the top

has a horizontal capillary ube of length
20cm and mternal radius 1.0mm pro-
truding from one of its side walls Imme-
diately above the base. Water flows into
the vessel ar a constant rate of 1,.5cm” s7°,
At what depth does the water level stop
risings

(You may assume that the flow 15 steady.
CoeMicient of viscosity of warer = 1.0 x
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10 *Nsm ?, density of water = 1.0 =
10'kgm ), acceleraton  due  to
gravity = 10ms "._‘.l

B75 A liquid flows steadily through two pipes, A

and B, which are jpined end vo end and whose
internal radii are rand 2rrespectvely. IfB is 8
umes longer than A and the pressure differ-
ence between the ends of the composite pipe s
SO0 N m ¢, what is the pressure difference
across As

B76 (a) Define coefficient of viscosity, g, and

show thart its dimensions in M, L and T
are ML ' T '. What is meant by laminar
flow?

(b} Poiscuillle's formula for the wvolume of
Lhgquid V¥ flowang in time ¢ through a
uniform capillary of radius r under
laminar conditions 15

Vo ar'p

r o Bl
where p/l is the pressure gradient along
the tube,

(i} Show that this eguation 15 dimen-

sionally consistent.

Drescribe how you would apply the

cquation o measure § for warer ag

room temperatares,

(iii) Laminar conditons should obin
provided that the value of

(if)

r py

—— <= 1150,

42} =
where p is the density of the hguid.
Taking v w be 1.2x 10 'Pas

MWsm %) and p to be 1MW kgm *
for water, estirnate the greatest head
of water under which laminar flow

ghould hold for a capillary of length
.2 m and radius 0.7 mm. (03]

B77 (a) When a sphere of radius a moves slowly

with: a speed o through a fuid of viscosity
s Stokes' law tells us that the force F on
the sphere due o viscous drag is given by
the expression ' = 6manpe. Show that
this expression is dimensionally correct.

{(b) In an experiment to compare the
visgosities of two oils, small spheres are
allowed to fall through long colummns
of the Nhguids. What condittons are
necessary in order thar Stokes’ law may
be applied?

B78

B79

Lad

State what measurements are necessary to
find the rerminal speed of the spheres.
[L*]

Frctional forces and viscous drag both oppose
relative motion, Suggest some similarities and
differences between them.

Explatn why a small sphere, falling through
liguid in a deep tank, eventually moves with a
constant speed (the terminal velocity ). Skewch
a graph showing how the acceleration of the
sphere vares with ume after s release an the
surface of the liquid.

Describe how wyou would measure such a
terminal velocity, explaining how vou would
WS vOur measurements w ensure that your
result was the rue rerinald velocity, (=]

The viscows force on a sphere, of cadius r,
moving through a fluid with velocity @ can e
expreseed as Ganrn, where 5 15 the coefficient
of viscosity af the fluid. What s the limitation
on the use of this expression? [L]

(a) Stokes’ law may be represented by the
equation shown below.
F = émyrv

(1) State the physical quantities repre-
sented by the symbols F, g, ¢ and ¢
and the conditions under which the
relaonship is valid,

(11} Tiny spherical particles of alumina,
having a wide range of radi, are
stirred wp in a beaker of water
B.0cm deep. Draw a diagram show-
ing the forces actumg om one such
particle, including the force of up-
thrust {equal vo the weight of water
displaced by the partcle), shortly
after strring has <eased and the
water has achieved a still condition.
Hence determine the radius of the
largest particle o remain n suspen-
gion after 24 howrs, You may assume
that the particles fall through the
water with refimingl velocine,

(Density of  waer = 1L0= 10°
kg m °, density of alumina = 2.7 =
107 kgm ', {coefficient of viscosity of
water = 1.0 = 10 *Nsm *)

arare Hernoulli’'s equation for an
incompressible fluid.

(b) (i)



224

(ii) Sketch a section through an aircraft
wing and explain how the move-
ment of such a wing through the air
results in an upward force (lift) on
the wing.

(iii) A particular aircraft design calls fora
lift of abour 1.2 =« 10*N on each
square merre of the wing when the
speed of the aircraft through the air
is 100 ms ", Assuming that the air
flows past the wing with streamline
flow and the flow past the lower
surface 12 equal to the speed of the
aarcraft, whar is the required speed
of the air over the upper surface of
the wing? (Density of air =
13kgm ') [], "90]

BB1 The stress o berween two planes of molecules

in & moving liguid is given by
frv
X
where v 15 the difference in the velocities of the
planes, x their distance apart and g a constant
fior the liquid.
{a) Show that the dimensions of g are
ML-'T".
(b} The force F acting on a sphere moving
through a liquid is known o depend upon
(i) the radius r of the sphere,
(ii) the speed u of the sphere,
(@i} the constant g for the liquid.
Find how Fdepends on r, w and 5,
W, 'o1]

T =

A body moving through air at a high speed ©
experiences a retarding force F given by
F = kﬂp‘[-':

where A is the surface area of the body, o is the
demsity of the air and &2 a numencal constant.
Deduce the value of =

A sphere of radius 50 mm and mass 1.0kg
falling vertcally through air of densicy
1.2kgm™" atains a sready welocity of

11.0ms~'. If the above equation then applies
to its fall what is the value of & in this instance?

(L]
The drag force Fexerted on a vehicle duae to ks
motion through sull air is given by

pDw?
2

F =
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where pis the density of air, vis the speed of the

car and [ s the drag factor.

(a) Wte down the units of F, p and v and
hence determine the unit of D.

(b} The magnitude of the drag factor of a
partcular car is 0,33, Calculate the speed
when the rate at which energy is dissipated
in overcoming air resistance is 3.0 kW.
{The density of air = 1.3kgm*.)

(c) Stare what happens o the cncrgy
dissipated in overcoming air resistance.

(d) Somecars are streamlined like the ome in
the diagram.

Stare and explain the effect of the shape of
the car on the vertical forces acting on the
vehacle when it starts from rest and
accelerates. [AEB, '91]

B84 When a sphere of radius a and density 4, falls

through oil contained in a tank, 1t descends
with uniform velocity ©. The relation between
o, a, and d is

via®* = Ad-B
where A4 and B are constanis.

Ivalom "s!
1: L,.-"r
50
NEEpl
Tt
20

1 2 3 4 5 & 7V B
digem ?

The above graph shows the results of some
experiments. Determine from the graph the
nurnerical values of 4 and B, What iz the
radius of a steel sphere of density 7.5gcm ™’
which falls through the o with velocity
I 9ems 17 5]

B85 (a) Draw diagrams to show the forces acting

on an object falling through a viscous
liguid

Air T
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(1) at the instant of release,
{ii} when it has reached ifts terminal
velocity.

Wrire down an eguation for the forces
acting on the object im (11). Describe and
explain the motion of an object projecied
downwards through a viscous medium,
assuming that the projecuon velocity of
the object is greater than ms terminal
velocity.

(b} (i) Describehow the terminal velocity of

a small sphere falling through motor
ol could be measured.

(i) In an experiment o determine the
cocfficient of viscosity of motor oil
the following measurements wene
made.

Mass of glass

sphere 1.2 = 10 kg

Diameter of

sphere 40 % 1077 m

Terminal

velocity of

sphers 54 % 10 ‘ms!

Density of oil 860 kgm~?
Calculate the coefficient of viscosity
of the oil. n

B86 (a) (1) Suate Newton's law of viscosity and

hence deduce the dimensions of the
coelficient of viseosity.

(H) The rate of volume fow, T of
liquid ofviscosiry 5, through a pipe of
internal radius rand length 1, is given
by thie equation

diY  npr

di Sl
where p 15 the pressure difference
berween the ends of the pipe. Show
that this equation is dimenstomally
COrmEC,

(b} The figure shows a tank containing a light

lubricating oil. The oil flows out of the
tank through a horizontal pipe of lemgth
0. 10m and internal diameter 4.0 mm.,

| 4.0mm ntormal
“ diprmetas

ERE T |

(i) Calculate the volume of oil which
flows through the pipe in one minute
whien the level of oil in the tank s
1.2m above the pipe and does nor
significantly alver during this time.

Density of oil = 9.2 » 107 kgm ™’
Coefficient of wiscosity of ml
8.4 % 10 Nsm™*

(id) It is found thar the volume fow
15 greater at higher temperanares.
Assuming that density changes can
be ignored, suggest an explanation
for this effect in terms of the nature of
the viscous force.

Ihscuss how the lubricating properties of

am oil are affecred by

(i) the coefficient of viscosity of the oil,

(i) itg vanaton with temperature.  []]
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13.1

13

THERMOMETRY AND

CALORIMETRY

TEMPERATURE

The temperature of a body is it2 degree of hotness {or coldness). Thus,
temperature 15 8 measure of how hot {or cold) a body is, and should not be
confused with the amount of heat it contains.

13.2 TEMPERATURE SCALES

‘There are many types of thermometer, but each makes use of a particular
thermometnic property (1.e. a property whose value changes with temperature) of a

particular thermometric substance. For example: a mercury-in-glass thermo-
meter makes use of the change in length of a column of mercury confined in a
capillary tube of uniform bore; a platinum resistance thermometer makes use of
the increase in the electrical resistance of platnum with increasing temperature.,

In order to establish a temperature scale it 1s necessary to make use of fixed points:
A fixed poine is the single temperamre atwhich it can confidently be expected that
a particular physical event (e.g. the meltng ofice under specific conditions) always
takes place, Three such poines are defined balow,

The ice point is the temperamure at which pure ice can exist in equilibrium
with water at standard atmospheric pressure (j.c, a1 3
pressure of 760 mm of mercury).

The steam point 15 the temperature at which pure water can exist in
equilibrium with its vapour at standard atmospheric
pressure,

The triple point  of water is that unique temperarure at which pure ice, pure
water and pure water vapour can axist together in equilibium.

The triple point is partculary wseful, since there 1s only one pressure at whach all
three phases (solid, liguid and gas) can be in equilibrium with each other.

The 51 unit of remperamure is the kelvin (K). An interval of one kelvin is
defined as being 1,/273.16 of the temperature of the triple point of water as
measured on the thermodynamic scale of temperature (see later in this

225
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section and mn section 16.6). The tnple pomnt of water 15 the fxed point of the scale
and 15 assigned the value of 27316 K. On thas basiz absolute zero is 0K, the ice
point is 273,15 K, and the steam point 1s 373,15 K.

Another unit, the degree Celsius (0, 15 often used and s defined by
@ =T-=273.15 [13.1]

where
fi = wemperature in C, and
T = wmperamre in K.

The Celsius scale was orniginally defined by using the ice and steam poines as fixed
points of the scale, and designatng them as 0 C and 100 C respectively. Beanng
in mind that these temperatures are respectively 273,15 K and 373,15 K, we can
easily see that the more recent definition {equation [1 3. 1] is consistent with ths. [t
alzo follows from equation [13.1] that a temperature change of 1 K is exactly
egual to a temperature change of 1 "C.

A mercury-in-glass thermometer could be calibrated by marking the positions of
the mercury when the thermometes is an the ice point and the stearm point, and then
dividing the interval between these two marks (designated 0 C and 100 C
respectively) into a hundred equal divisions. If this procedure were to be adopred,
the Celsius temperature (} corresponding 1o a length [, of the mercury column

would be given by
by —lo
0 = e— 100 13.2
LT et ] [ i

where [y and [ are the lengths of the mercury column ar 0 C and 100 C
respectively. Such a calibration regards equal increases in the length of the
mercury column as being due to equal increases in temperature, There is of course
no valid reason for making this assumprion, and soif such a thermometer is used, it
i5 important 1o sess that the measured temperatures are according 1o the
mercury-in-glass scale of temperature. Ifa platnum resistance thermometer were
o be calibrated by making an equivalent assumprion, i.e. that equal increases in
emperature produce equal increases in the resistance of platnum, then
temperamres measured by this thermomerter would be according vo the platinum
resistance scale. These two scales coincide only at the fixed points (0 C and
100 ), because, as might be expected, the volume of mercury and the resistance
of platinum do not vary in the same way.

The thermodynamic scale of temperature 15 totally independent of the
properties of any particular substance and is therefore an absolure scale of
temperature, Although this scale is theorenical, it can be shown (see section 16.6)
thar it is idennical with the scale based on the pressure variation of an ideal gas (see
Chapter 14) at constant volume. The fixed point of both scales is the wiple point of
water (273.16K) and the kelvin temperature T on both the ideal gas scale
and the thermodynamic scale can be found from

R 4 2 273016 [13.3]

P

where p is the pressure of an ideal gas at temperature T, and po, is the pressure of
the same volume of the gas at the triple point of warer. Ideal gases do not exist, but
real gases at low pressures are a good approximation to them. This means that
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results obtained using consman-volume gas thermometers incorporating real
gases can be adusted to coincide exactly with the theoretically correct
temperatures of the thermodynamic scale. (The unknown temperature is
estimated on the basis of equation [13.3] at & number of different (low)
pressures, The resules are then extrapolated to what would be obtained at zero
pressure if such a measurement were possible, because at zero pressure a real gas
would behave like an ideal gas.) In pracmice, therefore, the varous tvpes of
thermometer are calibrated in terms of the constant-volume gas thermometer. As
a resuly, the measured value of any particular temperature is the same (within the
limits of accuracy of the instrument being wsed) no matter what type of
thermometer 15 used (o measure it

13.3 LIQUID-IN-GLASS THERMOMETERS

These are simmple 1o use and cheap o buy, but cannot be used for accurate work
because:

i) parallax errors prevent the scale being read to better than abour 0.1 °C;
(1) non-uniform bore limits the sccuracy to about 0.1 "C;

(i) the glass expands and contracts and can take many hours wo reach its cormect
size, and therefore apoils the calibration:

() the accuracy of the calibration depends on whether or not the thermometer
is upright, and on how much of the stem 15 exposed.

This type of thermometer 15 essily adjusted to the constant-valume gas
themmometer scale by suitably spacing the degree markings on the glass. Liguid-
in-glass thermometers have relatively large heat (thermal) capacities, and this
limits their use in two distinet ways:

1) they cannot be used to follow rapidly changing temperatures; and

(1) they can considerably affect the temperature of the body whose temperature
they are being used o measure.

The majority of llquid-in-glass thermometers use mercury as the thermometer
hagud. This 15 because:

(i) mercury s opaque and therefore easily seen;

i)  mercury is a good conductor of heat and therefore can rapidly ke up the
remperature of its surroundings:

()  mercury does not wet (1.e. stick o) the glass,

The range of such a thermomerer 1s from —3%9 "C (the freedng point of mercury) wo
something below its normal boiling point of 357 "C. This upper limit can,
however, be extended by filling the thermometer with an inert gas such as nitrogen;
this increases the pressure on the mercury s that its boiling point can be increased
o about 800 'C, Ordinary soda-lime glass or Pyrex would soften at such a
remperatre, and therefore the thermometer would probably be made from fused
quartz. If the mercury is replaced by ethyl alcohol, emperatures as low as

114.9 "C (the freezing point of alcohol} can be measured. Alcohol is also more
gensitive o remperarure change than mercury but its expansion i% very non=linear.
The use of liguid pentane can reduce the lower limit even more, 1o abour —200 °C.
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EXAMPLE 13.1

A particular resistance thermometer has a resistance of 30,000 ar the ice point,
41.580 at the steam point and 34.590 when immersed in a boiling licl'uid-
A constant-volume gas thermometer gives readings of 1333 « 107 Pa,
1.821 x 10°Pa and 1.528 = 10" Pa at the same three emperatures, Calculate
the temperature at which the liquid is boiling: (a) on the scale of the gas
thermometer, () on the scale of the resistance thermometer.

Solution

The Celsius temperature {;, according to the gas thermometer scale, is given by

b, = —"— % 100
Fioo — Fo

where py, 18 the gas pressure at the temperature of the boiling hguid and gy and s
are the gas pressures at 0 O and 100 respectively. Thus
0 = 1.528 = 107 — 1.333 = 10¥

= A 1)
T B2 = 107 - 1333 = 10°

0.195
2 100
0.488
= 3996 C
The Celsius temperature , according to the resistance scale 15 given by
RII O R.'.
e = — = 100
R|-;|-c| - Ry

where &, is the resistance ar the temperamre of the boiling liquid and &, and 8
are the resistance values at 0 'C and 100 C respectively. Thus
344,50 — 3000
U= 3158 —30.00
4 54
11.58

3064 °C

= 100

= 100

EXAMPLE 13.2

The resistance &, of a particular resistance thermometer at a Celsius temperature
i as measured by a consmant-volume gas thermometer is given by
Ry = 50.00+ 0. 17000 + 3.00 = 10 *0*

Calculate the temperature as measured on the scale of the resistance thermometer
which corresponds to o temperature of 60 C on the gas thermometer.

Solution

A resistance By corresponds to a temperature O, on the scale of the resistance
thermometer which is given by

Rn - R|I

fi_
an - RII

w100
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where B, and R4, are the resistances at 0°C and 100 °C respectively. It follows
thar the resistance rtemperature which corresponds to a temperamre of 60 °C on
the gas thermometer scale is given by

Roo — Ry
R]{H] - IF;'I:I
where Riq is the resistance at 60 "0 on the gas thermometer scale.
R 50.00 + 017000 + 3.00 x 107 *0*
Ry 50.00 £2
and Rey = 5000+ 1020+ 1.08 = 61.280

& = ¥ 100

|

and Ryoo = 5000 + 17.00+3.00 = 70,0002
Therefore
61.28 — S0.00
0 = 7600 —50.00 '™
11.28
= L1
2000~ !
= 56.40°C

EXAMPLE 13.3

Dierive equarion [13.2].

Solution

If equal increases in the length of a mercury column are regarded as being due to
equal increases in temperature, then a graph of length of column against
temperature 15 a straight line (Fig. 13.1).

Fig. 131
Langth of mercury

column against
temperature measurad
an the MEnEury-in-glass
scala

1 1
# Tarnpadature T
] i 100

Smnce MABC and AADE are similar,
AR BC
AD  DE
-0 lo — I
100 -0 Too— Iy
fa— 1
fion = Ia

Le. = x= 100
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QUESTIONS 13A

1.

A resistance thermometer has a resistance of
21.42 1} ag the ice point, 291002 at the stcam
point arnd 28,11 £ at some unknown temperaiure
fl, Calculate  on the scale of this thermometer.

A particular constant-wolume gas thermomener
registers a pressure of 1.937 x 10°Pa at the
triple point of water and 2.618 = 10" Pa at the
boiling point of a liquid. What is the boiling
point of the liguid according to this thermo-
meter?

13.4 THERMOCOUPLES

3.

FAT

The emperature measurement descnibed in
question 2 was repeated using the same
thermometer but with a different quantiry of
(the same) gas. The readings on this occasion
were 4.068 » 10° Pa at the triple point of water
and 5.50% = 10" Pa at the boiling point of the
liguid. {a) Whatis the boiling point of the liquid
according o this measurements (b)) Which of
the two values is the better approximation e the
ideal gas wemperature, and why? () Estumate
the ideal gas emperanire.

Fig. 13.2
Simple thermocouple

Whenever two dissimilar meals are in contact an EMF is set wp at the point of
contact, The magnitude of this EMF depends on the temperature at the juncrion
of the owo metals, and therefore the effect (known as the thermoelectric or
Secheck effect) can be used in thermometry. The devices which are used in this
way are called thermocouples, and at their simplest consist of two wires of different
metals joined to each other and o a high-resistance millivoltmeter as shown in
Fig. 13.2. The reading on the millivoltmeter increases as the emperatre of the
junction increases, due to the increased EMF at the juncrion.

High-resistance
O milsvalifmatar

Wire of

Wire of
rmetal A

il B

Thigrmaocowple
NEFHETGA

This simple arrangement has a serious dissdvantage. Suppose metal A is chromel
and metal B 1s alumel {these two alloys are commonly used in the manufacture of
thermocouples), and that the terminal posts of the meter are beass, Ar X then, there
iz an EMF due vo a chromel /brass thermocouple, and at Y there is a different EMF
due to a brass/alumel thermocouple. The meter reading will be the algebraic sum

of the three EMFsz, and not the EMF of the actual chromel/alumel thermocouple
which is required.

This difficulty can be overcome by wsing a sccond junction as shown in Fig, 13,3,
With this arrangement, the EMFs produced art the meter terminals are equal and
opposite, and therefore cancel each other. The extra junction that has been
introduced, the so-called ‘cold’ junction, acts as a reference junction. The hot
junction acts as the emperature measuring junction. The cold junction is
narmally placed in erushed ice and water so that it 1s always at 0°C. The EMF at
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Fig. 13.3
Thermoeouple with
refarence junction

Fig. 13.4
Thermocouple ERMF as s
function of temparature
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Hifgh-regigtanss
millivaltmietnr

Chramal

"Hat' ‘Cold’
junction junction

the cold juncticn 15 therefore always the same, and o1t is a simple mamer 1o adjust
the meter reading to allow for this EMF. (Note. The usc of the terms "hot junction’
and ‘cold junction' anses because thermocouples are normally vsed 0 measure
temperatures above 0 °C, in which case the reference junction is the colder of the
T, )

Thermocouples have very small heart capacities, and so have very little effect on the
temperature of the body whose temperature they are measering, and can measure
rapidly fluctuaring emperaneres, In both these respects thermocouples are
superior to other types of thermometer. In addition, they are cheap and easy to
use, and are ideal for use with a pen-recorder.

The thermoelectric EMEPs of many pairs of metls have been measured as a
function of the hot junction temperamure i as measured by a constant-volume gas
thermometer and expressed in degrees Celsius, In every case if the cold junction 1s
maineained at 0°C, i found chat wo o good approximation the EMF E iz given by

E = zft + i |13.4]

where the values of  and # depend on the particular pair of metals concerned, This
relationship is, of course, parabolic and therefore there exists avalue of ), known as
the neutral temperature, (1, for which dE/dif = 0 (Fig. 13.4], Inis clearly not
desirable to use a thermocouple to measure temperatures close to its neutral
emnperature, because the varaton of EMF with temperature 18 small and the
thermomerer is therefore insensitive in this region,

The particular pair of merals used depends on the temperature range for which the
thermocouple 12 mtended. Chromel /alumel thermocouples are normally used up
to about 1100 °C, and produce a thermoelecric EMF of about 4 mV for every
100 °C difference in temperature between the hot and cold unctions. Abowve
1100°C and up to aboat 1 700 “C platinum)/ platinum-rhodivm is used on account
of the high meltung points of platinum and platinum-—rhodium. All these metais,
pardcularly platinum and platinum-rhodium alloy, are readily available v states
of high purty and 20 can be used w make thermecouples which give highly

E"I:ul Cirasdissr
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= = o i e
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reproducible results, The disadvantage of platinum platinum-rhodium s s
relatively low thermoelectric EMF, abour 1 % per 100 O,

For the most accurate work the millivolumeter is replaced by a potenoiometer {sec
Chapter 38). The use of a potentiometer, however, prevents the thermocouple
being used to measure rapidly changing temperatures.

The values of x and ff of equation [13.4] which are relevant to the commonly used
thermocouple materials can be obtained from tables, and can be used in equarion
[13.4] to determune § once & has been measured. Aliernauvely, calibration charts
(plons of B against ') are available,

13.5 RESISTANCE THERMOMETERS

Resistance thermometers rely on the fact that the resistances of metls are
temperaere-dependent, and therefore a measurement of resistance can be used as
a measurement of temperature. They are usually made of platinum because of 1ts
high emperamre coefficient of resistance and high meldng point (1773 G}
features which make Ela[lnum resistance thermometers both sensitive and usefal
over lange ranges of iemperature. Also, platinum is readily available in a state of
high purity, so that the measurements made with one partcular plaonum
resistance thermometer are likely o match those made with another. The
platinum is in the form of wire coiled on a suitable insulator such as mica or
aluming. In use, the thermometer forms one arm of 3 Wheatstone bridge (see
Chapter 370, This arrangement allows very shight changes in resistance, and
therefore in temperatuee, to be measured. Platinum resistance thermometers are
extremely accurate from — 200 C up to 1200 . The main disadvantage of
thermometers of this type is that they have relatively large hear capacities. This
means that thev rake a considerable time o comee 1nto thermal eguilibrium with
therr surroundings, and therefore prevents them following rapidly changing
temperatures, This is precluded anyvway because a Wheatstone bridge has 1o be
used,

When calibrated agzinst constant-volume gas thermometers the resistance B of
platsum is found o vary with Celsius temperatiire  according o

B = Ryl + =i+ #iF) [13.5]
where Hj 15 the resistance of the platnum at 0 C and z and ji are constangs. The
values of Ry, « and 1 penaining to any particular thermometer are found by
MEAsUring its resistance at the ice point, the seeam point and at the meelting poingof
sulphur (#44.6 "), and inserting the three pairs of values of & and (1 in equation
[13.5]. Once B 7 and § have been found equatoen [13.5] can be used w
derermine § for any measured value of B.

13.6 THERMISTORS

These devices, hke resistance thermometers, rely on their change of electrical
resistance with temperature as a means of measuring wmperamare. Unlike
resistance thermometers, however, they have negative temperature coefficients
of resistance; their resistance decreasing approximately exponentially with
increasing temperature, Thermistors are semiconducting  devices  cheaply
manufactured out of several different mixtures of semiconducting oxide powders
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{Fe 0y + MgCr-0; 15 a common mixture). They are very robust. When a
Wheatstone bridge circuit 15 used o measure their resistance they are about twenty
limes as sensitive as resistance thermometers. The resistance of the connecting
wires is of no significance, since the devices themselves rypically have a resiztance
of 1 kf). Thermistors have very small thermal capacities, and therefore respond
gquickly and have hittle effect on the temperature they are measuring, The range is
wypically —70 0w 300 0, They are less stable than resistance thermometers, and
therefore less accurate.

13.7 THE CONSTANT-VOLUME GAS THERMOMETER

Fig. 13.5
Constant-volume gas
thermomatar

A simple constant-volume gas thermometer 1= shown in Fig, 13.5. When the
thermometer is in use the bulb is placed inside the enclosure whose temperature is
required. The gas in the bulb (air in the simplest versions) expands and forces
mercury up the movable tube, The height of this tube is then adjusted o bring the
mercury in the left-hand tube back toits onginal posidon at a fixed mark A. The gas
now has its original volume. Ar this stage the head of mercury & is measured and the
pressure py of the gas is calculared from po = py + & where py, is the prevailing
atmospheric pressure expressed in mm of mercury.

If py and pop are the pressures at 0 °C and 100 “C respectvely, the temperature of
the enclosure can be found from

i = M‘L”]m
Pioo — Po

where ¢ 15 the desired temperature in “C according to the constant-volume gas
scale.
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There are a number of sources of error:
(i)  the bulb expands;
(i}  airis not an ideal gas;

{(1i) the air in the capillary tube is not at the temperature being measured.
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13.8 HEAT CAPACITY

The remperature rise produced by the addinon of any given amount of heat wo a
body is determined by the mass of the body and the substance(s) of which it is
composed.

The heat capacity™ (L) of a body is defined as being the heat required 1o

produce wnit tEmperature rise.

It follows that if the temperature of a body whose heat capacity 15 © nses by A0
when an amount of heat AQ s added wo at, then

AQ = CAf [13.6]

Unit of heat capacity = JK™' = J"C! (see note (ii)).

The term specific heat capacity refers to the heat capacity of unit mass of a
substance.

The specific heat capacity (¢} of a-substance is the heat reguired 1o

produce unit temperature rise in unat mass of the substance,

It follows thart if the remperature of a body of mass m and specific heat capacity ¢
nses by Ad when an amount of heat AQ 15 added to it, then

AQ = mcAd

[13.7)

Unit of specific heat capacity = Jkg 'K™' = Jkg ! 'C! (see note (ii)).

Motes (1) Thewvalueof cdepends on the temperature at which it 1s measured. However,
over moderare changes in temperature, the variation is slight (except at low
temperatures) and is normally ignored at this level.

(it} Equations [13.6] and [13.7] involve only changes in temperature and so the
numerical values of C and ¢ when expressed in [ “C~' and Jkg™'! “C~" are the
same as those expressed in JE ! and Jkg ' K! respectively.

QUESTIONS 13B

1I

Calculare the quantity of heat required 1o raise
the temperature of a metal block with a heat
capacity of 23.1]°C ! by 30.0°C.

An elecrrical heater supplies 500 | of heat energy
to a copper cylinder of mass 32.4 g Find the
increase in temperature of the cylinder.
(Specific heat capacity of copper =

385Tkg ! CV )

How much heat must be removed from an
olyect with a heat capacity of 150 ] “C ! in order
to reduce its temperature from B80.0°C ro
2000°C?

"Sometunes called thermal capacity.

4. A metal block of heat capacity 36.0]°C! at

T0°C is plunged into an insulated beaker
containing 200 g of warer at 18 “C. The block
and the warer eventually reach a common
temperamure of #°C. (a) Write down expres-
sions in terms of 0 for (i) the decrease in
temperature of the block, (i) the increase in
temperature of the water. (b) Find in terms of 0,
(1) the hear lost by the block. (i) the hear
gamed by the water. () Assuming that no heat
iz used 1o heat the beaker and that no hear is lost
tos the surroundings, find the value of @,
(Specific heat capacity of water =

42x 100 kg ' 'C ')
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13.9 THE COOLING CORRECTION

Fig. 13.6
Temparature against
time with and without
cooling

Experimental determinations of specific heat capacities usually involve some loss
of heat to the surroundings. Losses duc to conduction and convection can be
reduced by lagging, or by surrounding the apparatas with a laver of still air, or by
evacuating the region around the substance under test. Losses due to radiation are
significant at high temperatures and can be reduced by using polished surfaces.
One way of reducing the effect of the heat losses which remain is to apply a cooling
correction.

Suppose that in some expenment the temperature is recorded both during heating
and after heating has been disconunued, and that the remperature 15 found to vary
with time as shown by the solid curve in Fig. 13,6, If there had been ne heat loss,
the maximum temperature would have been (g + AL It can be shown that

A :
Al = E:l” [13.8]
Measuring A0 and the arews A and A" enables the correction (A0 o be found.

Aoom
tEM@aTainrg |6,

Theory of the Cooling Correction

The cooling correction is based on Newron’s law of cooling (section 13.13). The
reader should be familiar with this before proceading,.

If Wewton's law of cooling applics, the rate of loss of heat to the surmoundings,
dQ/dr, both during heating and during cooling is given by

dg
di

where & is a constant of proportionality. The toral loss of heat, 0, in the interval
between = Dand ¢ = §, 15 given by

_ [
Q_J.,:dtd:

Therefore by equation [13.9]

= k(0 — i) 139

0= k]: (0 = fy)dr

i.e. = kx Area A
Similarly, the loss of heat, @', betweent = 1y and 1 = 1 is given by
Q' = kxAread
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Therefore
Q@  Arcad
Q' Arad
But ) = CAfand Q° = CA wheree O is the heat capacity of the bady, and
therefore
A A
AW A
: A,
1.E. Al Hr_ Al

Calorimetry experiments are usually carmied out in still air and it may seem
surprising therefore that Newton’s law of cooling (which applies to conditions of
forced convection) is the basis of the cooling correction. It is used because it
simplifies the theory, and is justified because the error it introduces is an error only
in a correction term and is therefore of lictle significance overall,

13.10 ELECTRICAL METHODS OF MEASURING
SPECIFIC HEAT CAPACITIES

Fig. 13.7

Apparatus for
determining the specific
heat capacity of a liquid

Specific Heat Capacity of a Liquid

The apparatus 15 shown in Fig. 13.7. The rheostat should be adjusted to give a
suitable curment through the heating coil. The inner calorimeter Containg a known
mass of the liquid under test. The temperature i, of the liquid is recorded. The
switch is closed and the heater current and PD are recorded. The liguid is stirred
continuowsly and its temperature is measued at one-minute intervals. Heating is
continued until the temperature has risen by about 50 C. The current and PD
change slightly due to the imcreased resistance of the heatung coil ar higher
temperatures, and their values should be recorded immediately before switching
off the heater. The heater is switched off and the temperature is recorded unul it
has fallen to about 10 °C below its maximum value 0,
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If the specific heat capacity of the liguid and the heat capacity of the inner
calorimeter are ¢ and O respectively, and A is the conling correction found from
equation [13.8], then

Vit = (mc+ C)0 + A0 = 0,)

where I and [ are the average heater P} and current and r is the time for which
heating is carnied out; hence ¢
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Specific Heat Capacity of a Solid

The apparatus 15 shown in Fig, 13,8 The material under test 15 in the form of a
solid eylinder of mass s, into which two holes have been drilled 1o secommaodate a

heater and a thermometer. The procedure is basically the same as that for a liquid.
The specific heat capacity ¢ 15 calculated from

Fit = me(ly + 40— )
Fig. 13.8
Apparaius for

determining the specific
heat capacity of a solid

Haatar
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MNernst's Method for a Solid

The apparatus is shown in Fig. 13,9, A platinum heating cotl is wound on paraffin-
waxed paper around a cylindrical plug X of the meral under test. The paper
insulates the coil from X so that its turns are not shorted out. The plug and coil are
inserted into a cylindrical block Y of the same metal as X, A layer of paraffin wax
around the coil insulates it from Y. The leads to the heatng coil are wsed to

Fig. 129 Leads to
Mernst's apparaius J—=="""cnil
Glass |
vagsal
] Heating
Constanl o
immperature ———— X
wnlisure
acuum
..-'"I'A

‘T‘i} pump
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suspend the metal inside a glass vessel which can be evacuared. The apparatus iz
surrounded by a constant=-temperature enclosure, the temperature of which is the
temperature at which the specific heat measurement 15 required. { The specific heat
capacity of a substance depends on the temperature at which 11 is measured.) The
apparatus is left untl the meral acquires thiz temperamure and then the glass vessel
15 evacuated. Since the metal 15 0 a vacuum and 15 at the temperature of 1t
surroundings, heat losses are almost entirely eliminated.

The electrnical energy used in a measured tme ¢ to raise the temperature of the
specimen by a small amownt A is determined by measuring the current [ through
the coil and the PD I across it. The temperature nse is found by using the coil as a
platinem resistance thermometer. In order to do this the resistance of the coul 15
measured immediately before the heater current is switched on, and immediately
after it has been switched off. Temperature rises of as little as 10 * K can be used.

13.11 THE CONTINUOUS FLOW METHOD FOR THE
SPECIFIC HEAT CAPACITY OF A LIQUID

Fig. 13.10

Callander and Barnas'
continuwous flow
calorimeatar

“The method is due to Callendar and Barnes (1899),

Liquid is passed through the continuous flow calorimeter (Fig. 13.10) at a
constant rate until all conditions are steady. At this stage the temperatures (b and
ity at X and Y, and the mass m, of liquid flowing through the calorimeter in time ¢
are measured, together with the current f through the heating coil and the PD 1
across it Under steady conditions none of the electrical energy which is being
supplied is being used o hear the calorimerter, and therefore

Filit = me(tly - lix) +Q [13.10]

where () iz the heat lost 1o the surroundings in time 1,

Hmats
Aessistance M:T "

thermometer Vacuum

+
Ligguad flowing i
i At @ constant Iﬁ?-.'-:::n EITH]
rabe to measuring
cylindes

The rate of flow is aliered so that the mass of liquid flowing in time £is my. The
current and PDY are adjusted (to [s and 15 1o bring the temperatare at'Y back ro its
original value (. The temperature at X is that of the tank supplying the liquid and
i5 constant at . Since all temperatures are the same as they were with the inital
flow rate, the heat lost in time  is again O, Therefore

Falar = m:#l:{ilf—ﬂx:l+g “3.”]
Subtracting equation [13.10] from equation [13.11] gives
(Valy = Vi = (mg — mryjc(ly — O]

Henee ¢.
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Advantages
(1) The presence of the vacuum prevents heat losses by convection, and the
effect of losses due o conduction and radiation is eliminated,

{(11) The emperatures which are measured are steady and therefore can be
determined accurately by using platinum resistance thermometers. Thas
allowws small temperature rises o be used (rypacally 2 7C) and the method 15
therefore suitable for determining the manner in which the specific heat
capacity changes with temperamre.

(iii) The calculation does not involve the heat capacities of the various paris of
the apparatus and so there 1s no need to know their values.

Disadvantage
A large quantiry of lquid s required.

Further Points

(11 The percentage crror is least when the difference between the two Bow-rates
is large.

) Continuous Jow methods can also be used for gases,

LATENT HEAT

It s meosssary to supply energy (heat) to a solid inorder 1o melt it even il the solid is
already at s melting point. This energy is called latent heat. Iris digunct from any
heat that might have been used to bring the solid up to its melting point in the first
place, and from that which might be used to raise the temperature of the liquid
once the sobid has melted.

The energy is used 1w provide the increased molecular potential energy of the
liguid phase and, when the phase change results in expansion, to do external work
inn pushing back the atrnosphere. The energy used o do exernal work is wsually
much less than thar used to increase the potential energy of the molecules, and in
the case of ice, which contracts on melting, is negative.

The conversion of a liquid to a vapour (vaporization and the direct conversion of a
solid vo a vapour (sublimation} also require latent heat ro be supplied. These two
processes usually involve large changes in volume, and the proportion of the latent
heat which is used to do external work is greater than in melting.

In terms of the first law of thermodynamics {secnion 14,15} melung (i.e. fusion),
vaporization and sublimation are represented by

L= AU+AW

where
L = the latent hear supphed in order o cause the phase change

AL = the increase in internal potential energy which accompanies the
phase change. ( There 15 no change in temperature and therefore
no change in kinetic energy.)

AW = the external work dome as a result of the phase change, This term
is positve for expansion and negative for contraction.
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The specific latent heat (/) of fusion (or vaporization or sublimation} of a
substance i defined as the encrgy required o cause. unit mass of the
substance to change from solid to lguoid (or liquid to vapour, or solid o
vapour) without temperature change. (Unit = Jkg ')

Mote Thevalue of ! depends on the temperature (and therefore the pressure) atwhich i
is measured.

It follows thar the hear, ACH which mustbe added wo change the phase of a mass, e,
of substance is given by

AD = ml

where [ is the specific latent hear of fusion, vaporization or sublimartion according
to the particular phase change which 1= taking place. For the reverse processes
(liguid ro solid, vapour to liguid, and vapour to solid) AQ represents the amount
of heat that must be removed from the substance.

EXAMPLE 13.4

A calorimeter with a heat capacity of B0] C ' contains 50g of water at 40 C,
What mass ofice at 0 C needs to be added in order to reduce the temperature o
10°C? Assume no heat is lost 1o the surroundings. (Specific heat capacity of
water = 4.2 x 10*Jkg ' "C ', specific latent heat of ice = 3.4 = 107 Jke ')

Solution
Hearn lost by calormeter cooling wo 10 "C
= BO(40 - 10) = 2400]
Hear lost by warer cooling to 10 °C
= S0 = 10" = 42 % 1040 — 10} = 6300]
Total heat lost 2400 + 6300 = BTOH0]
Letmass of ice = m
Hear used o meltice at 0 C
= mx34x 10" = 34 % 107m
Hear used to increase temperature of melted e to 10 C
= mx42x10%10-0) = 42 x 10%m
Total heatused = 3.4 = 10 m + 4.2 = 10" m 382 = 10%m
Since no heat is lost to the surroundings,
382 % 10°m = 8700
m = 0.0228kg
ie. Mass of ice required = 23g
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QUESTIONS 13C

1. Calculate the heat required to melt 200 g of ice F. Calculate the heat given out when 600g of

at 0°C, steamn at 100 “C condenses to water at 20 °C,
(Specific latent heat ofice = 3.4 x 10°Tkg ') (Specific  lavent heat of steam = 2.26 =
10°J kg ', specific heat capacity of water =
2. Calculate the heat required to turmn 500 g of ice 42x 10 kg " °C"')

at 07°C into water at 100 °C,

(Specific latent heat of ice = 3.4 % 10° Jkg !,
specific  heat capacity of water = 4.2 =
10°] kg ! "CL)

13.13 EXPERIMENTAL DETERMINATION OF THE
SPECIFIC LATENT HEAT OF VAPORIZATION OF

A LIQUID

The methed about o be described is a contnuous flow method and makez use of a
self-jacketing vaporizer.

The apparatus is shown in Fig. 13,11, The liguid under investigation is heated to
bodling point and the vapour which is produced passes o the condenser by way of
holes (H} in the inner wall of the vessel. Boiling is continued, and eventually the
temperatures of all parts of the apparatus become steady. At this stage the
condensed wapour is collected, over a measured tme §, and s mass my

Fig. 13.11 ii- —h E =

Apparatus for detarmin-
ing the specific latant
heat of vaparization of a
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determined. If I, and [, are the heater PD and current, then the electrical energy
supplied in time ¢ 15 1.0, ¢. Since the temperatures are steady, this energy is used
only o vaporize the liquid and 1o offser heat losses, and therefore

t"'r|f|I = lﬁl.l!+':._' ||.3|.2

where { i the specific latent beat of vaponzation of the liguid and € 15 the heat lost
io the surroundings in time &

The heater PD and current are now changed to [ and I and the new mass s, of
vapour which condenses in the same Gme 1 is measured.

Each part of the apparatus is at the same temperature as it was with the imitial rage of
heating and the energy lost in time ¢ is again 8 Therefore.

Valyt = mal + [13.13
Subtracting equation [13.12] from equation [13.13] gives

(Pl = Fidie = (mz = o)1
from which { can be determined.

The liguid which iz being vaporized is surrounded by its vapour (hence self-
jacketing vaporizer). Any heat lost by the vapour causes it to condense, not to cool,
and therefore the liguid is surrounded by a constant temperature enclosure which
is at its own temperature; this considerably reduces heat losses from the liquid,

13.14 EXPERIMENTAL DETERMINATION OF THE
SPECIFIC LATENT HEAT OF FUSION OF ICE BY
THE METHOD OF MIXTURES

A calonmeter of mass mi is about two-thirds Glled with warter of mass m which is
about 5 °C above room temperature. The water and the calorimeter are left for a
short time untl they reach the same emperature as each other. This temperature
() is measured wsing a sensitive ':ll_-:- ) thermometer.

A lump of Fﬂng ice (i.e. ice at 0'C) is then dried with blotring paper and
immediately added vo the water. The mixmre is then sticred gently unul the lump
has melted. This procedure is repeated with further lumps until the temperature of
the mixture is approximately as far below room temperature as (1, was above, The
lowest temperature attained (5) is recorded,

The calonmeter and its contents are weighed to determine the mass (s, ) of the ice,

Heat lost b Heat u Lo
Heat lost by , s Heat used INCTEasE
. calommeter .
water cooling | 4 cooling from | — to melt ice | + | temperature
from ) to i, 9 1o rJE at 0°C of melved ice
! : from 0°C w i,
Therefore

Mgty = Os] 4 mc (0 = 03] = myl + me, (s = 0

from which the specific latent heat of fusion of ice () can be found, providing the
specific heat capacities, o, and ¢, of water and of the calorimeter material
respectively, are known.
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(i) Itas very important that the ice is dry whenitis added 1o the water. If it is not,
the mass of ice thar 13 melted is less than ;.

) Mo cooling correction is applied Because 7 35 as far above room temperature
as 15 is below it, and therefare, to 3 reasonahle approximation, the mixture
gains as much heat from the surroundings whilst 1t 15 below room
temnperature as it Joses to them whilst it is above room temperaturnc,

13.15 COOLING LAWS

Newton's Law of Cooling

This applics when a body is cooling under conditions of forced convection (1.e.
when it is in a steady draught). It states thar the rate of loss of hear of a body is
proportional 1o the difference in temperature between the body ond s
surroundings, i.e.

( Rate of loss of )\( Excess )

heat o surroundings temperature

or

( Hare of loss of

= &{ll — ;)
hent o :turmundings:) o

where

i

remperature of body

iy = remperature of surroundings

e
Il

a constant of proportionality whose value depends on both the
nature afd the area of the body's surface,

The law can be taken 1o be a good approximauon for cooling under conditons of
nawral convection (a body cooling in stll air for example) provided the excess
temperature 15 not greater thian about 30 "C. For higher excess temperatures than
this the fve=fourths power law should be used.

The Five-Fourths Power Law

This applies when a body 15 conling under conditions of natural convection. It can
be stated as

( Rare of loss u_l' ) = R0 =0
heat o surmonndings

Experimental Investigation of Newton’'s Law of
Cooling

The rave ar which a body loses hear is proportional 1o the rave at which its
temperature falls provided thar its heat capacity does not vary with temperarure
(smee AQY = CAR, where C heat capacity). Therefore for o body coaling
under conditions where Mewton's law of cooling applics
dir
"j"':' - —Kl:.lq - m:.:'
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Fig. 13.12

Flot of (a) temperatura
against time during
cooling, (b) rata of fall of
temperature against
excess temperature

where di?/dr 1s (minus) the rate of fall of emperatre of the body and K is a
constant of proportionality whose value depends on the nature and the area of the
body’s surface, and on the heat capacity of the body. (Since the temperature 15
falling, the presence of the minus sign makes K a positive constant.) It follows that
Newton's law of cooling can be verified by verifving this equation.

Method

A calorimeter containing hot warer and standing on an insulating surface (e.g. a
wouden block) is placed in the stream of air from an clectric fan or an open
window. The temperature of the water 15 measured at one-minute intervals
using a fn—“C thermometer, “The water should be strred gently prior 1o each
measurement. A graph of temperature (f) versus time (1) is ploned
(Fig. 13.12{a)}). The gradient of this graph at any twemperature @ is the race of
fall of temperature at that value of /. The gradients are measured (by constructing
tangents to the curve) at various values of @ and are then plotted against the
corresponding excess temperatare {0 — 050 as in Fig. 13.12(h). If this plot 15 a
straight line throwgh the origin, Newton's law of cooling has been verified.

Temperature (6}
wooooa

Gradisnt ~ {minws) rate of
fall of temparagura gy # — &
and at gxcess tem peratvne

Ithy ~ B

il

fiy

*
a Tievss (1]

Amae of fall of tempoeragune
(= iminusl gradimm of graph
in Fug. 1312081

f

L

+*
o Excess temparature (6 fyl

If Newton's law of cooling applies, the graph of temperature against time is
exponential. This is easily proved:

di
S = K0 -0y)

d.ﬂ i
J:. = 0a) ‘”L"‘

wihere i is the inital emperature.
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|log, [ — ri'._-h:nl:l:: — _KH:I

i — iy
]Ugt(hl _-_-Fj:) ! —.F‘:-.II

(=) = (0 — fg)e Fr

- (cempersure) = (remperse )
CONSOLIDATION

The temperature of a body is a measare of how hot it 15, not how much heat 1t
CONAINS,

Celsius temperature, ¢, based on some thermometric propery, X, (e.g. the
length of a column of mercury) is given by
" Xy — Xo
-:'Iirlrm - i‘i-rl.'l
‘Thermometers calibrated on the basis of this equation necessarily agree with each
other only at the fixed points. They may agree at other iemperatures too.

= 100

Kelvin temperature, 1. on the thermodyvnamic scale and on the ideal gas scale iz
givers by

T = PL 27316
I'e
where prp and pop, are the pressures of a fived volume of an ideal gas at iempecature
T and the mple point of water respectively.

The thermodynamie scale and the ideal gas scale are absolute scales, 1.e. they
do not depend on the properties of any particular subsmance.

An interval of one kelvin is defined as 1 /273,16 of the emperature of the wriple
point of water.

Celsius temperature, 7, 15 defined by
il T -1273.15
where T iz the corresponding remperature in Kelvims,

Heat capacity (C) is a property of a body. Itis the heat required 1o produce unit
temperature rise in the body. (Unit = ] C 'orJK 1)

Specific heat capacity (¢ is a property of a substance. It 15 the heat required to
produce unit temperature rise in unit mass of the substance, (Unit = Jkg ' "C!
or Jkg 'K ')

For a change of temperature A0 = CAR AQ = mcAR

For a change of phase AQ = mf
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141 THE GAS LAWS

The experimental relationships between the pressures, volumes and temperatures
of gases were investigated by various workers in the seventeenth and eighteenth
centuries. These early expeniments resulted in three laws - the so-called gas
laws.

Bovyle's Law

For a fixed mass of gas at constant temperature, the product of pressure and
volume is COnSant.

On the basis of the other two laws the Kelvin scale of temperature was introduced,
and these laws are stated below in terms of that scale.

Charles” Law

For a fixed mass of gas at constant pressure, the wvolame is directly
proportional to the temperature measured in kelvins.

The Pressure Law

For a fixed mass of gas at constant volume, the pressure is directly
proportional to the temperature measured in kelvins,

Representing pressure, volume, and temperature in kelvins by p, Vand T
respectively, we can formulare the three laws as:

At constant T pV = aconstant or poxlfV
At constant p V{T = aconstant or FoeT
At constant © /T = aconstant of px T

It should be noted that the three Laws are not independent; any one of them can be
denved from the other two, The experimental investgation of the gas laws is dealt
with in sections 14.9to 14.11.

MG
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14.2 CONCEPT OF AN IDEAL GAS AND THE IDEAL GAS
EQUATION

Note

Mo gas obeys the gas lawe exactly, Nevertheless they provide a fairly accurate
description of the way gases behave when they are at low pressures and are at
temperatures which are well above those at which they liquefy. A useful concept is
that of an ideal (or perfeet) gas — a gas which obeyvs the gas laws exactly, The
behaviour of such a gas can be accounted for by

pV = nRT [14.1]
where

p = the pressure of the gas (Nm™° = pascals, Pa)

¥ = the volume of the gas (m’)

n = the number of moles {see section 14.3) of gas (mol)
R

T

Equation [14.1] is known as the equation of state of an ideal gas (or simply as thie
ideal gas equation); it embodies the three gas laws and Avogadro’s law (section
4,63, It can be shown thar a gas which obeys this equation exactly must be subject
to the assumptions imherent in the kinetic theory of gases (section 14.4). In
particular, there would be no forces berween the molecules of such a gas and
therefore the internal energy (i.c. the energy of the molecules) of such a gas
would be entirely kinetic and would depend only on its temperature.

the universal molar gas constant (= B.31JK 'mol ')

the temperarure of the gas in kelvins.

Summary
fiy  An ideal gas obeys the gas baws and pl° = BT exactly. No such gas
EXISs.

(it} The internal energy of an ideal gas 1s entirely kinetic and depends only
on its temperature,

(it} The behaviour of real gases and unsaturated vapours (see Chapter 15)

can be described by pl = nRT if they are at low pressures and are at
temperarures which are well above those at which they liquefy.

For a gas at pressure py, volume Vy and emperature 7 equation [14.1] gives
V), = aRT; i.E. mVy/Ty = aR

If the same sample of gas is at pressure pa, volume > and wemperature T
s = nRT; i.E. pBViT: = iR

{ The number of moles is the same in each case () because we are dealing with the
same sample of gas, 1.c. with 8 fixed mass of gas and therefore with a fixed number
of moles.) Combining these equations gives

L e Pl for a fixed mass of gas
T| T;'

Any unit of pressure can be vsed for py providing the same umnit is used for p..
Similarly, any unitof volume can be used for 17 as long a8 the same unit is used for
V5, but both T, and T; must be expressed in kelvins.
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EXAMPLE 1417 ;

A gas (which can be considered ideal) has a volume of 100 cm” at 2.00 = 107 Pa
and 27 “C. What is its volume at 5.00 = 10 Pa and 60 " C?

Solution
P = 2.00x10°Pa pr = 5.00x 10°Pa
I:"r] = J.':'D{:m! I:"rz . I"'rg
T|=2TC=J|UDK T1=EIUC=333K
m ¥ _ Vs
T T
200 = 10° = 100 5.00 x 10% = V5
300 - 333
2.00 = 10% x 100 = 333
by = R TR st4cm’

300 = 5.00 = 10%

Mote that V, was expressed in cm’ and therefore V5 is incm”.

EXAMPLE 14.2

Refer to Fig 14.1. Initally A contains 3.00m” of an ideal gas at a temperarmre of
250 K and a pressure of 5.00 = 10" Pa, whilst B contains 7.20 m” of the same gas at
400K and 2.00 x 10" Pa. Find the pressure after the connecting tap has been
opened and the wystem has reached equilibrium, assuming that A iz kepe at 250 K
and B is kept at 400 K.

Fig. 14.1
Diagram for Example

1 "-z 720 !
Z.00 = 10" Pa

SN0 K,

Connecting tap

Solution

On opening the tap some gas moves from A 1o B, reducing the pressure in A and
increasing itin B, This contnues until, at equilibrium, the pressure in A is egqual to
that in B. Let this final pressure be p. The “trick’ is to recognize that the total mass of
gas, and therefore the ol number of moles, is the same after the tap is opened as it
was before.



GASES

£ai

Therelore, for 1 mole of gas at TP

(1B 313273
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QUESTIONS 14A
1. What is the temperature of 19.0m" of an ideal ecular mass of hydrogen 2, R
gas ai a pressure of 600 mmHg if the same gas 31K ' mol ! and the Avogadro constant,
occupies 12.0m” at 760 mmHg and 27 C? Na = 602 « 10° ' mol '. Calculate:
(a) the number of moles of hydrogen in the
2. A gas has a volume of 60.0cm” ar 20 C and cylinder,
g0 mmHg, What would its volume be a1 5TPR, (b)Y the numberof molecules ofhydrogen in the
e at 273 K and 760 mmHg? cylinder,
(c) the mass of the hydrogen,
3. Acviinder contains 2.40 = 10 ‘m’ut’hydmgm (d} the density of hydrogen under these con-
at 17 'C and 2,32 x 10° Pa. The relative maol- ditions.

14.4 THE KINETIC THEORY OF GASES (DERIVATION
OF p = 3pc?)

This is an attempt 1o explain the cxperimentally observed propertics of gases by
considenng the motion of the molecules (or atoms) of which they are composzed. A
number of assumptions are made,

(i
()

(i)

(vi)

The molecules of a particular gas are identical.

Collisions berween the molecules and with the container are (pertecily)
elasne (see secuon 2.8},

The molecules exert no forces on each other except during impacts (which
are assumed to have negligihle duration anyway) and the effect of gravity is
ignored so that:

(m) berween collizions the molecules move in soraight lines ar constant
specd, and

(k) the motion is random.

There 15 a sufficiently large number of molecules for sgatistics to be

meaningfully applied.
The size of the molecules 15 negligble compared to their separation.

The laws of Mewtonian mechanics apply.

Some of these assumprions run through the enrire analysis; others are used more
specifically.

Consider a gas enclosed in a cubical container of side L (Fig. 14.2). Let each
molecule of the gas have mass m Cassumption {i)), Consider, inigally, a single
molecule which 1s moving towards wall X, and suppose that 1ts x-component of
velociny is &, . Thiz molecule will have an x-component of momentum s, (owards
the wall. The molecule will eventually reverse the direction of its momentam by
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Fig. 14.2 r
Derivation of p = *,:—?

Wall ¥ - l- Wall X

.'_J.------ E

colliding with the wall. Since the collision will be elastic (assumption {u}), it will
rebound with the same speed so that its momentum will now be —muy. The change
in the x-component of momentirm is therefore 2o,

The molecule has to travel a distance 2L (froom X to Y and back 1o X) before it next
collides with wall X. The time for such atripis 214, and therefore this molecule's
rate of change of momentum due to collision with X will be

2o, omay”
2L/ uy L

By Newton's second law, rate of change of momentum is equal o force, and
therefore mulil.l'f. is the force exerted on the molecule by the wall. By Mewton's
third law, the molecule exerts an equal but oppositely direcred force on the wall,

and therefore

Force on X = muy /L
Therefore

Force per unit area on X = mr{ii'lfé (since area of X = L)
Therefore )

Pressure on & = m::-

Ifthere are N molecules in the container and their s-components of velocity are uy ,
Bixs « « « 3 Hpe the total pressure, », on wall X will be given by

o a 3 o
P = Fl_lh + Hz" -+ ' PI-F_._. |
Therefore
] .
p = !-;Nul [14.2]

where

w is the mean sguare velocity in the x-direction.
Since m N is the total mass of gas in the container, mN/L” is the density, p, of the
gas and therefore, by equation |14.2],

p = pi 14.3]

If
¢ = the resultant velocity of a molecule whose x-, y= and s-components of
velocity are », ¢ and w respectively, then

& =t et o
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Therefore

= w4+t 14.4)
where

& is the mean square velocity of the molecules
©? is the mean square velocity in the y-direction
=? is the mean square velocity in the z-direction.

Since there is a large number of molecules and they are moving randomly
(assumptions (iv) and (11)b)

w =0 =
Therefore, from equation [14.4],
@ =13

Therefore, from equation [14.3)

p=4rd [14.5)

145 RELATIONSHIP BETWEEN MOLECULAR KINETIC

ENERGY AND TEMPERATURE

On the basis of the kinetic theory of gases,

p=1pd
Therefore, for any volume 1 of gas,

pV = tpvé
Therefore,

pV =M 14.6]
where

M = the mass of volume V of the gas.
Equation [14.6] may be rewritten as

pV = iN(imd) (14.7]
where

N = the total number of molecules in volume V, and

m = the mass of one molecule.

]

The ideal gas equation for n moles of a gas of volume V and pressure p is

pV = nRT [14.8)
where

R = the universal molar gas constant, and

T = the temperature in kelvins,
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Thus the predictions of the kinetic theory of gases (represented by equation
[14.7]} are in agreement with idealized experimental observation (represented by
equation [14.8]) if

iN(tmd) = nRT

. = 3 nK
ie. dmcd = >N
. — i R
L.E. '}?IH:] = EN_AT

{(since W /m is the number of molecules per mole, i.e. N, the Avogadro constant),
Both R and N, are universal constanes, and therefore so also is B/ Na; itis called
Boltzmann’s constant, & (= 138 = 107" JK™') and is the gas constant per
molecule. The left-hand term is the average translational® kinetic energy of a single
molecule, and therefore

3 R

Thus, in order to make the kinetic theory consistent with the ideal gas equation we
need to accept the validity of equation [14.9], i.e. in addition o assumptions (i) to
i(vi) of secdon 14.4, we need o make the further assumption that the average
translational kinetic energy of a molecule is egual to (3/2) ET. Such an
assumption is reasonable, since putdng heat energy into 8 gas increases its
temnperature and must also increase the kinetie energy of its molecules becuase
there is no other way that the energy can be absorbed. (An ideal gas can have no
potental energy because it has no intermolecular forces, and there s nothing other
than molecules present.)

Mote Thethree gaslaws (section 14. 1) can be combined as pl" o T, In order to make the
kinetic theory consistent with this expression, rather than with the more
demanding pl" = aRT, we need only make the assumption that %mF 15
proportional to T, for it then follows from equation [14.7) that pl" o T,

QUESTIONS 14B il Sl i il T s

3. Find the value of the ratio

Hoot mean square speed of hydrogen molecules
Root mean square speed of oxygen molecules

1. Bywhatfactor does (a) the mean square speed,
(b) the root mean square speed of the male-
cules of a gas incremse when its remperatire is

doubled?

(@) when the two gases are at the same
temperature, {b) when the oxygen is at 100°C

The temperature of 2 gas i increased in such a
way that itz volume doubles and itz pressure
quadruples. If the root mean square speed of the
molecules was orginally 250 ms !, what is it at
the higher temperature?

and the hvdrogen is ar 30°C,
{Relative molecular mass of hydrogen = 2,
relative molecular mass of oxygen = 32

*In section 14. 16 diatomic and polyatomic molecules are considered. These have boch translatiomal

and rotational kinetic energies,
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14.6 AVOGADRO’'S LAW

Equal volumes of all gises at the same temperatire and pressire contain the
same number of molecules.

The law was announced by Avogadro in 1811 and was well-established before the
kinetic theory was developed. It is embodicd in the ideal gas equanon,
gl = #RT. In order to illustrate this we shall consider two gases distinguished
by the subscripes § and ;. Applying the ideal gas equation gives

P] L‘?l = HLRT'| HIL'I:I P:'I"Fz —_ i‘lzR T:
For equal volumes at the same pressure py V), = pa V5, and therefore

m BTy = naRT [14- 1ﬂ|
If the gases are at the same vemperatuce, T; = T, and therefore from equarion
[14.10]

My = M

Thus equal volumes of two gases which are at the same temperature and pressure
contain the same number of moles. It follows from the definition of the mole
{section 14.3) that the gases also contain the same number of molecules. Thus,
under the conditions to which Avogadro’s law relates, the number of molecules in
each gas is the same, i.e. Avogadro’s law is embodied in pl° = nRT.

MNote Avogadro’s law can be applied to real gases which are at low pressures and are at
remperamres well above those at which they liguefy.,

14.7 DALTON'S LAW OF PARTIAL PRESSURES

The total pressure of a mixture of gases, which do not interact chemically, is
equal tothe sum of the partial pressures, 1.6, o the sum of the pressures thar
ench gas would exert if it alone secupied the volume containing the mixmre.

Suppose that a volume Veoontains n; moles of a gas whose partial pressure 1s p, and

ris moles of a gas whose partial pressure is ps. If the temperanere of the gases is T,
then by equation [14.1]

PV o mET and pm1 o= maRT
Dividing gives
no_m

= [12.11]
b "y

From Dalton's law, the total pressure pis given by
pP=prpP
Substimting for py from equadon [14.11] gives

"= ()

and substituting for p; gives

(%)
o iy + Ha P
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Mote Dalton™s law stll applies if one or more of the components of the mixmre is a

vapour (saturated or unsaturaced} - see Example 15.1.

14.8 THE MAXWELLIAN DISTRIBUTION OF
MOLECULAR SPEEDS

Fig. 143
Maxwellian distribution
of molecular speads

It cam be shown, on the basis of statistical mechanics, that the speeds of gas
molecules are distributed as illustrated in Fig, 14.3. The curve, which is known as
the Maxwellian distribution of molecular speeds, agrees well with that obtained by
experiment. The guantity N(c) is such that N{c)dc is the number of molecules
whose speeds are 1o the narrow range ¢ to ¢+ de. Theoretically

E.J:E:\-'"lﬁ = 1:1.13: 123
whene
most probable speed

&
I

'
Il

mean speed
Ve = root mean square speed.

o MYy

™= Higher temperatuns

Lerwar temparafure

14.9 EXPERIMENTAL INVESTIGATION OF BOYLE'S

LAW

The apparatus is shown in Fig. 14.4. The gas under investigation is the air trapped
above the oil in the glass tube, The volume, I, of the air is read dicecty from the
scale. It is compressed by using a foor pump 1o increase the pressure above the oil
in the reservoir. The pressure, p, of the trapped air 15 the same as that of the air in
the oil reservoir. (Whether or not this can be read directly from the Bourdon gauge
depends on the particular type of gauge being used - see section 10.7.) The
pressure is increased in stages, allowing a number of pairs of values of pand o be
taken. Compressing the air warms it slightly — it should be allowed to cool to room
temperature (indicated by a steady volume reading) before each measurement 1s
made.

A graph of I against 1/pis plowed. Ifthe graph iz a straight line through the origin,
Boyle's law has been verified for the particular temperature and range of pressures
investigared,
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Fig. 14.4
Bovle's law apparaius
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— Strang glass tube
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wodume of

trappad air

14.10 EXPERIMENTAL INVESTIGATION OF CHARLES'

LAW

Fig. 14.5
Charles’ law apparatus

The apparatus is shown in Fig, 14,5, A column of air is trapped inside a capillary
tube by a short thread of concentrated sulphuric acid. The reason for using the acid
(rather than mercury, say) is that it absorbs any water thar might be in the air and so
allows meaningful results 1o be obtained. The wbe has a uniform bore and
therefore the volume of the trapped air is proportional to the length of the air
column, The water i heated and the length, [, of the air column 1s measured for a
number of different temperatures, §. The water should be heated slowly, and
stirred before each reading, to allow the air to reach the temperaiure of the water.
The pressure of the air throughout the expeniment s constant (egual to
atmospheric pressure plus the pressure exerted by the acid thread).

Capillary tulb of

unifarm bors —— ]
(1,5 mm cinmeetar) Tharmamaier
Shgen (1 cmd
thresd of
concantrated Water
sulphuric acid
Fixad mags
of dry @ir

Pttt

HEAT

A graph of { against Celsius temperature, #, is ploned. The graph will be a straight
line (Fig. 14.6(a)) showng that (for the particular pressure and range of
temperatures investgated) the volume of a fixed mass of dry air at a constant
pressure increases uniformly with temperature. This is one form of Charles’ law,

Alernatively, a graph of | against Kelvin temperature, T, where T = 0+ 273,
could be plotted (Fig. 14.6(b)). This graph passes through the origin and therefore
verifies that the volume of a fixed mass of gas (dry air) at constant pressure is

directly proportional to the temperature measured in Kelvins. This is the form of
Charles’ law given in section 14.1.
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Fig. 14.6
Graphs for Charlas' |aw
invastigation

Note
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Small values of / should be avoided; otherwise the rounded end of the capillary
fube introduces a significant error into the assumpron that the volume of the
trapped air 15 proportional to L

14.117 EXPERIMENTAL INVESTIGATION OF THE
PRESSURE LAW

Fig. 14.7
Pressure law apparaius

The apparatus is shown in Fig. 14.7.* It enables the pressure vamation with
temperature of a fixed mass of dry air at constant volume to be investigated.

— BT gaLIgn

Shart plasts:

tubss
Thermomeder - .

Capillary tubing

_ Fingd mass of
iy air
WA —
— Round:bottomed
sl {500 crm®)

e o
HEAT
The water i1s heated, and the pressure, p, of the sir in the flask is recorded

for a number of different temperatuces, 8. (Whether of not the pressure can

be read directly from the Bourdon gauge depends on the particular type of gauge
being used—see section 10.7.) The water should be heated slowly, and stirred
before each reading, to allow the air in the flask to reach the temperature of the

Waler.

The air in the Bourdon gauge and connecting tube is not at the same temperarure
as thatin the flask. Using alarge flask and capillary tubing reduces the significance
of the error that this canses.

*Aq aliernative fosm of appasarus is shown ta Fig. 13.5.
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Fig. 14.8
Graphs for pressure law

investigation
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A graph of p against Celsias temperature, (1, 15 plotted. The graph will be a straight
line (Fig. 14.8{a)) showing that (for the parbcular volume and range of
temperatures investigated) the pressure of a fixed mass of dry air at constant
volume increases uniformly with temperature. This is one form of the pressure
L.

la) il
e [
& 4
) "‘/
.-"". il -
-~ -
- -~
- 7
— # 4°C - * TK
-373°C a o
Alternatively, a graph of p against Kelvin remperature, T, where T = i/ + 275,

could be ploned (Fig. 14.8(b)). This graph passes throwgh the ongin and therefore
verifies that the pressure of a fived mass of gas (dry air) at consgant volume is

directly proportional 1o the temperature measured in Kelvins, This is the form of
the pressure law given in section 14,1,

14.12 VOLUME AND PRESSURE COEFFICIENTS OF

GASES

The expansivity of a gas at constant pressure (or volume coefficient) =, 15
defined by

S
1, = ——— ie. ¥FisiWl+a,b
P I-"r,';.l'i' ﬂ{ F ] ]
where
Vo = volume of gas at 0°C
F = volume of gas at Celsius cemperature 7.

It follows from equation [14.1] that for an ideal gas at a constant presswre B

V = nR(273+0)/p and V, = nR{273)/p

[nR(273 + 0)/p] — [mR{273)/p|

% = [nR(273)/p)0

ie. @, = 1/273K' (or°C™")
The coefficient of pressure increase at constant volume (or pressure
coefficient) x, is defined by

o, = 1e,

p = poll +a,0)
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where

fo = pressure of gas at 0°C

P = pressure of gas at Celsius temperature i,
It can be shown (by the method used for o) that

2, = 1/2T3K"' {or°C™)

14.13 REVERSIBLE PROCESSES

If, at évery stage, a process can be made 1o go in the reverse direction by an
infinitesimal change in the conditions which are causing it to take place, it is
said 1o be a reversible process.

It follows that when the state of a system is changed reversibly:

1) the system is in thermodynamic equilibreiwm (i.e. all pans of the system
are at the same temperature and pressure) at every instant, and

(i) at the completion of the process the system could be retumed to its inital
state by passing through the intermediate states in reverse order, and without
there being any net change in the rest of the Universe,

In practice, it is impossible to produce a perfect reversible change. However,
processes which take place very slowly and which do not involve fiction are often
good approximations 1o reversible changes, The slow compression of a gas by the
movementofalight, frictionless piston in a non-conducting cylinder is an example
of an approximately reversible process, because a slight decrease in the force on the
piston would allow the gas to expand and no energy will have been dissipated as
heat, Other examples include the changes of pressure, volume and temperature
which are associated with the passage of a sound wave through air, and the
movement of a pendulum abour a frictionless support in a vacuum.

14.14 EXTERNAL WORK DONE BY AN EXPANDING
GAS

Consider a gas enclosed in a cvlinder by a frictionless piston of cross-sectional area
A (Fig. 14.9). Suppose that the piston is in equilibrium under the action of the
force ped exerted by the gas and an external force F. Suppose now, that the gas

Fig. 14.9
Gas expanding ina iL
cylindar pA=Pp |3 —F

il
A

expands and moves the piston outwards through a distance dx, where &x s 50 small
that p can be considered to be constant. The external work done G0 by the

expansion is given, by equarion [5.1], as
A = il‘!..-"h's.t'

e, W = pal [14.12]
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where & F'is the small increase in volume of the gas. The voral work done by the
gas if its volume changes by a finite amount from 1, to I, is therefore given by

W
W - J pdV (14.13]

Fi

Equation [14.13] holds no matter what the relationship between p and 1. For the
partcular case of an isobaric process (1.¢. one in which p 15 constant)

L

M3
H?=J p-;ilf"=pf di’

¥ ¥

i.t- W = pl:l"’: — L"Il-:' .14'14

In the general case, if a plor of p against 7z available (known as an indicator
diagram), the work done can be obtained graphically. Suppose that the pressure
of a gas varies with volume as shown in Fig. 14, 10, The work done W by the gas as
its volume changes from V) o Vs is given by

Vy
W = J pdl = Area of shaded region

B W, v, W

Motes (1) Equatton [14.13] also applies when a gas 1s compressed, in which case work

15 being done on the gas.

(i) Swricdy, equation [14.13] can be applied only if the change takes place
reversibly = if it docs not, the values of pressure and temperature an any
instant will be different in different regions of the gas.

(iii) Equation [14.13] also applies o solids and liguids. In these cases, though,
the increases in volume are small and therefore the amounts of external work
done are small compared with increases in internal energy.

14.15 THE FIRST LAW OF THERMODYNAMICS

Thermodynamics is the study of the relationship between hear and other forms of

energy. When the principle of conservation of energy is stated with reference to
heat and work it 1s known as the first law of thermodynamics.

The heat energy (A Q) supplied to a system s equal to the increase in the

invergal energy [(ALT) of the system plas the work done (A TF) by the svstem
o its surroundings.

i.e. AQ = .ﬁ.!:f+ AW (14.15]
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The internal energy of & system is the sum of the kinetic and potental energies of
the molecules of the system. It follows from equarion [14.15) that it may be

imcreased by:

(i) putting heat energy into the system, andfor
) doing work on the system.

When the internal energy of a system changes the change depends only on
the initial and Gnal states of the system, and not on how the change was
broughi about, This 1s equivalent to saying that the internal energy of a svstem
depends only on the state that it is iIn, and not on how it reached that state. (Mote, a
svstem is said vo have changed “stare” if some observable property of the system,
£.g. 15 temperature, pressure, of phase, has changed.)

It 15 mot possible to determine the absolute value of the mternal energy of a real
system™®. This is no real problem, though, because we are always concerned with
changes in internal energy, and these can be determined. To do 50 we make use of
equation [ 14.15] —either directly or indirectly. Either we find the values of AQ and
& I and wse them (directly) in equadon [14.15] 1o calculate AL, or we use the
measured values of the quantities in an equation which is based on equation
[14.15] = equation [14.16] for example.

An isolated system is onc which is cut off from any form of external influence. In
particular, no work can be done onitor by it (e, AW = 0), and no heat can enter
itor leave it (i.e. AQ = 0). It follows from equation [14.15] that ALY = 0, and
therefore that the internal energy of an isolated system is constant.

When a system undergoes an adiabatic process (see secton 14.21) AQ = 0,
and equation [14.15] reduces to AU = —AW,. Bearing in mind thar AW
represents work done by the system, (—A W) represents work done on the system.
Thus, when a system undergoes an adiabatic process the increase in
internal energy of the system is equal to the work done on it.

(i)  We stated immediately after equation [14.15] that the internal energy
of a system is the sum of the kinetic and potential energies of the
molecules of the system. This should not be taken to imply that we are

defining internal energy in this way. Absolute values of internal energy are
not defined at all for real systems; changes in internal energy are defined by
equation [14.15].

(i} The internal enesgy of an ideal gas is due entitely 1o the Kinetic enefgy of
the molecules. It therefore follows from equation [14.9] that the internal
energy, LT, of one mole of an ideal monaromic gas at kelvin emperamare T'is

given by

The increase in internal energy, AU, due o an increase in temperatare, AT,
is given by

AU = IRAT

ol [ E possihle fr an ideal gas — see Mote ().
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14.16 THE PRINCIPAL MOLAR HEAT CAPACITIES OF A

GAS

Note

“The molar heat capacity of a substance is the heat required to produce unit
temperature rse in one mole of the substance.

A change in temperature involves a change in pressure and /or volume. With solids
and liguids such changes are small and are normally ignored. Large changes occur
with gases, and in order to define the heat capacity of a gas it 1s necessary to specify
the particular conditions of pressure and volume. Two cases are of special interest:
(i) when the pressure is constant, (i) when the volume is constant. The heat
capacitics measured under these conditons are called the principal heat
capacities.

The molar heat capacity of a gas at constant pressure (C,) is the hear
required to produce unit temperature nse inone mole of the gas when the pressure
remains constant.

The maolar heat capacity of a gas at constant valuime (O s the heat reguired
to produce unit temperature rse in one mole of the gas when the volume remains
constant.

When a gas is heated at constant pressure it expands, and therefore some of the
heat which is supplied to the gas is used:

(i) to do external work, and (in the casc of a real gas)
(i} toincrease the potential energy of its molecules.

When a gas is heated at constant volume, on the other hand, all of the heat which is
supplied to it is used o increase the temperature. It follows that the amount of heat
required o raise the temperature of a gas at constant pressure is greater than that
required to raise its temperature by the same amount at constant volume. In
particular, C, is greater than C,.

The principal heat capacities for unit mass of gas are called the principal specific
heatcapacities at constant pressure and constant volume and are denoted by ¢, and
i, respectvely.

14.17 TO SHOW THAT C; — C, = R FOR AN IDEAL GAS

Suppose that one mole of an ideal gas 1s heated so that 1ts temperature Increases by
A at constant volume. It follows from the definition of €, that the heat supplied
Al)is given by

AQ = C AT

Since there is no change in volume, the external work done ATFis rero. From the
first law of thermodynamics (equation [14.15])

AQ = AU+ AW

where AL is the increase in internal energy of the gas. It is important to note that
the imternal energy of an ideal gas depends only on i temperature, and therefore
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equation [14.16] holds whenever the temperature of one mole of an ideal gas
increases by AT, itis not restricted to situations in which the temperature increase
ooCurs at constant volume,

Suppun: now that one mole of the same gas 15 heated so that 1ts temperature
increases by the same amount AT at constant pressure. It follows from the

definition of £, that the heat supplied .&Q is given by
AQ = C,AT

The external work done AW by the gas is given (by equation [14.14]) as
AW = pAV

where A s the (non-zero) change in volume and pis the constant pressure. From
the first law of thermodynamics

AQ = AU+ AW

C. AT = AU+ pAV
Substituting for AU from equation [14.16] gives

Co AT = AT 4+ pAV (14.17]
If the initial volume and temperature of the gas are 1 and T respectively, then since

we are concerned with one mole of an ideal gas

p = RT
and

pV+AV) = RT+ AT)
Subtracting gives

pAV = RAT
Subsotuting for p A Fin equatton [14.17] gives
Co AT = C AT 4+ RAT

i€, Gy—GCo =R [14.18]

14.18 CALCULATION OF C,/C, FOR AN IDEAL
MONATOMIC GAS

The intermal energy of an ideal gas is entirely kinetic. The moment of inertia of a
monatomic molecule can be considerad o be zero and therefore the kinetic energy
of such a molecule is associared with its trranslational motion only®. It follows that
the average toral kinetic energy of a monatomic molecule is given by equation
[14.9], and thar the internal energy L of one mole of such a gas is given by

U = INGT

ie. U =2RT

If the temperature changes by AT, the corresponding change in internal energy
AlTis given by

AU = }RAT

*If the moment of inertia were mot zero, the molecule wouwld have additional kimetic energy dwe toiis
ritaticnal motion,
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By equation [14.16]

ﬁ” = Etl&:;-
CpAT = %R&T

i.:- C.. = %H

By equarion [14.18]
Ep_ﬂl- = R
C,-C. R

C 3R

. i,

Le. E:_ | = -}

. C

i.8. P _ 3 _ 147
C. - 1.6

14.19 C,./C, FOR DIATOMIC AND POLYATOMIC GASES

Molecules which contain more than one atom have non-negligible moments of
inertia and therefore possess rotational kinedc energy in addition to ranslatonal
kinetic encrgy. When this is taken into account it can be shown thar

Gﬂ

1 i i

C. 5 1.40 for a diatomic gas, and
G,

E,—’ =4 = 1.33 for a polyatomic gas.
l-

The rado C,/C, is denoted by 7, and therefore:

¥ = L67 for a monatomic gas
¥ = L40 for a diatomic gas
¥ = L33 for a polyatomic gas

Note C, - C, = Rholds no matter what the atomicity of the gas.

14.20 ISOTHERMAL PROCESSES

Anisothermal process is a process which takes place at constant temperatre,

It follows from the ideal gas equation thar when a gas expands or contracts
isothermally

PV = a constant [14.19]

The internal energy of an ideal gas depends only on its temperarure and therefore,
for an ideal gas which is involved in an isothermal process, A7 = 0and the first
law of thermodynamics reduces to AQ = AW, Thus if the gas expands and does
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external work AW, an amount of heat A0 has 1o be supplied o the gas in order to
miaitain its temperanire. Conversely, if the gas contracts, work is being done on it
and an amount of heat AQ has to be allowed 10 leave the gas.

Anv anempr w produce anizothermal change requires that the gas is contained in a
vessel which has thin, good-conducting walls and which is surrounded by a
constant temperature reservoir. In addition, the expansion or contraction must
take place slowly. Ifthese conditions are not fulfilled whemn, say, a gas expands, then
the energy used by the gas in doing external work has to be provided at the expense
of the kinetic energy of its molecules, and the temperature of the gas falls.

Equation [14.19] can be expressed as
Al = pmbs

where py and ¥, are the initial pressure and volume of the gas, and p; and I; are the
pressire and valume aftér the isothermal change has taken place.

14.21 ADIABATIC PROCESSES

MNotes

An adiabatic process 1s one which takes place in such a way that no heat enters
or leaves the system during the process.

It can be shown that when an ideal gas undergoes a reversible adiabatic expansion
OF contraction

[14.20]
where ¢ 15 the rato of the principal heat capacities of the gas.

Since AQ = 0, the first law of thermodynamics reduces o AU = —AW. Thus
if the gas expands and does external work, its temperature falls. Conversely, an
adiabatic compression causes the temperature of the gas to rise.

A truly adiabatic process is an ideal which cannot be realized. However, when a gas
expands rapidly, the expansion is nearly adiabatic, particularly if the gas is
contained in a vessel which has thick, badly conducting walls. Two examples of
approximately adiabatic processes are:

(i) the rapid escape of air from a burst tyre,

(i} the rapid expansions and contractions of air through which a sound wave is
passing.

(i) Equaton [14.20] can also be expressed in the form

AW =l a2

where p, and 14, are the initial pressire and volume of the gas, and p. and 1
are the pressure and volume after the adiabatic change has taken place,
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(i) pV = nRT applies to any change of the state of an ideal gas and can be

expressed as
[ L s 9
T, = T [14.22]

Dividing equation [14.21] by equation [14.22] gives
P R o A

from which the final temperature T can be calculated.

14.22 ISOTHERMAL AND ADIABATIC PROCESSES
COMPARED

Fig. 14. 11 illuserates isothermal and adiabatic expansions of an ideal gas which is
initially at a pressure p, and volume I, The temperarure fall which accompanies
the adiabatic expansion results in a lower final pressure than that produced by the
izothermal expansion. Mote that the area under the 1sothermal 15 greater than that
under the adiabatic, 1.e. more work is done by the isothermal expansion than by the
adiabatic expansion. Mote also that the adiabatic through any point is steeper than
the isothermal through that poinr,

Fig. 14.11 FIL
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Fig. 14. 12 illustrates the p—F curves of a gas which is expanded adiabatically from a
volume I o a volume V5, and is then compressed isothermally to its original
volume.
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Work done by gas in expanding = Area V, py o>
Work done on gas in contracting = Area 7 pypa 15
Wer work done by gas = Area b o

14.23 MEASUREMENT OF y FOR AIR BY CLEMENT
AND DESORMES METHOD

The apparatus is shown in Fig. 14,13, The principal component is a vessel of large
volume (~10 litres) contaming air and a httle phosphorus pentoxde to deyv e

Fig. 14.12 To bicyele Bung
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apparatus
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peamiasd e H-'-"‘“"--_\ Rl B
\\ Mlass of air of voluma

Vowihich rarmaing in
the wessol aftor the
axpangian

Procedure

{1) Adr 15 pumped into the vessel until the pressure inside 18 is a little above
armospheric. The air 1s then allowed o cool to room emperature and the
(now steady) manometer reading Ffry is recorded,

{ii) The bung is removed for about one second allowing the air to undergo an
(approximately) reversible adiabatic expansion. The pressure falls to
atmospheric and the mir cools.

(iii) The air is now left o regain room emperature and the new (sweady)
manometer reading f - 18 recorded.

Theory
Suppose that the air which remains in the vessel initially occupied a volume 1 ata
pressure . Immediately afver the expansion this same mass of aic is at
atmospheric pressure p and now occupies the whole of the vessel so thau its
volume i5 Fa. Since the expansion is adiabatic

W = ply [14.23]
Suppose that p is the pressure of the air when it has regained room temperature.
Thus, a mass of air which initially had volume V) and pressure p; at room
temperature, now has volume V; and pressure po, also at room temperature, and
therefore

n¥ = pVs [14.24)
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An Increase in pressure of 4 decrease in temperature cleary reduces the validity of
assumption (). Assumption (1) also becomes less valid because there s ample
evidence (see Chapter 9) that the closely packed molecules of solids and liquids do

exert forces on each other.

The extent of the departure from ideal gas behaviowr varies from gas to gas, but of
the common gases carbon dioxide shows considerable non-ideal charactensnes.

14.25 ANDREWS’ EXPERIMENTS ON CARBON
DIOXIDE

Fig. 14.14

Andrews” apparatus

The apparatus which Andrews used to investigate the behaviour of carbon dioxde
is shown, schematically, in Fig. 14.14. By ughrening the screws, Andrews was able
to force water into the glass ubes and so increase the pressures and decrease the

Thick-walled
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SErang wWaber-
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Screws ta wary
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violumes of the gases rrapped in the upper portions of the tubes, These tubes had
been calibrated beforehand, so that it was a simple matrer for Andrews to read off
the volumes of the trapped gases by noting the positions of the tops of the mercury
columns. By assuming that the nitrogen obeyed Boyle's law (a reasonable
assumption at the pressures and remperatures involved as Andrews knew), he was
able 1o calculare the pressure of the nitrogen once he had measured its volume.
Since both gases were at the same pressurg, this gave him the pressure of the
carbon dioxide as desired, The capillary wibes were surrounded by a warer bath,
the purpose of whach was to maintain the gases at a constant temperature. In thas
wiy then, Andrews measured the volume of the carbon dioxide as a function of its
pressure at a fixed temperature. Altering the water bath temperature allowed him
to obrain this information for a number of different temperatures. He presenced his
results as a series of isothermals (1. a series of plots of pressure against volume,
each at a fxed wemperature), Some of these curves are shown in Fig. 14.15.
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Fig. 14.15

Androws” isothermals
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The diagram shows the critical nature of the 31.1 °C isothermal. Above 31,1 °C
the carbon dioxide exists as a gas no matter how high the pressure, and the curves
are approximately hyperbaolic (the shape they would be if the carbon dioxide were
an ideal gas). Below 31.1 °C the carbon dioxide can exist in both the gaseous state
(as a vapour) afid the hguid state. Consider the carbon diokide to be in the state of
pressure, volume and remperature that i3 represented by the point A on the
21.5"C isothermal. In this state the carbon dioxdde 15 an unsaturated vapour (see
section 15.2), and if it is compressed, the p—V curve is very nearly hyperbolic until
the pressure reaches that represented by B, At B the carbon dioxide begins o
liquefy. Berween B and C the volume decreases as the screws are turned in, but
there 1s no increase in pressure. 1 he decrease in volume s due to the fact that in
moving from B w C more and more liquid forms, so that at C the carbon dioxide is
entirely liquid. From C to I) and beyond, large increases in pressure produce very
little decrease in volume — as might be expected, since liguds are virtwally
incompressible,

14.26 TERMINOLOGY

It is now possible to define some useful terms.

Critical temperature (T} is the temperature above which a gas cannot be
liquefied, no matter how great the pressure, (T, = 31.1°C for carbon dioxide.)

Critical pressure ( p_) is the minimum pressure that will cause liquefaction of a
gas at its critical temperature. {p. = 73 aum for carbon dioxide. )
Specific eritical volume (17,7 is the volume occoupded by 1 kg of & gpas st its critical
temiperanere and critical pressures,

Gas is the term applied o a substance which is in the gaseous phase and is above its
critical temperature,

Vapour is the term applied to a substance which is in the gaseous phase and 15
below its critical temperamure.

Thus, a vapour can be liquefied simply by increasing the pressure on it; a gas
cannot.
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MNotes

(i)

(i)

SECTION C: THERMAL FROFEATIES OF MATTER

Crxypen, nitrogen and hydrogen are traditonally called permanent gases,
since it was onginally thought thar they could not be liquefied. This
misconception arose because the early workers had no knowledge of the
necessity for a gas to be below its critical temperature, and each of these gases
has a critical temperature which is well below room temperature (—118°C,
=146°C and —240°C respectively).

It can be seen from the p~F curves of carbon dioxide (Fig. 14.15), for
example, thar when a liquid at its critical temperature (and critical pressure)
becomes gaseous, then it does so without any change of volume. Under these
conditions then, the gquid and its saturared vapour have the same density,
Therefore, if a liquid and its saturated vapour are in equilibrium at their
critical iemperarure; there is no meniscus; i.e. no distinction between liquid
and vapour.

14.27 CURVES OF pV AGAINST p

A convenient way o show the deparure from ideal gas behaviour at some
temperature, is to plot pl" against p at that temperature. For an ideal gas such a plot
is, of course, a straight line parallel vo the p axiz, but for a fixed mass of real gas the
curves rypically have the form shown in Fig. 14.16.

Fig. 14.16
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VAPOURS

The distinction between a gas and a vapour is given in section 14.26.

15.1 EVAPORATION

Evaporaton is the process by which aliquid® becomes a vapour. It can take place at
all temperatures, but occurs at the greatest rate when the liquid is at its boiling
podnt.

The kinetic theory supposes that the molecules of liguids are in continual motion
and make frequent collisions with each other. Although the average kinetic energy
of a molecule 1= constant at any particular temperature, it may gain kinetic energy
as a result of collisions with other molecules. If a molecule which is near the surface
and is moving towards the surface gains enough energy to overcome the atracuve
forces of the molecules behind 1t, it escapes from the surface. [tfollows that the rate
of evaporation can be increassed by:

(1) inereasing the area of the hguid surface;

m)  increasing the temperature of the liguid (since this increases the average
kinetic enetgy of all the molecules without increasing the strength of the
mntermolecular forces of attraction);

() causing a draught to remove the vapour molecules before they have a
chance to return o the liguid;

(wv)  reducing the air pressure above the liquid (since this decreases the
possibility of 8 vapour molecule rebounding off an air molecule).

When a liquid evaporates it loses those of its molecules which have the greatest
kinetic energies, and therefore when a liquid evaporates it cools.

15.2 SATURATED AND UNSATURATED VAPOURS

Suppose that a congainer is pargly filled with & liquid and then sealed. Some
molecules escape from the lguid by the process of evaporation and exist as a
vapowr in the region above, The vapour molecules move abour at random, and
some of them remirn to the lbguid. The rate of condensation (i.e. the rate at which
molecules return to the Bguidy is determined by the number of molecules in the
vapour phase. Initally this is low, and the rate of evaporation exceeds the rare of
condensation. There is, therefore, a net gain of molecules by the vapour, and
eventually a dynamic equilibrium is established in which the rate at which

*Solids evaporate bur the eate of evaporation of & solid is negligible unbess it is close e in meling
point
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Fig. 15.1
=V curve for vapour in a
saalad containear

Fig. 15.2
p-0 curve for vapour in a
sealed container

;9

molecules enter the vapour i3 equal o the rate at which they remurn to the iquid.
The region above the iquid is said to be saturated with vapour, for it now contains
the maximum possible number of molecules which the condinons wall allow. (I
the number of vapour molecules were to increase by some means, the rate of
condensation would become greater than the rate of evaporavon and the
equilibriurmm would be re-established.) The pressure exerted by a saturated
vapour is called the saturated vapour pressure (SVI') and its value depends
only on temperature.

If the volume of the space above the liquid is increased, there is a momentary
decrease in the density of the vapour, in particular, immediately above the higuid
surface. This decreases the rate of condensation and restores the pressure to 115
previous valae, i.e. SVP is independent of volume. If the increase in volume is
continued, more and more lEguid evaporates and eventually there s none left, Any
further increase in volume causes the vapour 1o become unsatarated. Once this
happens the pressure varies with volume in a manner which is approximatcly
consistent with Bowle's law. A plor of pressure against volume at a fixed
temperature 15 shown in Fig. 13,1, (Note that Andrews” isothermals in
Fig. 14.15 for carbon dioxide ar temperatres below its critical temperature are
also of this form.}

o Salurated wapsour,
* & independcant of v

/

BPF
Unaaturatad vapowr,
o Uy
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It follows from what has been said so far that a saturated vapour can be defined
as being a vapour which is in equilibrium with its own Hguid. IT the
temperaturs of such a system is increased there are two distinet consequences.

(1} The knete energy of the vapour molecules increases.

(i) The rate of evaporaton increases and therefore there 15 an increase in the
number of molecules in the vapour phase,

If the volume of the system is constang, each of these effects produces anincrease in
pressure. The effect of (1) alone would be to give a pressure increase of the form
predicted by the pressure law (approximately); the additdonal effect of (i) means
that the increase in pressure with increasing remperature is much more rapid than
this (see Fig. 15.2).

If the temperature 15 imcreased at constant pressure, the volume increases, bt
becauwse of (i) it increases much more rapidly than required by Charles” law.
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Summary

(1} A saturated vapour is a vapour which is in equilibrium with its own
lacpuaed.

(i) The gas laws refer to Axed masses of gases. Changing the state of a
saturated vapour involves condensation or evaporation and therefore

changes its mass, It follows that saturated vapours do not obey the gas
laws. In partcular SVP depends only on temperature.

() Unsaturated vapours, like real gases, obey the gas Laws approxinately.
In carryving out calculations at this level unsatrated vapours can be
tiken to obey the gas laws exactly.

15.3 MIXTURES OF GASES AND SATURATED
VAPOURS

Dialton's law of partial pressure applies. The total pressure 15 that of the gas plus
that of the vapour. It must be borne in mind that the gas obeys the gas laws, the
saturated vapour does not (zee Example 15.10.

15.4 SUPERSATURATED VAPOURS

If the temperature of a saturated vapour is reduced suddenly, there is a brief
pericd® during which the vapour contains more molecules than it should at the
new temperature. Such a vapour is called a supersaturated vapour and it is not in
equilibrium with i liguid,

15.5 BOILING

A liguid boils when its temperature is such that bubbles of vapour form throughout
its volume. The pressure inside these bubbles s the SVP of the liquid at the
temperature concerned, and must be at least as big as the pressure outside the
bubbles otherwise they would collapse. Thus:

The boiling point of a liquid is that temperature at which its SVP is equal to
the external pressure.

The external pressure is equal o

(i) the pressure of the atmosphere above the liguid, plus

) the hvdrostate pressure doe to the liguid iself, pluz

(1if)  the pressure due o surface tension effects.

The last two of these are normally ignored but, in particular, (i) accounts for the
lower part of a boiling higuid being hotter than the upper part.

*[f there are no nucleating sites present {e.g. dust), the vapour may remain supersamurated for o long
time.
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Fig. 15.3

Varlation of saturated
vapour prassura of water
with temperatune

281

If the pressure above a boiling liguid is increased, 1t stops boiling because the
external pressure 15 now greater than the SVP. If the temperature of the liquid s
increased, its SV rises and evenmally becomes equal e the new external
pressure, Thus the boiling point of a liquid increases with pressure and a plot of
external pressure against boilling point 15 identical e a plot of SVP against
ternperature. The SV of water is shown as a function of temperatare in Fig. 15.3.

SYF of warter/mm Hg
[ 9

Temparature™C

Boiling differs from evaporation in than:

(i}  boiling oecurs throughout the velume of a Hguid, whereas evapomation
occurs only at the surface, and

(i} for any given external pressure a liguid boils at a single temperature
only; whereas evaporation takes place at all temperatires.

15.6 EXPERIMENTAL DETERMINATION OF SVP BY
THE DYNAMIC METHOD

The apparatus is shown in Fig. 15.4. The pressure above the liquid is reduced to
some desired value below atmospheric pressure by means of the vacuum pump.
The liquid is then heated gently and it starts to boil at a temperarure which is
derermined by the pressure inside the apparatus. The vapour is condensed and
returned to the round-bottomed flask, thereby preventing a pressure build-up
within the apparatis. The thermometer reglsters the temperature of the saturated
vapour. The pressure p above the liquid is given by p = (p, — hpg) where p, is
atmospheric pressure and p s the density of the mercury. Since a iguid boils when
its temperamare is such that its SVP is equal vo the external pressure, pis the SVP of
the liquid at the temperature registered by the thermometer.

Beplacing the vacuum pump by a bicyle pump allows 5VPs above atmospheric
pressune o be determined,
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Fig. 15.4

Apparatus for the
determination of SVF by
the dynamic method

SECTION C: THERMAL PROPERTIES OF MATTER

Tap to
isodate
i
Condarmer |
Thermomatar N '_-=-'
in saburaled Mo vl
WAL QISTIR

Largs chambar
seling a8 o bullere
ﬂallﬂ:t Pm::u“
warlaticng sna
keaping h steady

Ligusid
urickEr
+ invepstigation

HEAT

Marciary
ETB PR b

EXAMPLE 15.1

A clozed vessel contains air saturated with water vapour at 77 "C. The toral
pressure in the vessel is 1000 mmHg. Calculate the new pressure in the vessel if the
temperature is reduced vo 27 °C. {The SVP of water at 77 °C = 314 mmHg; SVP
of water at 27°C = 27T mmHg.)

Solution

By Daiton's law of partial pressures, the pressure of the aie at 77°C
(350K} = MM} — 314 = 6BommHg. Treating the air a5 an ideal gas and
assurming that its volume 15 [ and s constant, we sce that its pressure, f, at
27 °C (300 K) is (by equation [14.22]) given by
686 x 11 pl
150

300

L&, p = 5B mmHEg
The pressure of the warer ar 27 "C = 27 mmHg, and therefore the ol pressure at
2TC = 588 + 27 = 6l5mmHg.
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THERMODYNAMICS

The first law of thermodynamics is dealt with in Chapter 14.

16.1 THERMAL EQUILIBERIUM AND THE ZEROTH LAW
OF THERMODYNAMICS

If two bodies are in thermal contact and there 1s no net flow of heat energy between
them, the bodies are said w be in thermal equilibrium with each other. The
bodies must possess some property which determines whether they are in thermal
equilibrium — we call this property temperature. It follows thar heat can flow
from ome body to another only if they are at different temperatures.

Experiment shows that two bodies which are separately in thermal equilibrium
with a third body are also in thermal equilibrivm with cach other. This is known as
the zeroth law of thermodynamiecs. It is called the zeroth law because although
the other laws of thermodynamics inherently assume its validity {and therefore
logically come after it) they had been established for many years before the first
formal statement ofit. The reader may feel that the zeroth law is merely a statement

of the obvious — maybe it is, bur the principle it embodies is fundamental o the
whole of thermodynamics and therefore needs to be stated formally.

In order to see how we make use of the zeroth law, suppose we wish to discover
whether two bodies, A and B, are ar the same temperature, i.e. whether they are in
thermal equilibrium with each other. We do this by first bringing A into thermal
equilibrium with a third body - a thermomerter - and then bringing B into thermal
equilibrium with the same thermomerer, If the thermometer gives the same
reading in each case, by wsing the zeroth law we can say that A and B arc at the same
emperature, I under these circumstances, A and B were not at the same
temperature, i.e. if the zeroth law were not true, there would be no point in taking
readings with thermometers,

16.2 ENTHALPY

The function LT + pl” is involved in many applications of thermodynamics; it has
therefore been found useful to give it a name — enthalpy. Thus the enthalpy, H, of
a substance is defined by

H = U+pl [16.1]
where Lfis the internal energy of the substance (see section 14.15) when itis at a
pressure p and has a volume L

83
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Many processes which produce changes in enthalpy take place at constant
pressure (chemical reactions for example), and we shall be concerned only with
enthalpy changes of this type. Suppose that in some constant pressure process L7
increases to (L7 + AU} and ¥ increases to (4 AV If, as a result of this, the
enthalpy increases by AH o (H + AH ), then from equation [16.1]

H+AH = U+ AU +p(V + AV [16.2]
Subtracting equation [ 16.1] from equation [16.2] gives

AH = AU +pAV {at constant pressune) [16.3]

Though p is always measured in N m™?, the units in which AH, AU and AV are
measured depend on the amount of substance invelved. For unit mass of
substance, AH and AU are respectively called the specific enthalpy change and the
specific internal energy change, and are measured in Jkg™'. The corresponding
value of & Fis called the specific volume change and is measured in m” kg~ ', For
1 mole of substance AM and AU are measured in ] mol ™! and A Vis measured in
m mol !, When the amount of substance is neither 1 kg nor 1mol, or s

unspecified, A and AU are measured in J and A Fis measured in m’.

The term p A1V in equation [16.3] is the work done by the substance as it expands
against the constant pressure p. It therefore follows from the first law of
thermodynamics (equation [14.15] ) that

AQ = AU 4+ pAV [16.4]
where A s the heat supplied to the substance. Comparing equations [16.3] and
[16.4] gives

AH = AQ (at constant pressure) [16.5]
i.c. in a constant pressure process the enthalpy change is equal to the heat
supplied.

Chemical reactions in which hear is absorbed are called endothermic reactions;
those in which heat is given out are called exothermic reactions. It follows from
equation [16.5] that:

AH = 0 for an endothermic reaction at cOnNsanNt pressure,

AH = 0 for an adiabatic process at cOnsSMnt pressure,

AH = 0 for an exothermie regction at constant pressure,
Equation [16.5] provides two other useful relationships.

B T ]

Ji

[y = the specific latent heat of vaponzation at some pressure and
temperature

AHyy = the specific enthalpy change when the substance goes from the
liguid to the vapour phase at that pressure and temperature
Lg = the specific latent heat of fusion at some pressure and
temperature

AHg = the specific enthalpy change when the substance goes from
golid to the liguid phase ar that pressure and emperanie.
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Thus hear has been converted 1o work. The process stops, however, as soon as the
pressure of the gas becomes equal 1o the pressure ourside the cylinder. Before there
can be any further conversion of heat into work, the gas has to be returned to its
initial {compressed) state. That is, if there is to be a continual conversion of heat
into work, the gas has to undergo a cycle. Furthermore, the gas can be returned o
ity initial state only if some of the hear it initially absorbed is given up to a sink which
is at a lower temperature than the source which provided the heat in the first place.

Thus, in practice we find that all heat engines operate by taking some working
substance around a cycle, and:

{1 take i heat at a high termperature,
(1) do work,
{u) reject some of the heat at a lower temperature.

“This is illustrated in Fig. 16,1, Since the engine rejects some of the heat it initially
takes in, it has converted only part of it into work. This should not be taken to
mean that the engine has violated the first law of thermodynamics, There has been
no loss of energy; it is just that some of it is still in the form of heat.

Ml fEksarvnir
Ty
-li.
II,-"" [~ —— Heat angine
| I
% /
- —"
Work = 0, — 04 a,

| Codd reiarviid i

16.4 THERMAL EFFICIENCY OF HEAT ENGINES

The thermal efficiency n of a heat engine is defined by

- Wark done in one cycle
L= Heat taken in at the higher temperature

(16.6]

At the completion of the cycle the engine’s working substance is in the same state
as it was initally, and therefore there can have been no change in its internal
energy. It follows from the first law of thermodymamics, therefore, that the work
done is equal 1o the net quantty of heat absorbed, i.e.

Work done in one cycle = ) — O
where
0y = the heat taken in at the higher temperature
J: = the heat rejecied at the lower emperanare.
Therefore by equation [16.6]
O -

= i (for both reversible and irreversible engines) [16.7]
I
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It can be shown that if the cvele s carried our reversibly (see section 14,133, then

n= Ti 7 i (for all reversible heat engines) [16.8]
1

where T, and T are the Kelvin temperatures (as measured on the ideal gaz scale™)
at which the heat is respectively absorbed and rejected,

Motes (i) Equation [16.8] is walid for all reversible engines, regardless of the
particular cycle and the pan:i::uar working subsrance, as long as the heat
is taken in entirely at the single temperature T and is rejected entirely at the
single temperature 1.

(i) It can be shown that no heat engine is more efficient than a reversible one
working between the same two temperatures, and therefore no heat engine
can possibly have an efficiency greater than that given by equation [16.8].

(i) Itfollows from equation [16.8] that the eficiency of a heat engine can never
be 100% (i.e, 1 cannot be cgual to 1) becawse the reservoir 1o which the
engine rejects heat would have to be at a temperatare of zero kelvin (Le.
Ty = 0K) and this, of course, is impossible,

(iv) Equation [16.8] can be rewritten as fj= 1 — T3/7T,, and therefore the
efficiency is increased by decreasing T5/7, ite. the efficiency is
increased by taking in heat at as high a temperature as possible
and rejecting heat at as low a temperature as possible.

(v}  Theefficiency of a real heat engine is less than that given by equarion [16.8]
because of losses due 1o fnctional effects, merbulence, etc., and because the
heat is usually taken in over a range of temperatures and rejected over a
range of lemperarures,

16.5 THE SECOND LAW OF THERMODYNAMICS

Though there is nothing in the Grst lew of thermodynamies to prevent it beng
otherwise, 1t 15 a matter of common expenence that;

) nohear engine that works ina cycle completely converts heat into work, and

(i) when a cold body and a hot body are brought into contact wath each other,
heat always flows from the hot body 1o the cold body — never from the cold
body to the hot body.

The second law of thermodynamics is a formal stement of these
ohservations. It can be stated in a number of different (but equivalent) ways.
One such statement is:

It 15 not possible 1o convert heat continuously into work without at the same
nme ransferning some heat from a warmer body to a colder body:

Thus, whereas the first law tells us of the ug_l.!_ivalm:: of heat and work, the second
law is concerned with the circumstances in which heat can be converted into work.

If the second law were not true, itwould be possible 1o run ships on heat extracted
from the sea. It iz not possible 1o do so, though, because the second law reguires
there to be a reservodr at a lower remperamuee than the sea into which some of the

*The slgmificance of spocifyeng the ideal gas scale will become apparent on reading section 16.6.
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repected heat can be discharged. There 1= no such reservoir, except perhaps the
ship’s oold-store, and thiz is cold only because refrigeration units are consuming
Energy 1o keep it so!

The experience that heat cannot be completely converted o work iz associated
with the fact that heat 15 fundamentally different from other forms of energy. The
heat energy possessed by a body is the energy of the random maotions of its
molecules. This is quite distinct from, say, the kinetic energy the body has when it
is mowing. The kinetc energy of a moving body represents the ordered motion
which its molecules have superimposed on their random motion. When we try to
convert heat into work we are orying to change the random molecular motion into
ordered motion. The reason we cannot accomplish this with 100% efficiency is
that we cannot control the individual motions of the molecules,

16.6 THE THERMODYNAMIC SCALE OF

TEMPERATURE

The efficiency of a reversible heat engine depends only on the temperatures of the
source and the sink between which it is operating. Eelvin realized that if a
temperature scale were defined in terms of the efficiency of such an engine, it
would be independent of the properties of any particular substance - it would
therefore be an ubrﬂ:l!utE scale.

Kelvin supgrested that the scale (now called the thermodynamic scale) should be
such that the rato of any two temperatures on it should be equal 1o the ratio of the
quantities of heat taken in and rejected by a reverdible heat engine opérating
between the same two temperatures. Thus if we represent temperatures on the
thermodyanic scale by r, then for a reversible engine taking in heat ¢ at
ternperature 7, and rejecting heat . ot a lower temperature s,

T L [16.9)
Ty LR
The efficiency of such an engine is given by equation [16.7] as
2y - Qs ' Q;
- e B n = 1-
! oy I ! LB
Therefore, by equation [16.9]
n=l-2 [16.10]

If the temperatures between which the engine is operating had been measured on
the ideal gas scale (sce section 13.2) and had been found to be T and 75, then
from what has been said in section 16.4, the efficiency » would be given by

=ﬂ;n tLH:,_% [16.11]
i 1
Comparing equations [16.10] and [16.11] we see that
u_ T [16.12]
T T,

That is to say, any two temperatures on the thermodynamic scale are in the same
ratio as the same two temperatures measured on the ideal gos scale, Finally, by
making the temperature of the triple point of water the fixved point of both the
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thermodynamic scale and the ideal gas scale, and assigning to it the same
numerical value (273.16 K) in each case, the two scales become identical. For
example, if the temperature of the sink to wiich the engine 1s discharging heat s
taken to be the temperature of the tople point of water then t: = T3 = 27316 K
and therefore by equaton [16.12]

273.16  273.16
Tj N T|

i.c. ] = T]

Mow we have established thae the vwo scales are idenrical, there is no longer any
need o distinguish berween them, Therefore from now on the single symbol T
should be taken to refer to either scale.

16.7 ENTROPY

Motes

The first law of thermodynamics is concerned with energy; the second law is
concermned with a quantity called entropy. It can be defined hy*

48 =80T (for a reversible process only) [16.13)
where

4% = the mcrease in entropy of some systerm when if undergoes a
reversible change (JK™")

the heat absorbed by the system, and where 40 is so small that the
process can be considered to take place at a constant temperature
T measured in kelvins.

0Q

For the more general case of a reversible process in which the temperamre is not

necessarily constant and where a system changes from an initial stare (1) 1o some
other state (2)

“dg

2 {for a reversible process only) [16.14]
1

*.":.S=J

where AS = the increase in entropy when the system changes reversibly
from stare  tostate 2 (JK ')

e the sum of the ratos of the quantites of heat absorbed at
T each point on the path from staee 1w sware 2 o the
temperatures at those points, i.e. the sum of the terms 60/ T

of equation [16.13).

[F

(1) Equations [16.13] and [16.14] are valid for reversible processes only,

(1) The entropy of a system depends only on the state of the system. When the
entropy of a system changes the change depends only on the initial
and final states of the system, not on the particular process by which
it was accomplished, nor on whether it was reversible or
irreversible. At first this statement may seem to contradict note (1), but

it does not. Though the changes in entropy are the same, [ d(}/ T for the
reversible process is not equal to [ dQ/ T of the irreversible process.

* A altesnative definition i given laver.,
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EXAMPLE 16.2

SECTION O THERMAL PROPERTIES Or noa TTER

Since T cannot be negative, it follows from eguation [16.14] that the
entropy of a system increases when it absorbs heat and decreases
when it rejects heat.

For an adiabaric process there is tio change in heat content and equation
[16.14) reduces o

AS 'h-.ll (for any reversible adiabatic process)

Processes which occur without change in entropy are called isentropic
processes and therefore reversible adiabatic processes are isentropic.

For a reversible isothermal process equation [16.4) reduces to

AS = % {for any reversible 1sothermal process) [16.15]

where () is the heat absorbed at the constant temperature T

It follows from mote (ii) that when a substance is taken through a complete
cycle the net change in entropy is zero, i.e.

A S = 0 for aworking substance {for both reversible
undergoing a complere and irreversible
cycle Processes)

When the cycle is carried ourt reversibly the entropy lost by the source is
equal to that gained by the sink, and therefore the entropy change for the
whole system (sink, source and working substance) is zero. For an
irreversible cyele, though, the entropy lost by the source is less than thar
gained by the sink. Therefore even though there is no change in the entropy
of the working substance, there is an increase in the entropy of the system as
@ whole.

Calculate the change in entropy of 3.00kg of water at 100 °C when it is con-
verted to steam at 100°C. (Specific latent heat of vaporization of
water = 2.26 » 10°Jkg™! at 100°C.)

Solution

The process is both 1sothermal and reversible, inwhich case the change in entropy,
A 8, is given by equation [16.5] as

Here

AS=Q/T
O = 3.00 x 2.26 x 10° = 6.78 x 10°]
' =3K (= 100"C)
6.78 x 10°
AS =353

1LB2 x 10K
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EXAMPLE 16.3

Calculate the change in entropy of 5.00kg of water when it is heated reversibly
from 0°C o 100°C. (Specific heat capacity of water in the range 0'C 1o
100°C =420 = 107 kg™ "C ')

Solution
“The change in entropy, A5, 15 miven by equation [16.4] as
T = 3TK dQ

F=273K r

AS = l
It follows from equation [13.7] that 4O medT.

W 5.00) (4.20 = 107

AN -
T r

di

]
o,

= 210 % 10°]log, T,

21,0 % 10° log, (133

6.55 « 10°TK !

EXAMPLE 16.4

5.00 kg of water are heated from 0°C o 100 °C by being placed in contact with a
body which has a large hear capaciey and which is itself ar 100"C, Calculate the
changes in entropy of: (a) the water; (b) the body; () the Universe, (Specific heat
capacity of water in the range 0 C o 100°C = 4.20 = 107 Jkg ' C 1)

Solution
(@) This is identical vo Example 16,3, and therefore
ASewe = +655 = [0'JK !

(b) The body is of wvery lange hear capacity and therefore, w a good
APProxumanon, we may assume that its emperamire 15 constant ar 1000 O
(373 K], The enrropy change of the hody s therefore given by eqguation
[16.15]) as

A Sy = —Q/373
where ) 15 the heat lost by the body. This 15 equal to the heat gained by the
water, and therefore
@ = 3.00 =420 = 10" = 100 = 2.10 = 10°]
210 = 10°
L
ie. AS.e = 563 = 10 TK

A Spody = -
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red  The change in entropy of the Universe is equal o that of the whole system
(i.e. the water and the body), and therefore

astﬁm-:-r = ismu +|'1-?hu.d:.'
= 6.55 x 10% — 5.63 = 10?7
e, ASimee = 920]K-!

The ransfer of heat from the body (at 100°C) to the water (nitally at 0°C) is an
irreversible process, for at no stage could it go in the opposite direction. In
performing the calculatons, though, we have uszed equartions which govern
reversible processes, We are justified in doing this because entropy changes
depend only on the initial and final states of the system concerned, and not on the
manner in which the changes occur, (See MNote (i) on p. 289.) The change in
entropy of the water is therefore the same as it would be if its temperature were
increased reversibly to 100°C. Likewise, the entropy lost by the body as a result of
losing hear is the same as it would be if the heat had been lost reversibly, Note,
though, that there is an overall increase in entropy (of 920] K-') as, of course,
there must be for an irreversible process.

16.8 TEMPERATURE - ENTROPY DIAGRAMS (T-S
DIAGRAMS)

Fig. 16.2

To illustrate the
significance of the area
under a T=8 curve

These are plots of temperature against entropy and are a useful alternative o p=F
disgrams. Suppose that dunng some reversible process the wemperature and
entropy of a substance vary in the arbitrary manner shown in Fig. 16.2.

T

F 1

|
I
|
] g 5

It follows from equation [16.13] that for a reversible process
M) = Td8
The heat absorbed by the substance when its entropy changes from §, o §; is
therefore given by O, where
3z
0= rds

.7

ie. Heat _  Arcaof (for a reversible process only)  [16.16)

absorbed shaded region

When a substance is taken through a complete cycle it ends up in the same state as
the one it started in; in particular it has the same temperature and the same

entropy, and is therefore represented by a closed loop on a -5 diagram. Suppose a
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Cooling of Food in a Refrigerator

As the food in a refrigerator cools, its entropy decreases becawse heat is being
removed from i, But thas heat goes into the surrounding air, and so the entropy of
the air increases. In addition, electrical energy 15 being consumed, and this will
probably have involved the burning of some fuel (coal or oil, for example). The
cntropy of the combuston products (hot gases, smoke, ctc.) 15 greater than that of

the onginal fuel. Calculatons show that there is a net increase in entropy.

Irreversible Heat Engines

The efficiency of a heat engine, reversible orirreversible, which takes in hear ¢, ata
temperature ) and rejects hear Q% at a temperatare 15 s (O — 05070 (see
section 16.4). In the case of a reversible engine
Q-0 _Ti-T
24 Iy
The efficiency of an irreversible engine 12 less than that of a reversible one, and
therefore for an irreversible engine

G- N-h
Ell T
] .-a? - I ?I:

Q- 1
LER
O
QO
T Tx

‘Thus the entropy lost by the source {00710 18 less than that gained by the
sink (Q/T5). Since the only other component of the system, the working
substance, undergoes no entropy change in a complete cycle, there has been an
overall increase in entropy.

16.10 PRINCIPLE OF INCREASE OF ENTROPY
(ENTROPY VERSION OF THE SECOND LAW)

We have seen that when a systermn undergoes a reversible process there is no change
in the entropy of the system, and that in an irreversible process there 15 always an
incresse in entropy. Reversible processes are an ideal that cannot be realized in
practice, 1.¢. all real processes are irreversible, It follows thar all real processes
sceur in such a way that there is a net increase in entropy. This is called the
principle of increase of entropy. It is a consequence of the second law of
thermodynamics, and in fact 1s one of the many ways in which the second law can
be stared.

Every time entropy increases the opportunity to convert some heat into work is
lost for ever, For example, there is an increase in entropy when hot and oold water
are mixed. The warm water which results will never separate itself into a hot laver
anid @ eold laver. There has been no loss of energy but some of the enengy 15 no
longer avallable for conversion into work, We can envisage a (distant) future in
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which the temperature of the Universe is the same throughout, The entropy of the
Universe wall then have reached its maximum value and all processes will cease -

the so-called *heat death® of the Universe.

16.11 THE STATISTICAL SIGNIFICANCE OF ENTROPY

Imagine a glass container in which there are a thousand grains of salt, and then
imagine that a thousand grains of black pepper are carefully placed on top of them.
If the conminer iz shaken, the mixmuee will become uniformly grey. Contnued
shaking will keep redistributing the grains at random, butwe would not expect that
the original distsibution would ever fetuen, Thus the svstem has gone from o highly
orgamized statc with salt at the bottom and pepper on top, into a highly
disorganized state where there 15 complete uniformity. The reader should realize
that if we were to label the grains in some way (by numbernng them, say), then the
chance that any particular distribution would occur {all the odd numbers being on
top for example ) would be just as unlikely as that with il the pepper at the top - no
marter how we numbered the grains. The pointis, of course, that the grains are not
labelled. The svstem has gone from a statistically unlikely state (salt and pepper
separate) to one of a very large number of indistinguishable funiformly grey) states
in which there are approsimately five hundred grains of sale and five hundred
graing of pepper in each half of the mixmre.

This has been just one example of the common experience that in all mamral
processes (involving large, and therefore statistcally meaningful, numbers) the
amount of disorder tends to increase up o some maximum value, We saw in
section 16, 10 that whenever seme natural process takes place there is an increase
in entropy. Thus natural processes increase both disorder and entropy. This is no
coincidence; entropy and disorder are related, and it can be shown that enwropy is
in fact a measure of disorder. This is not too surprising, for we stated in section
1.5 that when work is converted inve heat, ordered motion is being changed into
disordered motion, and later saw that incregses in heat content are brought about
by increases in entropy.

16.12 HEAT PUMPS AND REFRIGERATORS

Both heat pumps and refrigerators (we shall explain the difference in the next
paragraph) act like heat engines working in reverse, i.€. they take in heat at a low
temnperature and reject heat ata higher temperature. In order that they can do this,
some external agency (an electric motor for example) has to do work on the
working substance of the device. Fig. 16.5 compares the action of a heat engine
operating berween iemperatures T and T with that of a heat pump or refrigerator
operating berween the same two temperatures.

The purpose of a refrigerator is to cool whatever is inside it, i.e. to remove heat
from the low temperarure reservoir. The purpose of a heat pump, on the other
hand, is to supply heat to the high remperature reservoir. For example, a heat
pump might be used 1o heat o house in winter by taking heat from a (cold) river
nearby. The effectiveness of refrigerators and heat pumps is measured by a
quantity called the coefficient of performance. It is respectively the ratio of the
heat extracted or supphed, to the work done by the estermnal agency. Thias
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Fig. 16.5

lal The action of a heat
engine, comparsd with
(kb that of & heat purmp or
refrigerator
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Heat pumps provide a cheap form of heating, because the heat suppled () 15
greater than the work done by the external agency () — O ;). Suppose that a heat
pump working reversibly extracts heat from ariver at 7 °C (280 K) and delivers itto
aroom at 21 "C (294 K. The pump is reversible, and therefore

e __ T
2~ Qs Ty =T
204
T 204 — 280

= 21

Thus the coefficient of performance 1s 21, 1.e. 21 joules of heat would be provided
with the consumption of only one joule of work! Compare this with a convenrional
electric fire where one joule of clectrical energy can (at best) supply one joule of

heat.
Hart P Hiat P sy oo
iah T. it T
= T
4 Haat enging Ralrgaralor
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16.13 THE PETROL ENGINE CYCLE (OTTO CYCLE)

Fig. 16.6(a) shows the p~F cunve for the cycle of operations known as an Otto

cvcle, The Otto cycle is an idealized form of the cycle that occurs in a petrol
engine. Refer also to Fig. 16.60b).

A=A" The inlet valve opens and the exhaust valve closes,

A=A Induction stroke, A minture of pepically 7% perrol vapour and 93%% air
(by weight) at abowut 50°C i= drawn into the cylinder (through the inlet
valve) as the piston moves down.
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First part of power stroke. The fuel (diesel o1l) 15 spraved mnto the
cvlinder and is ignived by the hotair. The fuel enters at such a rate that as it
burns (supplyving heat ;) it forces the piston down at constant pressure.

Second part of power stiroke. The fuel supply iz cut off ar C and the
burnt gas expands adiabatcally and pushes the piston down. The
tem perature falls.

The exhaust valve opens at I and most of the burnt gas rushes out of the
cylinder, removing an amount of heat Qs The pressure and temperature
of the gas remaining in the cylinder decrease.

Exhaust stroke. The rest of the burnt gas is expelled from the cylinder as

the piston moves up.

The exhaust valve closes and the inlet valve opens. The cyvele starts again.

Each cvcle consists of four strokes of the piston: A to A (down), Ao B (up),
B to D (down) and A to A’ (up). Itis therefore a four-stroke cycle.

The fuel 5 burnt inside the cvlinder; it i5 therefore an internal
combustion engine,

There ig no fuel in the eyvlinder during compression (A to B) and therefore
[uflike the case of the petrol engine) very high compression ratios (rypically
16:17 can be utilized without any nsk of pre-ignitnon, This makes Diesel
engines more efficient than petrol engines.

IDesel engines have the added advantage of using a cheaper fuel. On the
other hand, the higher working pressures of Dicsel engines makes them
more expensive to produce and they have lower power ‘weight ratios than
perrol engines. The theoretical efficiency is typically 65%., burt the efficiency
of an actual engine is less than this (typically 36%) because of frictional
effects, ete. (see note (V) of section 16.13],

HNote (vi) of section 16,13 applies here too.

16.15 THE STEAM ENGINE CYCLE (RANKINE CYCLE)

Fig. 16.8

Idealized steam engina
Eycla

Fig. 16.8 shows the p— ' curve for the cycle of operations known as a Rankine cycle.
The Rankine cycle is an idealized form of the cvele which occurs im a steam

engine.

A—B

Water is compressed adiabatically. There is very little change in volume
and only a slight increase in pressure,

Araa of shaded ragion = Work
_~" done by enging in one &ycla
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B—C Thewateris heated (in the boiler) at constamt pressure 1o s boiling point
at the pressure of the boiler, As the heating continues the water vaporizes,
at the same constant pressure, to form steam, which expands into the
cylinder.

C—D The steam is now receving no heat. It expands adisbatcally and cools.

D—A The steam is condensed to water at constant pressure and temperature.

()] Steam engines are known as external combustion engines because the
fuel 15 burned outsade the oylinder,

(i}  The theoretical efficiency is typically 30%; the actual efficiency 13 much
less, typically 10%. A major cause of this large difference iz the drop in
pressure that occurs as the stream passes along the pipes leading from the
boiler to the cylinder.

(i)  The theoretical efficiency 15 much less than that of both the Otto cyvele and
the Ddesel cycle, This reflects the fact thar the hear is supplied at a much
loweer temperatare (about 250 °C) in the case of the steam engine.



HEAT TRANSFER

S0

Suppose also that the rate of flow of heat from the hoteer face wo the colder face 13

A/ ée. It can be shown by experiment that if there are no heat losses from the
sides and steady state conditions prevail, then

i Wl
Qtflry
iif ey

With the introduction of a constant of proportionality & this can be written as

30 Sil

A di

which in the limit as dx—0 hecomes

where

Notes (i)

{ii)

{iid}

Table 17.1
Values of kfor some

common substances at
roGm temperature

do dl
e St

dr| dax 17.1]

di}/de is the rate of flow of heat from the hotter face to the colder face and
15 at right angles to the faces (unt = W

did/dx 15 called the temperature gradient across the section concerned
(unit=Km "]

& is a constant whose value depends on the matenal of the disc. Itis
called the coefficient of thermal conductivity of the material
(unit = Wm 'K "), Values of & for some common materials are
given im Table 17.1.

When heat s flowing in the positive direction of x (as i Fig. 17.1) the
remperature gradient is negative, and therefore the presence of the minus
sign in equation [17.1] makes k a Emit'w: constant,

Itis the existence of the temperature gradient which cawses the heatto flow,
If it were mot for the fact that the two faces are being maintained at their
respective temperatures, the effect of the heat flow would be to destrow the
emperature gradient by warming the cooler regions,

Egquartion [17.1] 15 used o define &. Thus:

The coefleient of thermal conductivity ol a material s the rate of

flowr of heat per tnak area per unit temperature gradient when the heat
flow i at rnght angles to the faces of a thin parallel-gsided slab of the
material under steady state comditions,

Substance : KW m R
Silver | 41BE
Copper RS
Alumimium 23B
Iron A
Lad iB
Mercury ]
Gilass (Pyrex) i1
Brick |
Rubber 0.2
Adr (RN
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Fig. 17.2
Temperature distribution
along & uniform bar

Fig. 17.4

Heat flow lines in a

lagged and an unlagged
bar

Therefore, from equations [17.2] and [17.3] and since &y = &y
:IH) du)
—_— | —
dx /y dx J,

and it follows that:

Temperature gradient decreases with dismnce from the hot end of an
unlagged uniform bar,

Fig. 17.3 is based on these results and shows the steady state temperature
distribution of a perfectly lagged uniform bar of length L, together with that of an

Temparaturo (6} Lagged, termparatuse
gradient constamt

Unlagged, lemparaturé
gradsan decranging

1
I
|
L -
i L Distance fram hat amd 1)

identical unlagged bar. Each bar has its hot end maintained at a temperature (/> and
its cold end at ). The situations of the two bars are illustrated in terms of heat flow
lines in Fig. 17.4.

x -.-? T.: E Al

| »
= =
1 L 1
Partectly lagged bar, Unlagged bar. Flgw lines
Floeey lines paraliel diverpe and there ane
and sqqual numbers. g through X than 'Y
thraugh X and ¥

Since the remperatre gradient of the lagged bar 15 constant

do (- )
de L
Therefore from equation [17.1]

Elg _ H[H‘;—ﬂ.:l [fnrnpcrftcti:.rj

d 1 lagged bar [17.5]

This is a particularly useful form of equation [17.1], but it is relevant only to the
case of a perfectly lagped bar.
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17.4 ANALOGY BETWEEN THERMAL AND
ELECTRICAL CONDUCTION

Table 17.2
Electric quantities and
their thermal analogues

The flow of heat is anlogous to the flow of electrical charge, and it is possible o
think in terms of o heat current A0/ dr in the same way as we think in teems of
electrical current [. A heat current flows through a perfectly lagged uniform bar
whenever there is a temperature difference (#: — ) ) across it This is equivalent to
the way in which an electnical current 1s caused o flow by a potential difference I,
Equation [17.5] can be rearranged as

dQ iy - i)
de — (L/kA)

and for an electrical conductor of resistance R

Comparing these two equations we see that (L/&4) is equivalent wo R, and
therefore mav be thought of as the thermal resistance of the bar, Electnical
conductivity « and resigtivity p afe related by o = 1/ o (gection 36.1), and therefore
{from equation [36.2]) electrical resistance R 15 given by R = L/(aAd). Since
thermal resistance is equal vo L/ (kA 1t follows that & is equivalent to o, Table 17.2

summarizes these resulis, Mote also thart the temperarure gradient is equivalent to
potential gradient.

Electrical guantity Analagous tharmal quantity
| d
Elezetrie eurrent i Heat current dE
| T
Potential difference ¥ | Temperarure difference | & — 0,
Electrical 151 ® ~ The | i &
SlECITICA] Te MISLATCE FITail FesIsLanice —
o kA
Electrical comnductivity o Thermnl conduciiviny i
dF fly =
Podential gradient dr Tempemiure gradient ! i !
I .

The analogy 1s made use of in Example 17.1

EXAMPLE 17.1

Two perfectly lagged metal bars, X and Y, are arranged (a) in series, (b) in parallel.
When the bars are in sedes the “hot” end of X is maintained at 90 °C and the *cold’
end of ¥ 15 mant@ined at 300, When the bars are in parallel the “hot” end of
each is maintained at 90 "C and the “cold” end of each is maintined at 30°C.
Calculare the ratio of the votal rate of low ofheat in the parallel arrangement to that
in the series arrangement. The lemgeh of cach bar is L and the cross-sectional aren
of each is A. The thermal conductivity of X 15 400Wm 'K ! and that of Y is
200Wm TR
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KF))

mass and specific heat capacity of Y, then the rate at which it 1s losing heat to the
surroundings when its temperature 15 (7 15 given by wela/ ), where a/b 15 the
gradient of the graph (1.e. the rate of fall of temperature a1 ¢ ). The conditions
under which Y is losing hear are the same as those ar steady stare, and therefore
k;{—[ﬂl — i) - ?I'.I'r.'f
x b

from which & can be determined.

(1) The wpper and lower surfaces of the sample should be smeared with
perroleum jelly (Vaseline) to give good thermal contact with X and Y.

{ii) The thermometers actually register the temperatures of X and Y, but since
these are good conductors, the temperature gradients across them are small
and therefore (7 — il 15, o a good approximation, the temperatuce
difference acroess the sample,

17.7 THERMAL RADIATION

We shall descnbe thermal radiation as being electromagnetic radiation emitted
by a body solely on account of its temperature. The radiaton spans a continuons
range of wavelengths and the distribution of energy amongst these wavelengths
depends on the temperature of the emutter. At temperatures below abour 1000 "C
the energy is associated almost entorely wath infrared wavelengths; at higher
remperarures visible and ultravieler wavelengrhs are also involved, {These aspects
are discussed more fully in section 17,10}, Thermal radiaton has all the general
properties of electromagnetic waves. [t can be reflected; its speed in a vacuum is
3 x 10%ms~'; it cannot be deflected by electric and magneric fields; the intensity
of the radiation produced by a point source falls off as the inverse square of the
distance from the source; erc,

When thermal radiaton iz incident on a body some of the radiation may be
reflected, some transmitted, and some may be absorbed and produce a heatng
effect. A substance which ransmits the thermal radiadon incident on i s said ro be
diathermanous, one which absorbs the radiation is said 1o be adiathermanous,
(Equivalent respectively to substances which are transparent and substances whch
are opague to visible light.) The absorption of electromagnetic radiation of any
wavelength may produce a heating effect. Thus, though X-radiation, for example,
15 not normally thought of as thermal radiaton, heat 1s produced when X-rays are
absorbed.

17.8 PREVOST'S THEORY OF EXCHANGES

According o this theory a body emits radiation at a rate which 12 determined
only by the natare of s surfaceand its temperature, and absorbs radiaton at
a'rare'which is derermmined by the natuee of s surface and the temperature of
its surroundings:

Suppose that a body is suspended by a non-conductng thread inside an evacuated
enclosure whose walls are maintained at 4 conswant emperature 1. Since the
enclosure s evacuated, there 1s no possibility of conduction and convection and
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events are controlled only by radiative processes, i.c. Prévosts’s theory applies. If
the temperature of the body is greater than that of the surroundings, the body emits
radiation at a greater rate than it absorbs it and its temperarure falls, evenrually
becoming equal to T, Conversely, if the imital temperature of the body 15 less than
that of the enclosure, the temperatre of the body increases until it becomnes equal
to T Itis important to note that emission and absorption do not cease at this stage;
instead there is a dynamic equilibrium in which the rate of emission is equal to the
rate of absorprion.

It follows that ifthe surface of a body is such that the body is a good absorber
of radiaton, it must be an egually good emitter, otherwise its temperature
would rise above that of its surroundings. It also follows that a good emitter is a
good absorber. These conclusions are confirmed by simple experiments {e.g.
Leslie’s cube), In particular, matt black surfaces are the best absorbers and
the best emitters of radiation; highly polished silver surfaces are both poor
emitters and poor absorbers.

17.9 THE BLACK BODY

Fig. 17.7
Approximate realization
of & black body

A black body is a body which absorbs all the radiation which is incident om e

The concept is an idealized one, but it can be very nearly realized in practice -
Fig. 17.7 illustrates how. The inner wall of the enclosure 1s matt black so that most
of any radiation which enters through the small hole is absorbed on reaching the
wall. The small amount of radiation which is reflected has very little chance of
escaping through the hole before 1t oo 1s absorbed ina subsequent encounter with
the weall.

Srnall hoba
acts A= a
Blnck oy

Mast black

thaselors wary
ligthe reflection
Small cane presents
radliatenm wihich
mnters along the
axis baing reflected
oul Fmmedailely

A black body radiator (or cavity radiator) is one which emits radiation
which iz characteristic of its temperature and, in particular, which does not
depend on the nature of its surfaces.

A black body radiator can be made by surmrounding the enclosure of Fig. 17.7 with a
heating coil. The radiation which is emitted by any section of the wall is involved in
many reflections before it eventually emerges from the hole, Any section whichiis a
poor emitter absorbs very little of the radiaton which is incident on it, and those
sections which are good emitters absorb most of the radiaton incident on them.
This has the effect of mixing the radiations before they emerge, and of making the
remperature the same at all points on the inner surface of the enclosure.
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increasing temperatures’ cause the overall colour to change from red through
vellow ro white. The intensity distribution of the wavelengths emitted by the Sun is
the same as that of a black body at about 6000 K, i.e. the temperature of the Sun’s
surface is about 6000 K. Some stars are much hotter than the Sun and appear blue.

Stefan's Law

The total energy radinted per unic ime per unit surface area of a black
body 15 proportional to the fourth power of the temperature of the body
expressed in kelvins,

Thus

E i FT‘ [ 1 T:‘l‘l

@ = aconstant of proportonality known as Stefan’s constant. Its value
1% 5.67 « 108 Wm K1,

Note that the value of E at any temperature T is equal 1o the area under the
corresponding curve, i.e. E = ["Edi.

If a black body whose temperature is T7is in an enclosure at a temperatare Ty, the
rate at which unit surface area of the black body is receving radiation from the
enclosure is T, *. The netrate of loss of energy by the black body is therefore given
by E;p where

Eor = (T - To*) [17.8]

In the case of a non=black body equations [17.7] and [17.8] are replaced by
E = raT?
and
B = ea(TY—ToY)
where & 15 called the total emissivity of the body. Its value depends on the nature
of the surface of the body and lies berween G and 1.

EXAMPLE 17.2

A 100 electric light bulb has a filament which is 0.60 m long and has a diameter
of 8.0 = 10 *m. Estimate the working temperature of the filament if its total
emissivity is 0,70, (Stefan’s constant = 5.7 » 10 " Wm *K ')

Solution

The surface area of the filament is that of a cylinder of diameter 8.0 = 10 * m and
length 0.60m and is therefore m = 8.0 « 10°% » 0.60 = 151 = 10 *m”.

The bulb 1= rated at 100 W and therefore E, the energy radiated per unit time per
urnit surface area of the filament, is given by
100 a

Es —————— = 662 % 10°W m*
1.51 = 10-4
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Fig. 17.11

Tao calculata tharmal
resigtance coefficient of a
coOmpasite structure
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It 15 possible to estimate the temperatures on the surfaces of the window pane in
our example (see later in this section). Such an estmate gives 6.8 “C for the inner
surface and 5.8°C for the outer surface. There is thercfore a temperarure
difference of 1 “C across the glass. The reader should not be surprised by this value
~ it is one rwentieth of the value we used in our original calculation, and thar gave
an estimate of the heat flow rave which was twenty times too high!

Thermal Resistance Coefficient

The thermal resistance coefficient of a material is the thermal resistance of unit
area of the material and is defined by

L
X =7 [17.10]

whene
X = thermal resistance coefficient (m* KW 13
{. = thickness of matenal (m)
k = cocfficient of thermal conductivity (Wm ' K ).

The thermal resistance coefficient of a structure which consists of 4 number aof
different components in series is the sum of the thermal resistance coefficients of
the individual components. In Fig. 17.11, for example, the thermal resistance
coefficient, X5, of the structure (for heat transfer between the outer surfaces of A

and C is given by
xs = .I.-,+IB +I.;__

[ % = %+ %+ X |

where X5, Xy and X: are respectively the thermal resistance coefficients of A, B
and C. The thermal resistance cocfficient, Xy, of the window in Fig. 17.10 is
given by

Xe = X+ X+ X
where X is the thermal resistance cocfficient of the glass and is calculated on the
basis of equation [17.10], and X| and X, are respectively the effective thermal
resistance coefficients of the ‘layers” of air on the inner and outer surfaces of the
plass. Equation [17.10] cannot be used to calculate these, but it is found by
experiment that X, = 0.120m* KW and X, = 0.053m" KW . The U-value of
the window is the reciprocal of its thermal resistance coefficient, i.e.

1

X
We are now in a position to show how we estimated the temperatures on the
surfaces of the glass in the window. Equation [17.5] can be rewritten as

dgd A

&= g(0:-0)

U =
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the room temperature on the scale of the
resistance thermometer and on the scale of the
constant volume gas thermomeer.

Why do these values differ slightly? [L]

The wvalue of the property X of a certain
subsiance is given by

X, = Xp+ 050+ (2.0 % 1073,

where ¢ is the temperarure in degrees Celsius
measured on a gas thermometer scale. What
would be the Celsius temperature defined by
the property X which correzponds 1o a em-
perature of 50°C on this gas thermometer
scale? (L]

C9 (a) What i5 meant by a thermometnc

property? What qualities make a par-
ticular property suitable for use in a
practical thermometer?

A Celsius temperature scale may be
defined in terms of a thermomertric
property X by the following equation:
-.-.'F—.i - 1
i T 10070 Y
where X, 15 the value of the property at the
e poitit, X oo 8t the steam point, and X at
some intermediate temperature. If X 15
plotted against @ a straight hne always
results no marter what thermometnc
property is chosen. Explam this.

(b} On the graph, line A shows how X vares
with ! (following eguation (1} above), line
B shows how a second thermomertric
property {J varies with 8, the temperature
measured on the X scale.

X, 0

4P 48
K. O !

%. Oy

] 20 an GO Bk g atc

2

(1) Descnbe, in principle, how you
would conduct an expeniment to
obtain line B.

(i) If 0 = 40°C recorded by an X-scale
thermometer, what temperature
would be recorded by a (lscale
thermometer?

(i) Arwhat two emperatures will the X
and @ scales coincide?

(¢} The ideal gas scale of temperature 15 one
based on the propertes of an ideal gas.
What is the particular virtue of this scale?
Descrbe very brefly how readings on
gsuch a scale can be obtained using a
thermometer containing a real gas,  [L]

G10 A temperature T can be defined by

T=TiX/X;), where T; is the assigned
remperature of a fixed point and X and X
arc the values of a thermometne property of a
substance at T and T; respecuvely. On the
ideal-gas scale, the fixed point is the mple
point of water and T; = 27316 K.

({a} List fowr thermometric properties which
are wsed in thermometry. Explain why
certain thermometric properties of a gas
are raken as standard.

(b} Explainwhatis meant by a fixed point and
by the riple point of wacer.

{¢) Skexch and label the simple form of
constant-volume gas thermometer found
in school laborarorics, and describe how it
15 used to determine the boiling point of a
liquid on the ideal-gas scale.

(dy For a thermometer which is not based on
the properties of gases, explain how vou
would calibrate it in terms of the ideal-gas
scale.

(e} Compare the advantages and disadvan-
tages of the constant-volume gas thermo-
merer with those of any rwwe other tvpes of
thermaomerers,

{f) The pressures recorded in @ certain
constant-volume gas thermometer at the
triple point of warer amd at the boiling
point of a liguid were 600 mm of Hg and
800 mm of Hg respectively, What is the
apparent temperature of the boiling
point? However, it was found that the
volume of the thermometer increased by
1% berween the wo  lemperatares,
Obtain a more accurate value of the
boiling point. %
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source of the energy required to evaporate the
water? Estimate the proportion of the water
orginally in the clothing which remains as ice.
State any assumprions yvou make,

(Specific latent heat of fusion of ice at
2TIK = 333k kg !, specific latent heat of
vaponzationofwatcrat 273K = 2500k kg ')

[S]

Diescribe wath the aid of a labelled diagram a
method of measunng the latent heat of
vaporization of a liquid.

In a facrory heating svstem water enters the
radiaters at 60°C and leaves o 38 °C, The
gystem 18 replaced by one in which steam at
10 °C 15 condensed mm the madiaeors, the
condensed steam leaving at 82 7, What mass
of steam will supply the same heat as 1.00 kg of
hot water in the first instance?

(MThe lavent hear of vaporization of water is
2,260 » 10" Tkg " ar 100 °C. The specific hear
of wateris 4.2 = 10° [k ' "C 1)) (n

Deseribe how vou would determine the
specific latent heat of vaporizaton of a hguid
by the continuous fow method.

What becomes of the energy used 1o change a
liguid into a vapour at the same lemperamniee?

A beaker containing ether at a temperature of
13°C 15 placed in a large vessel in which the
pressure can be reduced so that the ether baoils;
this results in a cooling of the remaining ether,
What proportion of the ether hias evaporated
when the temperature of the remmnder has
been reduced o 0°C? {Assume no inter-
change of heat berween the ether and its
surroundings. )

{Mean specific heat capacity of ether over
the temperature range 0-13°C=24x
10" Jhg ' KL

Mean specific latent heat of vaporieation of
ether in temperatuse fange 0-13°C = 3.0 =«

10°Tkg ') [S]

A domestic kertle is marked 250 V, 2.3 KW and

the manufacrurer claims that it will hear a pine

of water to boiling podint in 94 5.

(a) Test this claim by calculaton and state
any simphifying assumotions yow make.,

27
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(b} Iithe ketde is left switched on after it boils,
how long will it take to boil away halfa pint
of water measured from when it first boils?
Estimare the work dome against an armos-
pheric pressure of 100 kPa when 1 em” of
water cvaporates at 100'C, producing
1600cm® of steam. Express this as a
percentage of the votal energy required
to evaporate 1 cm” of water at 100°C,
(Specific heat capacity of water = 4.2
10° J kg~ K, specific latent heat of vaporisa-
tion of water = 2.3 » 10°Jkg !, density of
water = 1.0gem t, | pint = 570em”.)

[ ], "92]

(c)

The graph refers vo an expenment in which an
initially solid specimen of nitrogen absorbs
heat at a constant rate, Nitrogen melts at 63 I,
and the specific hear capacity of solid nitrogen

is 1.6 % 10° Jkg ' K,

73
g |
=1
- |
%E»a I
= |
|
| 1
e
] 1ED 00 [l
Tl{'l'rﬁ"ﬁ

Calculare the specific latent hear of fusion of
MiLCogen.

Calculare the specific heat capacity of liguid
nitrogen. 5]

(a) In an espresso coffee machine, steam at

100 °C is passed into milk o heat it

Calculate

(i) the energy required o heat 150g of
milk from room temperature (20 °C)
to B0 C,

(m) the mass of steam condensed,

A studeni measures the temperature of

the hot coffee a5 it cools, The results are

given below:

(b)

Tirma/ min o 2| 4|6 |8
Termnp,"C M| 66 | 56 | 48 | 41

A friend sugpests that the rate of cooling is

exponential.

(i) Show guanotatvely whether this
suggestion is valid.
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peried of three vears the pressure has
fallen 1o 2.0 = 10° Pa at the same tem-
perature because of leakage.

[Assume molar mass of nirogen =
0.028kg mol!, R = BE3Jmol 'K,
Avogadro constant = 6.0 = 10*  mel-1.)

Calculate:

(i) the mass of gas originally present in
the cylinder,

the mass of gas which escaped from
the cylinder in three years,

the average number of nitrogen
molecules which escaped from the
cvlinder per second.,

(Take one vear to be equal to
3.2 % 1078.) [O, "02]

(ii)
(iii)

C37 A cylinder contaning 19 kg of compeessed anr

at a pressure 9.5 nmes that of the atmosphere
is kept in a store at 770, When itis moved 1o a
workshop where the temperatre 15 27°C a
safery valve on the cylinder operates, releasing
some of the air, If the valve allows air 1o escape
when itz pressure exceeds 10 times that of the
atmosphere, calculate the mass of air that
EaCapes. (L]

A mole of an ideal gas at 300 K issubjected to a
pressure of 107 Pa and its volume is 0,025 m™,
Calculate:
(a) the molar gas constant &
(b} the Boltzmann constant &,
(e} theaverage rransiadonal kinetic energy of
a molecule of the gas.
(N, = 6.0 = 10" mole ') (W, "0
A wessel of volume 1.0 = 107" m” contains
helium gas at a pressure of 2.0 = 10* Pa when
the remperature is 3040 K.,
{a) What is the mass of helium in the vessel?
(b) How many hellum atoms are there in the
vessely
{e) Calculate the r.m.s. speed of the helium
ADCITIS.
{ Relative atomic mass of heliom — 4, the
Avogadroe constant = 6.0 = 107 mol~!, the
molar gas constant K = 83 mol "K'
[W, "92]

Use a simple treatment of the kinetic theory of
gascs, Stainge any assumpiions made, 1o derve
the expression @ = 3p/p for the mean square
speed of the molecules in terms of the density
and pressure of the gas,
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What would be the total kinetic energy of the
atems of 1 ke of neon gas at a pressure of
107 Pa and temperature 293 K, given that the
density of neon under these conditions is
E828gm . What would be the total kinetic
energy of the atoms of 1 kg of neon gas at
300 K? Hence determine the specific hear
capacity of neon at constant volume, [5]

{a) Srare Avogadro’s law.,
(b} The pressure g of an ideal gas is given by:

P = { L

where # is the number of molecules per
unit volume, m iz the mass of one
molecule and <& > is the mean square
speed of the gas molecules.
Use the above eguation
Avopgadro’s law,

o deduce

W, "o1]

(a) Stave the assumprons made in the kinetic
theory of gases and prove po= l“.u:_—', i the
usual notaton. Hence denve (i) Bovie's
law, and (if) the perfect gas law, assum-
ing that the average kinetic energy of a
molecule 15 proportional to the absolate
tempertature.

Consider whether the assumptions of the
kineric theory are likely to be true for real
EASEE, )

(e} At room temperature, Vol of a gas
molecule is typically abour 10°ms~'.
Explain why, if a gas is released ar one
side of a room, it may be several minutes
before it can be detected on the other side
of the room.

At a certain instant of ome, ten molecules
have the following speeds: 100, 304, 400,
400, 500, 600, 600, 600, 700, H0ms
respectively. Calculate +/ 2. %]

(b)

(d)

{a} Onemoleof an ideal gas at pressure p and
Celsius remperature F occupies a volume
V. SBketch a graph showing how the
product pl” varies with #, What informa-
tion can vou obrain from the gradient of
the graph and the intercept on the
temperalure axis?

Some helium (molar mass of which =
0.004 kg mol ') is contained in a vessel
of volume 8.0 x 107* m” at a temperature
of 300K. The pressure of the gas is

200 kPa. Caloulane

(b)
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Air mav be taken to consist of 8095 nitrogen
molecules and 2006 oxyvgen molecules of
relative molecular masses 28 and 32 respec-
tively, Calculate:

(u)

(b)
(c)

the ratio of the root mean square speed of
nitrogen molecules 1o that of oXygen
molecules in air,

the rano of the partal pressures of
nitrogen and oxygen molecules in air, and
thie ratio of the root mean sguare speed of
mitrogen molecules i oair at 10°C to that
ar 100 C. [O & C]

C49 Show that, for an ideal gas, the coeficient of
pressure increase at constant volume and the
coefficient of cubic expansivity at constant

pressure are equal in value.

C50 (a)

(b)

C51 (a)

(b)

[AEB, "79]

A flask is filled with water vapour at 30 C
and sealed. The velocity of any particular
water vapour molecule in the flask may
vary randoemly in two different ways.
What are these two ways?

Drescrabie, with the aid of a diagram, how
the motion of one of the water vapour
molecules could change durng a time
mterval in which it has six collisions wich
other molecules.

Explain why a small increase in pressure
will do morme work on a gas than on a

Inquud. L, 21]

(M) Wrte down the eguaton which
defines a temperamare on the Kelvin
scale in terms of the properties of an
ideal gas. Explain the symbaols vou
usc.

(i1} A simple form of gas thermometer
consists of a capillary tube sealed at
one end and containing a thread of
mercury which traps a mass of dry
air. Describe how you would cali-
brate it on the gas scale and use it to
determine the boiling point of a
liguid known to be about 350K
Explain how the wemperamure is
calculated from the readings and
slate any assumptons you make,

A ovlinder firted with a piston which can

move without friction contains 0,030 maol

of o monatomic ideal gas at a temperature
of 27 °C and a pressure of 1.0 x 10¥ Pa.

Calculare:

(e)

SECTION O THERMAL PROFERTIES OF MATTER

(i} thevolume,

(ii) the internal energy of the gas.

The wemperature of the gas in (b) is raised

to 777, the pressure remaining constant.

Calculate:

(i) the change in internal energy,

(i) the external work done,

(1ii} the toral heat energy supplicd.

(Maolar gas constant = 83 Jmol 'K ')
J)

C52 Ar a vemperarure of 100 °C and a pressure of

1.01 = 10°Pa, 1.00kg of stcam ocoupics
1.67m” but the same mass of water ocoupies

only
heat of vaponzadon of water at 100°C is
226 = 10" Jkg '. For a system consisting of

L4 = 10 m”, The specific latent

1.00 kg of water changing to steam at 100°C

G53 (a)
(b)

and 1.01 = 10° Pa, find:
(a)
(b)
{c)

the heat supplied to the system,

the work done by the system,

the increase in internal energy of the
EVShe. [C]

Stare the fimsr fets of thermodvramenes,

Give ome practical example of cach of the

following:

(1) aprocess inwhich heat is supplied to
a system without causing an increass
In temperanire,

(11} a process in which no heat enters or
leaves a system but the temperature

changes. [C]

C54 Some gas, assumed to behave ideally, s

contained within a cyvlinder which is sur-
rounded by insulanon o prevent loss of heat,
as shown below,

Inesulation

Initially the volume of gasis 2.9 = 100 " m", its

pressure is 1.04 = 10° Pa and its temperature

% 314 K.



QUESTRONS ON SECTION C

(a)

(b)

(c)

(d)

U'se the equation of state for an ideal gas to
find the amount, in moles, of gas in the
cylinder.

The gas is then compressed to a volume of
2.9 » 107 m” and its temperature rises to
700 K. Calculate the pressure of the gas
after this compression.

The work done on the gas during the
compression is 91 ], Use the first law of
thermodynamics o find the increase in
the internal energy of the gas during the
COMPression.

Explain the meaning of imternmal energy, as
applied 1o this system, and use your result
in (¢} to explain why a rise in the
temperature of the gas takes place during
the compression.

{Molar gas constant = 83K ' maol ')

C55 The diagram shows curves (not to scale)
relating pressure, p, and volume, V), for a
fixed mass of an ideal monatomic gas at 300 K
and 300 K. The gas is in a container fitted with
a paston which can mowve with negligible friction.

LI Pa

'

31111 S ———

o

i 1.0 WD

(a) Ghvetheeguation ofstate for moles of an

(b)

ideal gas, defining the symbols used.

Show by calculation that:

(1} the number of moles of gas in the
container is 2.01 = 1074,

(ii) the volume of the gas at B on the
graph is 1.67 » 10~ * m”,

Molar gas constant, & = 8.31 Jmol ' K™'

The kinetic theory gives the eguation

p = Lpe where p is the density of the

Ras,

(i) Explain what is meant by &,

{ii}) Use the equation to derive an expres-
sion for the votal internal energy of

{c)

(d)

C56 (a)

(b)

(<}

a9

one mole of an 1deal monaromic gas

at kelvin temperature T.

Calculare the ol internal energy of

the gas n the container at point A on

the graph.
Stare the first law of thermodynamics
as applied w a fixed mass of an ideal
gas when heat cnergy 15 supplied to it 50
that s temperature mses and ic oos
allowed o expand. Define any symbaols
used.
Explain how the first law of thermody-
namics applies to the changes represented
on the graph by (3) Ao Cand (§i) Aw B.
Calculate the heat energy absorbed in
each case. [], "89]

The Grst law of thermodynamics s
represented by the equation

Q=4aU0+W

Explain each term in this equation.

An enging (shown below) burns a mixtuere
of petrol vapour and air. When the engine
is running it makes 25 power strokes per
second and develops a mean power of

D03 0im

Cross-sechicnal anea
oSt

-

T Pigtan
—

Meglecting losses in the engine due o

friction and other causes, calculate the

work done in each power stroke.

The buming starts when the piston is at

the top of its stroke and the resulting high

pressure drves the piston downwards

through a distance of 0.09%0m. The

cylinder has a cross-secrional area of

0.0050 m”,

Calculare;

(i) the mean force on the piston head

during the power stroke;

(ii) the mean pressure of the hot gas.

(O, "92]



CI7T (a)

i5 now expelled into the amosphere.
Calculare the pressure in A after the
second inlet stroke. Calculate the num-
ber of strokes of the pump o reduace the
pressure in A to 1.0 = 107 Pa, The whole
systerm s maintained ag 107 C throughout
the process [Cy & ]

C76 The specific latent heat of vaporzation of a

particular liquid at 130°C and a préssure of

2.60 » 10° Pais 1.84 = 10°Tkg . The speci-

fic volume of the liguid under these condinons

is 2.00 = 10 *m*kg ', and that of the vapour

i 5.66 % 10" "m kg |, Caleulate:

{a) the work done, and

(b} the mcrease in internal energy when
1.00 kg of the vapour is formed from the
ligquid under these conditons.

Explain what i meant by a reoernble

change.

(b) State the firesr facy of thermmodimanics, and
discuss the experimental observanions on
which 1t 15 based.

(e} A muass of 0.35 kg of ethanol is vaporized

atits boiling point of T8 "C and a pressure

of 1.0 = 10° Pa. At this temperature, the
spectfic latent heat of vaporzation of
ethanal is 0.95 = 10°Jke ', and the
densities of the liquid and vapour are

To0kgm " and 1.6kgm " respectively.

Calculate:

(1) thework done by the system;

(ii} the change in internal ¢nergy of the
SYSICL,

Explain in molecular terms what happens

to the heat supplied to the system.  [O]

C78 (a) Swure four of the basic assumprtions made

in developing the simple kinetic theory for
an ideal gas. N
(b) The theory derives the formula p = | p &
where p is the pressure of the gas, p is the
density of the gas and ¢ is the mean
sgquare specd of the molecules. Explain
more fully what 12 meant by & and explain
its significance in relation o the tempera-
ture of a gas.
(€) Describe bricfly the expenments which
Andrews performed on carbon dioxide.
(A detailed description of the apparatus 1s
nor required, )
(1) Draw graphs to show the pressure-
volume relationship which Andrews

SECTION L THERMAL PROPERTIES OF MATTER

obtained for vanious temperabares,
Indicare on your dizgram the various
states of the carbon dioxide.

(i) Llseyour graphs 1o explain the mean-
ing of critical temperature, What is its
significance in connection with the

liquefaction of gases?  [AEB, "79]

C79 The model of a gas as a large number of elastc

ca

bodies moving abourt in a random manner is

the basic idea of the kinetic theory of gases. In

terms of this model, explain:

(a) what is meant by an ideal gas,

(b} how agas exerts a pressure when enclosed
in a contalner,

{c) why the atmospheric pressure decreases
with height,

{d) how the atmosphers, which 1= not in a
CONLMNET, EXerts a pressure at all,

%Which of the assumptions made to develop a

quantitative expression for the pressure of an

ideal gas require to be modified w explain the

behaviowr of 2 real gas? [ustrare your answer

by considering a p-17 isothermal for an ideal

gas and o p—1 izothermal for a real gas ar a

temperature below 1ts cniecal value.

A series of experiments was performed by
Andrews o obtain p—F isothermals for carbon
dioxide. Sketch a set of p= isothermials for
warer, nonng particularly any dissimilarities
between the curves for water and carbon
dioxide, [L]

Explain what 15 meant by the critecal tempera-
rure of a real gas {such as carbon dioxide ], and
describe, with the aid of pressure-volume
diagrams, the behaviour of a real gas at a
temperature {a) above the cridcal tempera-
turg, (b) equal 1o the critcal emperature,
(<) below the critical Temperanire,

Either: Describe, with the aid of a diagram, an
experiment by which the departure of a real gas
from ideal gas behaviour may be sdied.

COr: Explam how van der Waals attempted to
produce an equation which would describe the
behaviour of o real gas. [5]

What are the condinons under which the
cquation pl” = BT gives a reasonable descnpes
oon of the relationship between the pressure p,
the volume I and the temperature T of o real

gas?



QUESTIONS ON SECTION C

Skerch p-1 isothermals for the gas—liguid
siates and indicate the region in which
p¥F = RT applies. Indicate the stage of the
substance in the various regions of the p-V
diagram. Mark and explain the significance of
the critcal isothermal,

Digcuss away in which the equation pl” = RT
may be modified so that it can be applied more
generally. Explain and justfy on a molecular
basis the additional terms introduced. Discuss
the success of this modification. (L]

(a) Stape the conditions under which the
behaviour of a real gas will deviate
significantly from that expected of an
tdeal gas,

(b) (1) Onapl against p diagram skerch an
isotherm for a real gas at the Boyle
temperature. On the same sét of axes
sketch 1sotherms for temperatures
just above and just below the Boyle
temperature, labelling the isotherms
clearly.

(ii} Explain how the properties of the
atoms of molecules of a gas give rise
tos the shape of the isotherm you have
drawn beforr the Boyle temperature.

{c) Aguantity of oxygen gas occupies 0,20 m’
at a temperature of 27 °C and pressure of
10 atmosphieres. IF i were vo be iquefied,
what volume of liquid oxygen, density
1.1 x 10*kgm~*, would be produced?
The oxvgen gas in it inital stave may be
considered 1o behave as an ideal gas,
What condition must be met before the

gas can be liquefied by the increase of
pressure alone?

{1 atmosphere = 1.0 = 10° Pa, relatve
molecular mass of oxygen = 32, molar
gas constant = 8.3 Jmol " K1) [], "89]

CB3 The equarion of state for one mole of a real gas

is

a .
where p s the pressure of the gas, 1715 the
volume and T is the absolure temperature of
the gas. Determine the dimensions of (i) a,

(i) b, (ili) R. W7, *90]

C84 (a) Write down van der Waals’ equation of

stare for a real gas and explain how the

135

gssumptions of the simple knetic theory

of gases are modified in the dervation of

the eguation.

{h) Carbon dioxide has a density of 344 kgm
at its critical pressure 7.5 = 10" Pa and
critical temperature 304 K.

(i) By considering the mass of | mol of
0 show that the value of the critical
volume is 1.28 = 10 'm".

(i) Hence caloulate the van der Waals'
constants @ and & given that the
critical volume I, = 3b.

{Molar mass of CO; = 4.4 = 10 kg,

molar mass constant = 8.3 Imel "K'}

(e} Sketch, on the same axes, P- 1 isotherms
for a hxed mass of CO; at
(i} the cntcal temperature,

(1) a temperamire below the crincal
'[I:I'.I'l[!ll:thll'C.

Mark on the same axes points come-

sponding 1o the crtical volume and

critical pressure.

(d} For the isotherm vou have drawn in
(e (i) give the state (or staves) of the L0,
when
(i)} it has the critcal volume,

(i) it 15 at the critical pressure, [ ], "91]

(a) Which two assumptions of the knetc

theory of ideal gases are unlikely o be

valid for real gases at high pressure?

(b} The equation of state for one mole of an

idcal gas is plV" = RT.

(1) Write down Van der Waals® equation
for one mole of a real gas.

(ii) Explain the reasons for the modifica-
tions made.

(e} The following data refer 1o nEtrogen gas.
Critical pressure = 3.4 = 10* Pa
Critical volume = 9.0 » 10 m’ mol !
Van der Waals" constant,

a=1.4x 107" Pam" mol?
Van der Waals" constant,
b=39x 10" m mol !

(i) Use the given data to calculate the
critical temperature of nitrogen.

(ii) Calculate the emperature of an ideal
gas with the same pressure and
volume per mole as given in thie daea.

{d} Sketch a graph of pl against p for | mole

of ndtrogen at its crtical emperature. On

the same axes, sketch the graph for | mole
of an ideal gas ar the emperature calcu-

lated in (c) (ii).



‘Waler bath, P —

QUESTIONS ON SECTION C

{¢) Explain why some of the assumptions of
the kinetic theory of an ideal gas may have
te be modified for real gases. Hence
explain why a real gas may deviate from
Bovle's law, 0]

C90 (a) The pardy labelled diagram below shows

the apparatus used by Andrews in his
experiments on carbon dioxide.

State what A is and explain its purpose.
Explain why each of the wazer baths, P, ()
and R were used durng the experiment.

Capillary tube cartaining
A ] " carbon dioxide

= 'W\ater bath, a

1 __ Wiaer bath, A

(b) State the meanings of crirical temperaiure
and crtical presnere,

(c) Some carbon dioxide initally at a tem-
perature above its critical remperature is
subjected 1o the following changes.

(i) It is compressed isothermally to a
pressure above its ciitical pressure.

(i} Then at this pressure it is cooled
at constant pressure until the tem-
peranare 15 well below its critical
(emperature,

(iii} Then at this remperamare v s
cxpanded sothermally wnrl all the
carbon dioxide is again a gas.

Skerch a graph of pressure against volume

to illustrate these chanpges, and discuss the

associated changes of suane. [J]

a3

C91 (a) Interms of simple kinetic theory, explain

qualitatively how a gas exerts a pressure. If
the pressure of an ideal gas is given by
p= 11“:'3 where g is the density of the
gas and & 15 the mean square speed of the
molecules, explain any change in the
pressure that may occur if the gas is:

(i) allowed 1o expand while the em-
perature is kept constant,

(i)} heated while the volume is kept
Cconstant.

(b) Skerch isothermal curves o show how the
pressure of g fived mass of substance (eg.
carbon dioxide) varies with volume over a
wide range of temperature and pressure.
Indicate on yvour sketeh the regons where
the substance 15 i rhe fguid poiese, the
saturated vapour phase, the wmsaturated
vaponr phase and the gas phase,

(e} An unsamrated wvapour of mass 5=
10 Vkg and at a wemperatare of 20 °C is
compressed iwﬂmﬂnallf untl, at a
volume I, = 9 = 107" m" and a pressure
6 = 10°Pa, the vapour first becomes
saturated, Further compression of the
vapour causes the formaton of lguid
unol, when the volume 18 V3, the sub-
stance 15 changed completely to houid. If
Va is negligible compared with 17, and the
[EMperature remains constant through-
out the process, calculate:

(1) the work that must be performed
during the compression from [, to
[

(1) the amount of thermal energy thar
must be supplied o, or remowved
from, the substance dunng the same
COMPTEssIorn.

{Assume that the specafic latent heat of

vaporization of the liguid at 20°C s

1.2 = 105 kg ') [AEB, '79]

C32 Sketch a graph to show how the saturated

vapour pressure of a hquid varies with
remperature. Give a qualitative explanation
of the shape of the graph. ]

Inverms of the kineus theory of maner explain:

{a) what 5 meant by sarwraied vapowr and
SATWTARION UAPONT PTETUre,

(b) how the samuration Vapour pressuce varices
with temperature,

Describe an experiment to measure the

SAMUCAtION vapour pressure of water vapour at

F00 (27 7). Discuss one practical difficuloy



C100 (a) (1)

QUESTICWS ON SECTION C

(i1} Calculate the saturation wapour
pressure at the temperature of the

EXpErimeEnt.
(iif} Calculate the initial pressure of the
WAlET VaPOUr. [AEB, "79]

Explain what is meant by a sarurated

DaponT,

(ii} Stare Dalion’s law of partial pres-
SuUres.

(h) Suggest an experiment to investigare the
variation with temperature of the satu-
rated vapour pressure of warer vapour
over the range of 07 to 10070, Sketch
the apparatus you would ase, list the
measurements you would make, and
describe how the results would be
obtained.

{¢) The samrated vapour pressure of warer
at 20 Cis 18mmHg (= 2 4 kPa). Draw
sketch-graphs showing how the pres-
sure, p, of 1 m” of water vapour (with a
small amount of water present through-
our) will vary when:

{i} the vapour is compressed isother-
mally to a volume of 0.2m”,

{ii) the vapour (and the water) are
heated ar constant volume to the
boiling point of water (100 °C),

In each case, show on your graph the

fingl vapour pressure exerted by the

WalEr vapour.

(d) In pure ammospheric air it may be
assumed that 80% of the molecules
present are nirogen  (molar mass =
0028 ke and that 209% are oxygen
(meolar mass = 0.032 kg).

(Take atmosphens pressure as 100 kPa,

temperaure io be 17 "0, and the molar

gas constant to be 8.3JK "mol 1)

Showing all stages in your working,

calculare:
(i) the partial pressure exerted by cach
Bas,

(ii) the density of the oxygen present,
(iid) the density of the air, [£¥]

C101 In an experiment to determine the specific

latent heat of vaporzation of benzene, it was
found thar when the elecrrical power imput o
the heater was 82W, 10.0 g of benzene was
cvaporated in 1 minuee; when the power input
was reduced to 30W, the rate of evaporation
was 2.0g per minure, Calculate the specific
latent heat of vaporization of benzene.

334

The saturation vapour pressure of benzene 15
1.0 = 10° Pa at a temperature of 80 C; at the
SAIME [EMperanire, the samranon vapour pres-
sure of acetone (propanone) is 1.8 = 10% Pa.
Which of these two compounds has the
higher boiling point, and why?

(Atmospheric pressure = 1.0 = 10° Pa.) [S]

THERMODYMNAMICS
{Chapter 16)

cio2

€103

Ci04

Ci0s

(a) Explain what is meant by the statement
that two bodies are in thermal equili-
brium.

(b) Starte the zeroth law of thermodynamics.
Explain why it 15 so called and its
relevance in the vse of o thermometer
[0 MEAsUNe [emperanere,

The specific latent heat of vaponzation of a
particular liquid ar 30 C and 1.20 = 10° Pa
is 3.20 = 10° Jkg~'. Under the same condi-
tons of temperature and  pressure  the
specific volume of the hgoid s
100 % 10 *m kg ', and that of its vapour
s 451« 10 "m'kg ' If 5.00kg of the
liguid s  wvaporized at 30C  and
1,20 = 107 Pa, whan is:

(a) the mcrease in enthalpy?

(b} the imcrease in intermal enengy?

What is the maximum theoretical efficiency
of a heat engine which takes in bheatat 25.0 C
and Fejects iwar 100 O3

() YWhen a svstem is taken from Ao Cvia B
it absarhs 180 ] of heat and does 130 ] of
work, How much hear does the sysiem
absorb in going from A to Cwa D, of &
performs 40 ] of work in doing so?

(b} The decrease in imternal energy In going
from I to A 15 30]. Calculate the heat
absorbed by the system in going from:

(i) Aol
(ii) Do C.
P
F Y
B C
A ]




Fig. 40.9
Diagram for Example
4.2

SECTION F- ELECTRICITY AND AMAGNETIEM

Solution
If the initial charge on X is O, thenby O = VO (equation [40.1]},
Qo = (40) = (5 = 107")

L. D 200 = 107" goulombs

The sitwation after the capacitors have been connected 15 shown in Fig. 40.9,
where (0« and 1y are the final charges on X and Y respectively, and V is the final
PL.

LTS
PO S

-
¥

20,F
| |
ol M=

-

W

The capacitors are in parallel, and therefore the total capascitance is given {by

equation [40.8]) as
Total capacitance = 5+ 20 = 25uF
The total charge is unchanged, and therefore
Total charge = 200 = 10~® coulombs
Applving FC to the combination gives
200 x 107% = (V) = (25« 107"}
1€, V BV
For X:
By O = MO we have
(e {B) = (5 = 10°%)
e, iy = 40 x 10 ®coulombs
ForY';
Sinee Vi we have
Oy = (B) = (20 x 10 %)

Le. 0y = 160 % 10 * coulombs

The energy of a charged capacitor it given by .Jh.f_'-'if': (equation [40.13]), and
therefore

Initial energy = L(5% 107"} x (40)" = 4 x 107%]
Final energy = (5 % 10°%) = (8)* + 1{20 x 10°%) x (8)° = 0.8 x 10 ]



SECTION F: ELECTRICITY AND MAGNETISM
Measurement of the Capacitance of an Isolated
Sphere

When the capacitance baing measured is that of an isolated sphere M and ™ in Fig.
A0, 15(a) are respectively the sphere and an earth.,

40.12 THE DC AMPLIFIER

Fig. 40.16
DC amplifier

A DC amplifier (Fig. 40.16) 15 an electronic device which acts as avolimeter with a
very high input resistance {typically 10'{}). The instrument is designed to
produce an gutput current which s proportional to the PLY across its input
perrminals. The PD to be measured is applied to the input terminals and produces a
reading on a microammeter connected across the output terminals. A typical
instrument gives a full scale deflecuon on a O-100 uA meter when the PLY across
the inputis 1 V. Before the DC amplifier is used, itmust be calibrated by applying a
known PDYof 1 ¥ to the input and adjusting a sensitrvity control {not shown) to give
n reading of 100 A on the microammerner.

F ursction switch Amplifiad
- \ / “w  Microsmmeter
1Il D-100 ua
L~ ‘;l

npw ~
trranals |
\\_ C f

Chisipiet terméanalks

Although i1t is basically a voltmeter, a DC amplifier can be adapred to measure very
small charges (<10~ C) and very small currents (<10-'! A),

Measurement of Charge and Capacitance

By use of the function switch a capacitor, C, whose capacitance 15 known, 15
connected (internally) across the input. Capacitancesof 1077 F, 107" Fand 10" F
are normally available. Suppose that the 10 F capacitor is selected and thar the
charge to be measured, (), is on the plates of a capacitor, C'. (It might equally well
be on a proof plane or the dome of a Van de Graaff generator, ete.) In order that it
can be measured, Q has to be transferred to the plates of C (the 107" F capacitor).
Accordingly, C' is connected across the input terminals of the DC amplifier so
that & and C" are in parallel, in which case, provided the capacitance of G is much
less than that of G, pracucally the whole of the charge on £ is ransferred o G,
Suppose that the charge transfer produces a (steady) reading of 20 pA on the
microammeter. Since the instrument is calibrated o register 100 pA for an input
PIy of 1V, it follows thar the PD across € 15 0.2V and that (by () = V) the
charge on € is 107" = 0.2 = 2% 107" C. As long as the capacitance of C' is
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MAGNETIC EFFECTS OF
ELECTRIC CURRENTS

41.1 MAGNETIC FIELDS

The region around a magnet where magnetic effects can be expenenced is called
the magnetic feld of the magnet. The direction of a field, at a point, is taken 1o be
the direction in which a north magnetic pole would move under the influence of
the field if it were placed at that point. The path which such a pole would follow is
called 3 magnetic field line (or line of force) . Field lines are directed away from
the north poles of magnets because ‘like’ poles repel each other.

41.2 MAGNETIC FLUX DENSITY (B)

Fig. 41.1
Field lines and flusx
diensity

The magnitude and direction of a magnetic feld can be represented by its
magnetic flux density (8). ('This is sometimes called magnetic induction.)
Flux density is proportional to magnetic field strength () (see section 41.4),
The unit of flux density is the tesla (T ). (The esla is defined inm section 41.7.)

‘The direction of the flux density at a point is that of the tangent to the field line at
the point. The magnitude of the flux density i1s high where the number of field lines
per unit area is high (see Fig. 41.1).
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ANSWERS TO SECTION
QUESTIONS

The Examination Boards accept no responsibiliny wharseever for the accuracy or method of working in the anseers given. These are the

sole respomsbliey of the author.

SECTION A
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ALD (a) L%2 = 10 “kgs ' (b) 222« WO P me* ATd {a) 0.13rads ' (b) 27 x 10° N rowards centre of
All D051 kg circle
AlZ 5 50ms ', L35 me ! ATS D68 revs !
Al () 5m (b) 614 AT7 3i revmin '
ALS (&) 154 (B) 1081 m AT (a) (1) 12gms ' (H) 22me " (b)Y 020N
A17 BOLOm, 260w 0] ARD {a) 90« 10°7] (k) () ZImet (H) LEms!
Ald Ims L 2.25] (i) 0L.55™
AlS 008Tms ! ARl {a) BN (b} BN
A6 23 AS2 (a) 0.01] (B) 2ms' (¢} 20ms > fd) 015N
AT (W) (i) O60ms""  (H) TI0Am (i) L2 = 100N ARI (b)) 185N (e} L225m
{iv) S0kg ARS (b)) 157]
AZE (a) O80ms 1 (bd 2357 (before), 8147 (afrer) Al 8 0peve!
e ASS (b) () 20« LO°] (i) 10km
A 25T = Wt me a1 43 20 o the onpimal direction of tee ARY 58 Orev, 23568
proTan A (b) () 28 x |07 ], ¥ km
AR (o) Lb= 10%ms ' (e} Q02T A% (©) LO7rads",0.06] ms'
Add (b) (I ZZN AS2 (a) Arads? (B 4w 10T Nm
Ade 2 kg (A, 1kg (C) A (e) (1) 20« 0¥ rade ' (HI) BOMm
ATT 231N (CDM, LLeN (AR A95 (a) 0.0Bms ' (b) =/2s
AdS 520N XL 380 ) Add (b (D 0.10me" ) 025 ms 2 Il LE« 10")
AR 16em A9T {a) 0026 me ! (b 0.004me LP=00%50="q8
Ado 20om ASS 16dms
Al (@) 506N ar 90 othe wall (b)) 1121 ar 63 w0 othe AY DAZma !
ground ALD1 021
AdT (b () A10 AlD2 (d) 963 = 10 He
Add (d) SO0N  (e) 15kW Al03 (a) 0.2%ms L O0I6]
AdS (b (i) 550 (i) 275 ¢ L Pa ALDS (b) 0B2]
Ada @ 101) Ados (a) () 005m (1) L0s 1LEms?
AdT {a) 10ma ' (b)Y ML 126558 ¢ AlT o= 15mm, w = 2538 g = 8/2 radd
AdE (@) 00ms ' (b)) B9.64] ALOR (o) () 338 « L0 *] (i) 545N, 259N
Ad9 Y9 4ms ' Al0e (d) 139N
ASD fa) 0.15ms " (befored, 0.060ms " (aficr) All2 (a) 0.2xs (b) L25= L0 Y]
{e) 4.6 x W] (before), LE = L0 ] {after) AllS (a) L2M (b) (i) 28Hz (i) Lims?
AST 25 % I0°N, L5 = 10N ALLS 16Hz
ASd () 4.5 = LD ] (b)Y BEGms ' () DAdms! Alld Bicm
ASS S0ms! ALLT (&) (i) 100kg (i) 5.03He
ASE 2mae' (A dmst (B, 0.0 m from A AN () D Sdrads™' {H) 0.30ms =
AST Zms (P, 6ma b OO0, 1Sme, e THOW ALY (b)) (i) LOMN (i) 0798 0.04]
ASE (a) 129m (b) 6EN Al RO M
AS9 (a) 45m (b) 400N AlZl 144N, 245k
AsD (&) () 250m (i) 4.0 = 10' MW AlZZ (d) 181 = 04N (e) 265« L0'N () LOD1%
(i} 20 = 10%kgms ', 200« 10°N Al25 B0 o= 107 kg
(b) B0ms ' 20 = 1], B0« L] Al2T Gim
A6l (a) 4.0ms® (b) T.lms ' ALZR 5= 107 kg
A6 (e) () S0M (i) 50N () Léime! A0 fad (@) -850 = 10° kg

A8 M horizoncally, 32 M verucally

Abd (a) L0ms * (b) 45k (e} W0EW
ABS (m) L1 = 107ms ! (b) 0.06m
- |




ANSWERS TO SECTION QUESTIONS

(b) (1) 268 100N (H) 250« 100 gt
(i) 243 = 107
ALY Ex 10 kg
Al33 537  10°
Al34 L] = 10 kgm
Al3s 0. iﬁ.ﬂdﬂjﬂ
AlIE 53 0P 139 = 100 m, 2.7 = 10" "ms?
A4l (b) Alkm
Ald3 (a) —63 =10 kg (B) B0 10"]kg’
Al44 (d) LOT x 10" ]
Al45 (e) () L2B= 107 Tkg™' (i) L2B= 10%]
Alds (b) 54 = 10%kg (c) 62> L0 “'Hm:'k.g i
AT (a) (@) -40.0M]kg ", -26.7 Mlkg*
) 5.33 = WYY, 107 « U0 B (EE) 10 kms!
A48 [b) mu-ml]um_
Al49 (a) (v) 79 100 ms " 5] = 10°s
by () 42 107m {H) 0.28s (i) 613

SECTION B

B2 (e) S00Mm" () L322« 10" Hz

Bd 2w 10U, 4 = 00d Jkg!

B5 (a) 4!'i:m|.l1’t"n"

B6 L3x 0 !

BY L235= [0 "m,5=10"m

BE (a) 3Lx 10 ""m (b) 28= 10

BY (a) hs-cl.Lk.:m' ) 3.5 = 10" kgm *

B0 1.6kg (X}, 1.2kg (Y]
Bii A1 = 10" Pa

BIZ 368em

B3 32

Bis (o) 47 = 10%kgm *
Bis 15N

Blé log

BiT &0« 1(Fkgm ¥
B1S (a) 600kg (b) 0.0lms ¢
Bi19 (a) 4.0mm
B12 L& 1008
BM x=-14f L 7 L
B15 274 x 10 ’f'u"': mi
Bl6 Scm
Bz7 T6l -9 mmHg
B 30 mm
B9 7.5 = 10" N m~'. The warer would rise w only 4.3 cm
B3 (B) 7 mm
B32 (c) 45« 10", 10w Sms"
B3 (b) (i) 7.3 = 10 *MNm '
B34 (w) Lmm (B) 5.5x 10°]
B35 2o x L0 'm?
Bl T« lfr“"him",l]-.ld-]
Bi7 (¢) 0.45m°
B3 LS = L0 Pa
B39 (=) 8:F (b DJ9
B0 (e} (i) L2« 10 %]
B4l @25« 10" Mgt
B4 (b} () 50N () LEx 10 "m, 44 x107]
(i) 0.85mm (k) 0.064 m from B
Ba3 (b) () 20« 10" Pa (i) 28 = 1PN
() 36w [0*Jm™?
Bdd 5.1 = 10" Mm 4 Leds
B4S (m) 0N (b) 0.5]
B47 Semm
Ba4f (@) 3:3 (CuFe] (b) Glimm, .0mm (e) TEOM
B49 (s) 589N, 569N (b) l0.046m (€) 25Z]
B51 (a) 0= 10" (b G0« 10" P2 () L4g= 107],
156 = 107]

535

B52 (@) 1020°C (b} LE = 10°Pa

B3 () () 25« 10°Pa (i) 0.10] (i) 0.30]
(vl L9= 10 Pa

Bs5 (b) () Lloun (i) LI = t0°]

B5& ZE= 10" m {a) 20= L Pa {b) 10]

(e} Ldx 10" Pa, XL0Omm

B59 (b) Lo x 10! Pa

B&l {(a) 0. 1m (A, 0.2m (B} (b 2N m !

B&2 {c) (M) 5.0mm

B&3 ()} (i) Z0ms "'

Bed i<} () 2Ems'

B&S 297 « 10%MW

B& (a) 20ms " (b)Y 0O.Bm. The sccond bade must be
20cm above the base of the mank

B&T (b) {ii) L1 = L0'Fa

B6Y (8} 133ms " fe) 120me !, LE2 = 10%Pa

B7i (¢} 15Bms!

B4 T.hcm

B7S 6000 Mm -

H76 () (Hik) 566 mm

BEO (a) (i) 50=10"m (b) (id) 1e9me

BE2 2 2 146

B&3 (b) 24me '

H&4 4 I‘i-cm:'g'::.ﬂ 15cm s ! radivus = 0.3cm

BAS (b) (i) 045 Mem ™’

BE6 b) (1) S0 % 10 '

(i) 18« L0 kgs
iy 57 =1 "me!

SECTIONC
C4 200K
Ch (m) 37°C (b) 50 C
GV 166G 170 C
CH 4008 O

C9 (b) (i) 23°C (approx) (fd) 0°C, W C
Ci0 () 364,21 K; 6786 K

G145 W

C12 279 kg ' K1

13 5.7V

Cl4 6000 kg "K-F, LR

C15 1700 kg "K'

Cle (d) 2280 = 10" kg 'K, 22

Ci7 4

CiR (b) (B 526 ©

C19 (.67 kg

C20 (m) 250% (b} 250« 10 Tkg ! (e} 167 kg ' K
C21 012X kg

CI2 LAT = 10F kg VK

G2y ERSG

C24 00306 kg

G218 T.4%

C26 (e) Lo = 107], 7.0%

C27 28w 10" g ", 20w 10" Jhg 'K
C28 (m) () Léx 10°] (W) 15.8g

©19 L1 = 10" Pa

C30 30

C31 745 mm

C3Z (b 4.6mol (¢} 51Tms?

€33 (a) L33 = 10'Py (b) ZginA,lginB
C34 (a) 21 = 10" mol  (b) Sikg

235 30
C3¥ (b () 23ks (M) Laks (HE) 21«00 5"
C37 033 kg
C38 (2) 83K 'mol' (b) Ldx W0 ¥JK"
(o) % 10 2]

C39 (a) 0.32g (B) 4.8 = 107 ¢} L= Llims '
C40 LBL[2) = 10%], 0855« 107 ] 61 = 10" Jlg  K-°




35

CA42 {d) 552ms!
CA3 (b)) ) 257« 107V kg (E) 240]
C44 (n) () 402 () L4 Lk (i) 140 kgm
fivy l46ms"
C46 (b) (i) G0 10Y (i) 36« 10" (i) 4E3ms
CAT (mh @y 240w 1077 () 150]
CAR (n) 1.07:1 (b 41 {c) 1151
51 (b)) i 1.2 =10 'm® (i) 1.9 = 10°]
(e) @) 3] (iy 217 (R 52]
52 (a) 226 = 10°] (b} 160« 10%] (ch 2.08x i0°%]
C54 fa) 1291007 (b) 2.6 = 100Pa () 1)
G55 (b) (i) 75.00 4y (@) 50.0] (Hy §3.3]
Cs6 () 1.2 « 10°] {e) (i) B.OKN (i) 1.6 MPa
39 (dy (B 475 = 10"'m” (i) 9K
(iiy (1) 290 1K"'mal' {2) 492 = 10 *m®
(3 L76= 10'] (4) 4.39 = 107)
o 14 = 10 kg 'K Y, 103 = 10° Jeg P K
C61 (@) 3000K {b) 600 kg "K', 7RI kg '; 268 ms"
OAY 107 w10 kg ! K
CAT (@) 2.4« 10" (b) (1) 1.1 = 10°Pa
(iiy B8« [0 Pa
Co8 () () 4.0 = 104N (i) 57 = 100N
(i) 6.6 = 10N
CE9 (b) [y 150K
G017 = 107 kg, 60K, T3 = 107 Jkg! K-
ST (b 238« 10" ms!
72 (m) §1250cm® (B) 1.38 « 10" Pa
C7 (h) T44 = 107 m" (d) 166
CHb) () WI2KaeAand C IS0 6K g R (i) 4375]
(Hdy 31251 (v) 9251 (%) 625]
75 (c) 24(5) = 10°Pa  (d) 2.5 = 10° Pa, 2.1 = 10" Pa,
]
G (m) 1.47 = 10%] {b) 1.6« 10%]
C77 (e) () 2.2 = 10%] (i) %1« 10°]
CE2 (e} 23 = 10 'm?
CR4 (b (H) a= 032 N m mol 2, b= 4.27 = 1079 m?
CRE () () 127K, 360K (d) 105 = 107 ], 106 « 109]
Cha (o) () 29« 10 kg (i 1.9 = 10
(Y 4.7 = 10° mus!
CET () () 1024kPa (i) 533K
Co1 (e) i) 540] (i) 60]
04 1401 = 10 Pa
O 9 o« L0° Pa
C97 1.7 = 1P Nm-?, A0« 10" Nm 2, B2
C99 (e) (Y 2.0kPa () 1.5kPa
CI00 (d) () BOkPa (nitrogen), 20 kPa (oxygpen)
(i 27 kgm " (i) 1.2kgm™
CI01 39 5 10° kg
G103 fm) 160 = 10%] (&) 1.38 = 10%]
CI0d 5
C105 (a) 90] (b) (i) 70] (idy 20]
C106 122« 108K !
C107 {a) O (b)) A0TK-!
C108 (o) 19.6%
CLIn (a) O (b)) 4.2 = 10"] {ey =3.0x 10°]
Cl1l 30« W "Cm™! jcopper), 3.9 = 1P "Cm™!
[aluminfum])
G112 0270, 24« 10° Jkg!
Cl13 19 = 1009
C114 240, 232 min
C1i5 480 W, 216g
Cl16 (d) 26°C
C11T 6400 W, -1
C120 102 5°C
C1X {a) 4.0KW

ANSWERS TO SECTION QUESTIONS

G122 (a) 002 (b LLOOR

G123 4%

CI28 (@) (H) 1.5 = 10 "Cm-!, 20%

Cil® (b) 10°C () €I A0x 107" KW', 1.0 = 10° W,
9.BW

CI3 65 = 1005 " m~ %, 2.0 = 10 " mms"!

CI3Z (e) SOLW () BEW

C133 (b} (i 307°C

G134 678 « 10K sl

C137 1105 K

C138 1073E

C139 2021 K

G141 19Wm™?

G143 (a) 0.19am (b)) 1.07mm

Cl44 378K

SECTIOND

D1 () 195" (b)) 05

DX 1B&

D% 185

D 264

D% 1.6

Ivs 4002

DE 2.9

D9 (b} (i) S0°4 (1) 48727

Dif 3a"

1 3727, 48.6

D1E 32777 41.05*

D1F (k) 1.50

D4 317

D15 (&) 1.5cm hagh, 30 cm fom lens on opposite side from

ohject

(b) L.0cm high, 20 cm fram lens on same side a5 object

D16 20cm; 40 cm from lens

D 1 om

1% 3 cim above lens, diameter = Gmm

D0 5mmem, 5 6, 25.0mm

D21 10 cem from diverging lens on same side a5 object

223 Z.6mm

D¥z4 1y mm, 95 mm

D25 0.2 m (diverging)

D27 (m) Tocm (b 13Scm

D3 (k) 100 em

D3 {a) Gcm behind the mirror, 1.5= (b} L 3cm behind

the trirror, 083 «

D32 4icm

D33 (a) 41immioS0mm (b) Gw 5

D35 L Dem from the second lens and between the lenses;
218 cm away on the side remore fromn the object

D37 {a) 4l.7mm (b) 20 {c) 10.7mm

D3 (b) 110 mm

Dab () 227 mm, 375

DaE (m) 550men (d) 10 (e} 55 mm from evepicce lens

D44 400 mm (obective), 50mm (evepiece)

D45 (b) 60mm

D46 4.0em

4T 112.4em, 156

D48 (m) 160 (b)) 222w () 0938 mm

D49 (e} (i) 1.84em

D5 O, L&) om; 20cm from second lens on the same sde as
the first lens; (L8] cm

D1 01 = 107" pad

D52 (a) 2.0cm (b)) [12.5cm

53 100



ANSWERS TO SECTION QUESTIONS

D54 (b) (W) 104l cm, 24 (i) 5.3 cm behind
eyepiece () (1) 1064 cm

DES (m) 0.0289cm (b)) 0.55cm  {e) 011 rad

D58 (a) (1) 30mm (b)) Zomom away from the film

DE9 D065 s

Dy () 1.75cem 11, 32 ms

D&l 443 cm, 7 om, 100 om {diverging)

Dal f = 300 cm diverging

D3 f = Iem converging

Déd 661 cm

D65 () f = 400 cm diverging ) 442 cm o infinity

D6 (m) 42% cm converging (b)) 4dem

D67 (b) [ —20m !, 0.28m

DR D0 cm (diverging), 30cm (converging)

D9 (b 31 = 10" m, Worevs !

D71 3002] = 1P ms

SECTION E

El G0 = 10*m

B4 (8) 1% x 10fms' (b} ffix 0¥ ms!
ES (a) (i) 7.5 (light), 45.6° (sound)

Ei2 32ms’

El13 (a) L5m

El4 50 = 0" m

El5 (b} LT = 10" rad, (L0644 mm

El7 L3= l0*rad

El8 (b) 0.28mm {e) (I} 0.23mm

Ei% 64% « 10-"m

EX0 (b) 711 am, 427 nm

Ell (b) QLO21°

E13 L3x=10%m

E25 (b) 9.82 = 10" m

Exé L7mm

EIZ (b) (i) L26= 10 *m

E29 (a) 15cm fromcard (b} 20cm

B3l Z4=10%m

E32 4,60 = 10-7 m (wiclet), .90 = L0-T m {red); 669
E33 &40 nm, 480 nm; JET"

E34 (a) 0.96° (b) 0.34cm

EM 600 am, 285 = 107, 43.2

E37 {e) LOdom

E¥ 4.3 = 1l "m

E3% {a) 55= W0¥m™' {b) (I 42 10 7m i) 4
E4b (a) 136" (b)) 105

E44 531"

Ed45 (a) La (k) 32°

ES5 (a) L8535 (b) L92%

Es6 (a) 22=10"ms" B La= 190 "ms ', 0,103m
ES7 34/E, 300 Hz
Es8 L4!

Es% (b) () 901.3Hz (i) BV.EHz

E60 (a) LSx 108ma-! (b} LEx 10FMm-?
(e} LE = 10" Mm=?

E&l {a) F— 20 (b} f-0.7;0.76%

E63 (d) 11.5¢m

Etd (a) 30ms" (b) S0kg

E&S (a) 250H: (b) Li= I0FN

E&é LT = I0F Hz

E&7 (b) (i) S14Hz (i) S12mm

Es8 L0 = 107 Hz

E&9 3Eme!

ET0 (a) 320me " (b) 10cm () 40cm () 1200 Hz

E7l 5.1Hz

E73 0.83m

ET4 (b) (i) M0ms' (i) Mbcem
ET6 3i6me !

ET7 3&8ms', B.26mm

ETE (a) (i) HMOoms " (i} 996 mm below wop of mabe
E79 (e) (U} Mims ", 12mm (i) 207 Hz
E&2 (@) [.75m, L6 Hz

Ex4 (b)) 0.38m, 4.1

EES L Dibhmm

ESs () (D 1700Hz (i) 0.050m

ES7 330ma ', $T0mim

E# 362ms "

E%4 514 He, 545 Hz

E9% 425 Hz

E9& ].ll!. 1.y

E?7 (b} () £L00%4%inm  (H) zem

E%8 () 2.2 = L0 Fm

B99 |08 « 10" me!

E100 {(b) 37.8ms!, 302m

Ei101 (b) 92 1kHz

E103 (a) (i) L9%

E104 (b) 3L4Hz (e) LIHz

Ei05 (b) 500« 100 ms~! (o) 28« 107m

SECTIOM F

Fl {a} 5.04 (b) 20% {c) 10V §d) 12V

F2 4B = 10 ""0m

F3 L3V

Fa (5an

F& (b)) 0.5 =« 10 "me !

F7 (a) 1 (b) 40

FB LZ5A

F9 (@) (i) D.O6TA (i) 0LOI3A (i) 40V
(b} (i} zero (H) 0344 (i) 2144

Fid A.0%, 5001

Fl1 354

F1Z 60V, 48V

Fid 400, 400

Fl4 5%

F15 (&) 9995 (inseries (B) 29 = LOCY 00 in parallel

Fi6 (a) 0.05A (b) 001254 {c) 0.5V

F17 L4 95041 in scrics

Fif 4V

F19 2.6%

F20 (a) 3600 (b) 0,96V

Fa1 by iy LaN QLR KD, 8.7V 4.7 k1D
{c) (i) LOAE(E fdf 394, EI1V

Fii r20%

Fi3 (b) L0ma, 298 M

Fi4 (b) () 40A (W) 230 (W) L350

F25 (b) LAEC (e} 1B3% (W), L12W (V)

Fie 2450

F27 (b) (i) 7.0W

F29 204

Fi0 (a) 200 (b) L44W

F3l (m) 12000 (b} 25.3%

F3iZ (b) () 160 (i) 1750

Fi3 (@) i75% «b} l9mW

F34 0.367Tm

F35 (a) (i) 504 (i) 100V (b) 210

F36 (a) 76801 (b 140m

F37 (b) 600 (c) 500%

F3% (a) O.TI8A (b)) 4.00W, 2008 « 10-"EWh
(e} BTV, 4905 (d) 05 W, 0.502%W (e) LA00

FéD (b) (i) TAQ () B0x 1°W (d) (i) 28W

F42 (a) 0.2%mfromoneend (B) 2ua



a3
Fdd {a) 122°C fb) L3 = wi-T0m
Fid (b)Y () 2484 (W) 0.500Vm™", 4.00 « 10" Am™F,
102 = 10-F{1m
(e (i) 4.0% (i) 6.7 19 4W
Fa46 (c) 0.390L1
Fa7 2V
F48 3001
F4% 14V
Fs0 B2.5ecm, L2V
F32 10} 504V
F&3 (o) 5020
F5d (a) iy L36Y (iv) 1E.6mW
Fss (c) 20470
Fis (b) A3%0mY
F38 (b} (i) 0.075m
Fs% Gl = [0 ]
Fal -24m]
P62 (m) 3.0 = 10PN (b) 55= 10°10C
fe) LA« 107y
Fid (b} () Z0x 104N @) 20= 10N
(Hiy 6.0 1070] (W) 0 (v) D0
Fi5 (a) L45= 10N, Ldg= 10!
F68 (i) 36pA (M) L4k = 10°YV (dHi) SLEW
Foad (@) L1 =10%C (b) 28« 10%]
{e) 25 = 10"V m™!
F70 (a) L5% (b) 0.56V (e} L3V
B by 3uF de) 3600 (A and B2, - 36 oC (A, and B
FT2 13300
F73 i) 5= W vm™" (i) 44= 10°7F
(ifi) 2.2 10°%]
F74 1330 on each; 133 g
F75 1475 |; an increase of 983 |
Fe L1 = 10%Vm- !y {a) 226V b)) 22= 10V F
e} 5.65 = 10°%]
F17 4viidv i ' v
FIR (b) (i) L5pF (i) L08.] (i) 2.0V
Fm 7
Fa0 0.2 pF; 0.25m]
F&1 0.457;0015]
FRI {a) 5.08=107"] (b) LS6= 10°], LG = 10"
F83 3ol 24ul: (&) 36u], 384 u] (b} 36u], 54 4]
Fid 40V
F85 50], 33}]
FB6 (m) L= 10°7C (b) 10OV fe) 4= 10 7]
FaT {a) dpConeach (b) 2puC (M, 8&pC (W)
F88 (k) (&) (I} l6al {10y 324
FES (b) (i) 20« 10 °C  fii) 40x 101
(i) 2.0=107"]
{c) (i} 2W0ms @i} 92 ms
Fa2 (a) (i) 240C, 144u] (il 4.8V, 5.6 4]
(b (il 33 M (approx.)
F95 115 = 107705 3 nmes; 84.4%
Fo6 Imtsally 3 = 10-* C an each; E.n:JI].' L= W Coand
§x107%C; L2 % 1077
F97 500 b
Fai 4
Floo % x 10 %M
Floi ZLA
F102 {a) L3« 10"% (B 1.54; 115g

Flod
Flos
F1id
Fi13

F118

i) () Liex 10T (i) zero

LD

(=) 10 (b) Q.25

(@) 30« 10 ms! ﬂ}L ID—“'
() LS = 10 ' mis "V (d) 0

0,24 A

Fiio
Fii
Fli
F123

Fiid
F117
Fii9
Fi30
Fui4
Fi11s

F136
F137

F13&
F13%
F143
Fi44
Fr4s
F146
F147
Fl48
F14%
F13n
Fis2
F153
Fii4

Fi3%
F15T
Fl1s8
Fi15%
Flad
Fia2
F143
Fla4
Fl&s5

Flég
FI1&7
Flak
F1&9
F170
FiT1
F172
F173
Fi174

F17%

Fi%a
Fim
F178
F17%

Fi&2
F185

F1&%
F1940
Fi91
F192

ANSWERS TO SECTION OLESTIONS

() () 0= 10 °Wh () 20V
(a) B.7TA (B) 78 = 0797
(w) D24 cos@#Wh (b) 15V
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cathode rays
CATICN
CEESEEC CUTYE
cavity radianor
cells in parallel
cells in seTics
centre af curvature Jof mderor)
cenmre of gravity
centre of mass
cenimpetal acceleration
cenripeal force
charge
canservaton of
density
determination of sign of
discrete matune aff
miensurement of
charge distmburion of a conducor,
charge sensitivity of ballistic galvamometer
charged conductors
charging by induction
Charles" law
experimental investagation of
chromatic aberration
circle of confasion
circular motion
cleavage planes
Cléimens and Désorme”s method
close packang
cubke
hexagonal
closed pipes
comparcd with open pipes
choud chamber
diffusion
Wiklson's
cobalt steel
coefficient of limiting friction
caclficient of performance
coefficient of restitution
coefficient of sliding friction
coelficient of thermal conductivity
coefficient of viscosiny
COETCIvILY
coherence
cohesive force
cllectar (of transister)
collimator
callisions
classification of
colonrs in chin films
CEHmmk o
compenents of vecmnrs
compiid mECrOLoope
compressibilicy
COMPressive SIncss
concurrent foerces
condenser (see capaciton)
conductance [electracal)
canduction bamnd

aqr

iy
ET1
307
705, TES

TE4
Tivs
3E3
12
544
e
7o

52

534
EE
5TR
2
THE

608, 668
577, 5E4
66
577, 5B4
RO

Ll
403

149

154

303

202, 204, 207
604, 701
436

175

B46

i s

24

1D

134

654

L

IEG

iGR

&1

45

537
R4l



ad2

conducton (electrical)
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T
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measurement of 482, T
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fringes (interference) 434
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of chosed pipe 493
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fusion E28
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damping 657
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real 2716
EAUge pressure 164
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tor preasiice fux densiby
Hall probe
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heat current
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thermal efficiency of
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ideal gas equarion 230
udeal gases 25471
impedance hE2
matching 643
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analogy with mass Gl
induction 581
charging by 580
indwetion furmace 656
indwctive reactance 678
inshictor G50
energy stored in Gl
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infrared 72 473
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kelvin, the 428
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